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Abstract

We consider the problem of robust controller design for a class of single-input single-
output nonlinear systems in strict-feedback form with structurally unknown dynam-
ics and also with unknown virtual control coefficients. The unknown nonlinearities
in the system dynamics are approximated in terms of a family of basis functions,
with the only crucial assumption made being that the parameters that characterize
such a neural-network based approximation lie in some known compact sets. In this
setup, we design a robust state-feedback controller under which the system output
tracks a given signal arbitrarily well, and all signals in the closed-loop system re-
main bounded. Moreover, a relevant disturbance attenuation inequality is satisfied
by the closed-loop signals. We then extend these results to the case where only the
output variable is available for feedback. In this case, for tractability, the nonlinear
functions in the system dynamics are restricted to depend only on the measured
output variable, which results in a strict output-feedback form.
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1 Introduction

Control of nonlinear systems for regulation and tracking under various types
of uncertainty has been one of the leading research topics of this decade. The
types of uncertainty that may exist in a nonlinear system include (but certainly
are not limited to) additive exogenous disturbances and lack of knowledge
about the nonlinearities. The additive exogenous disturbances can be taken
as deterministic or stochastic signals, and depending on this distinction the
control problem at hand could be formulated in different settings. Likewise,
lack of knowledge about the nonlinearities may be in the form of a finite
number of unknown parameters or it may be in a more general form.

When additive uncertainty is of the deterministic type, then one wishes to
attenuate its effect on the output, and a viable framework for this is that
of nonlinear H* control [26]. Equivalently formulated as a zero-sum differen-
tial game, computation of state-feedback controllers in this case boils down
to computation of the viscosity solution of a Hamilton-Jacobi-Isaacs (HJI)
equation or inequality, which is generally not an easy task. If in addition to
the additive uncertainty, there is incomplete knowledge of some or all of the
nonlinearities, with the unknowns being a finite number of parameters that
describe the unknown nonlinearities, then the problem can also be formulated
in the framework of nonlinear H* control, but this time with imperfect state
measurements, since the values of the parameters (which constitute additional
states) can only be deduced through the regular state measurements [31]. Even
though the general nonlinear H* control problem with imperfect state mea-
surements requires infinite-dimensional filters (describing the evolution of the
cost-to-come function or the information state) ([26,18,7]), when the unknown
parameters enter the system dynamics linearly the difficulty stemming from
infinite dimensionality can be circumvented, as shown in [4] in the context of
robust parameter identification. Hence, in this case also, the difficulty in the
derivation and computation of robust controllers can be reduced to one of com-
putation of the viscosity solution of a particular HJI equation or inequality. In
view of this difficulty, instead of addressing systems with quite general non-
linear dynamics, researchers have started looking into specific (but realistic)
structures, with one such structure being provided by “strict feedback” sys-
tems. For such structures, and using the tool of backstepping [13], it has been
possible to solve the HJI equation or inequality iteratively (but explicitly),
as documented in [31,9,8], among others. These successes and the fact that a
variety of physical systems can be modeled (possibly after a coordinate trans-
formation) in the form of a strict feedback system (see [13,29,27,14,12,19])
drive the formulation of the specific robust tracking problem introduced in
Section 3, where within the framework of disturbance driven strict feedback
systems, we further relax the assumption of linear parameterization of the
nonlinear dynamics, and take the nonlinearities to be quite general, albeit



satisfying certain (not restrictive) conditions regarding their basis function
approximator. Derivation of the robust controller involves nonlinear H* iden-
tification, and an extended backstepping tool.

In addition to additive uncertainty, if the system also has structural uncer-
tainty (such as some unknown nonlinearities), then we are in the paradigm of
robust adaptive control and identification. Most of the successful designs in
this context have involved systems where the uncertain part is either linearly
parameterized or can be dominated by a linearly parameterized uncertainty,
as in [1,17]. For instance, it has been shown in [4] that if the disturbance is
persistently exciting, then the parameter estimates, which are optimal in the
H®> sense, converge to their true values. The identifiers presented in [4] have
later been used in [31] to construct adaptive controllers for parametric-strict-
feedback nonlinear systems, achieving asymptotic tracking and disturbance
attenuation. In the presence of general unknown nonlinearities (that is those
of the nonparametric type), the use of neural-network models to identify as
well as control a nonlinear system has become popular. The fact that a large
class of functions and their derivatives can be approximated on compact sets
with arbitrary precision by neural-network models has played a major role in
their acceptance; see, for example, [6,10,20]. Driven by these good approxi-
mation capabilities, many different identifier and controller designs for non-
linear systems have appeared in the literature; see [23,24,22,11,15,28,30]. In
the majority of this previous work, however, with the exception of [24] which
essentially studies a first-order system, the issue of robustness with respect to
additive disturbances has not been addressed. Rather, in many cases involving
a neural network based controller, the system model has been assumed to be
noise-free, with the main difficulty to overcome in this case appearing to be
the effect of the approximation error on the closed-loop system. Very often,
some measures need to be taken to prevent the states from leaving a compact
set in which the approximation error is small. In the recent work [16], for ex-
ample, the unknown nonlinear functions propagating through the higher steps
in the backstepping design are assumed to be bounded by a known function
multiplied by an unknown scalar. Among different approaches, the assumption
that the optimal parameters that characterize a basis-function approximation
of the unknown nonlinearities lie within a known compact set, as in [24], seems
to be more realistic, and hence will be employed in this work.

Accordingly, we consider in this paper the class of problems where the un-
known nonlinearities in the system description are not parameterized, and the
system dynamics are subject to additive unknown disturbances. This consti-
tutes a generalization of the results of [3], [31], and [5] to the case where the
nonlinearities are more general. We should point out that if the nonlineari-
ties can be expressed as unknown linear combinations of some known basis
functions for which the resulting approximation errors are square integrable,
then the approximation errors can be absorbed into the external disturbances



and the results of [31] and [5] would then apply. However, if the nonlinearities
are unknown, as in this paper, we cannot guarantee that the approximation
errors are square integrable. Moreover, if a reference signal is prescribed to
satisfy an appropriate persistency of excitation condition, rather than solely
relying on the external disturbances, then the approximation errors generally
cannot be square integrable, in which case one must account for their effects.
Hence, in this work we take the unknown nonlinearities in the plant dynamics
to be quite general, and for this general class we show that the output track-
ing error can be made as small as desired in a prespecified amount of time,
while keeping all other signals bounded. Also, the closed-loop signals satisfy a
disturbance attenuation inequality with respect to an equivalent disturbance
term, which is composed of the external disturbances and the approximation
errors. As a result of the satisfaction of this inequality, the tracking error con-
verges to zero whenever the approximation errors are zero and the external
disturbances are square-integrable. Furthermore, if a relevant persistency of
excitation condition is satisfied and the unknown nonlinearities admit perfect
expansions in terms of their respective basis functions, then the parameter
estimates converge to the optimal values for these parameters, provided that
the external disturbances are square-integrable. To achieve this, we use modi-
fied versions of the identifiers developed in [31], and employ the backstepping
design methodology, when the state variables are available for feedback. In
the output-feedback case, however, we adopt the estimators introduced in [5]
to estimate the state variables and the unknown optimal parameters. Then
applying the backstepping design on the estimates of the unmeasured states
yields the desired controller.

In the sequel, we first introduce some notation that is used throughout the
paper; see Section 2. Then, in Section 3, we define our objectives in more pre-
cise terms. Following this, we introduce, in Section 4, the identifiers used in
the paper for the state-feedback case. In Section 5, we present the controller
design steps with full state and derivative measurements, which are used later
in Section 6 in the study of the more realistic case where only the state vari-
ables are available. The issue of persistency of excitation, which is related to
parameter convergence, is addressed in Section 7. Extensions of the results
presented in Sections 5 and 6 to the output-feedback case are discussed in
Section 8. In Section 9, a numerical example is presented to demonstrate the
effectiveness of the designed controller for the state-feedback case. Finally, the
paper ends with the concluding remarks of Section 10.

2 Notation

The following notation is used throughout the paper, unless stated otherwise.



e For any positive integer m, R™ denotes the m dimensional Euclidean space.

e |.| denotes the standard Euclidean norm, and |.|g the weighted norm, that
is |23 = 2" Q.

e ()7 denotes the transpose of a vector or a matrix.

e L5 denotes the space of Lebesgue measurable and square integrable func-

tions defined on [0, c0).

For a vector-valued function f(t), || f|| := sup,sq |f(¥)]-

z =[], ..., xzl]", where z;, j € {1, ...,i}, can be a scalar or a vector.

Amin(.) denotes the minimum eigenvalue of a symmetric matrix.

I denotes the identity matrix of appropriate dimension.

A continuous function f(z) : [0,00) + [0,00) is said to be class Kn if

f(0) =0, f is increasing and lim,o, f(z) = o0.

e For a function f(t), D* f(t) := limsup, w

e If g: R— R, g(xr) = O(x) means that limsup,_,, ‘@‘ is finite.

3 Problem Formulation

We consider a general nonlinear strict-feedback system described by the fol-
lowing equations:

= bi(a" )z + gi(a') + hi (2)wi, @t i=ay, =11 -1
Fr =be(a")u + go(2") + hL (@ )wy, o= [y, 27" (1)
T, :gz(xrawz)

Y=,

where z := 27 € R" is the state vector'; x, € R™ " represents the state of
the zero dynamics; u € R is the control input; y is the scalar output; and
w;, t=1,...,r, and w, are vector-valued external disturbances. The nonlinear
functions h;, b;, g;, i = 1,...,r, and g, are sufficiently smooth, with only A;’s
known. The objective is to force y track a prespecified signal y4(t) by picking
the control input v appropriately, to be made precise later in Sections 5 and 6.
To accomplish this objective, the unknown nonlinear terms g; and b; will
be approximated in terms of a set of sufficiently smooth basis functions, ¢;,
and ¢;, © = 1,...,7. In particular, these basis functions can be radial basis
functions of an appropriate neural network, which possess the property that an
appropriate linear combination of them can approximate a continuous function
arbitrarily well on any compact set; see Theorem 5 in [6] for details. The

1 We have intentionally introduced a “discontinuity” in the definition of 2’ in going
from ¢ = r—1 to r, in order to simplify the notation in the development of Sections 5
and 6.



optimal parameters used in such an approximation are defined as: for i =
1,...,r,

f; :=arg min max |g;(z") — ¢7 (z1)6;]
0;€R% z°€B;

¥; :=arg min max |b;(z%) — ©7 (z7)D;]
P, €R™i ' EB;
where B; are some sufficiently large compact subsets of appropriate Euclidean
spaces. In other words, if the functions ¢g; and b; were known, and we wanted
to use only an approximation for them in terms of the given basis functions,
the coefficients of the approximants for g; and b; would be the components of
0; and v;, respectively. The approximation errors are defined as: fori =1, ..., r,

¢f (") = gi(a') — ¢i (")0;, and €}(a") == bi(a") — i (a")V;. (2)

Note that the functions e/(z?) and e!(z*) are continuous, and hence they are
uniformly bounded on any compact set. We now make the following assump-
tions, which will be used throughout the paper.

Assumption 1 b;(z%) > ky, for some ky, >0, Vo' € B;, i =1,...,7.
Assumption 2 |h;(z%)|*> > ky, for some ky, >0, Vo' € By, i =1,...,r.

Assumption 3 There exists a known sufficiently smooth, strictly convez, ra-
dially unbounded function P; : R™*% — R such that Pi(&) < 0, where
& = [0],0]]". It is further assumed that if Pi(&) < 1 for any & € R™*%,

1771

then oI (x°)0; > k, Vo' € B;, where 9; is the vector composed of the first m;
components of &, 1 =1,...,r, and k is a known positive constant.

Assumption 4 The zero subsystem is input-to-state stable with respect to x|
and w,. This requires the existence of a class K function 1 such that

sup |z,(s)| < ¢ <|xz(0)| + 51[10[1] \/|x[,](s)|2 + |wz(s)|2> , Vt>0.
sec|0,

s€[0,t]
See [25] for the notion of input-to-state stability.

Assumption 5 wi(t),...,w,(t), and w,(t) are Lebesque measurable functions.
Also, max;eq,.. py ||wil] < My, and ||w,|| < M, for some known M, > 0.

Assumption 6 The reference signal yq(t) is r times continuously differen-

tiable, where y((io) = 1yq and its derivatives y,(il), e y((f) are known. Furthermore,

. 17T
|yg}| < My, for some My > 0, where yg] = [ ,(10)791(11), '-'7y((iZ)] si=1..r

Assumptions 1 and 2 are made to avoid singularities in control and identifica-
tion, respectively. Assumption 3 is a generalization of the standard assumption



(made in the robust adaptive control literature) that the unknown parameters
are bounded. If, for instance, the unknown parameter &; is known to satisfy
|&| < Nj, for some constant N; > 0, then the function P; can be taken as:
P;(&) = |&]?— N?. But, Assumption 3 is much more general than this standard
assumption, and is necessary to keep the estimates of the unknown parame-
ters bounded, as well as to keep the estimates of the unknown virtual control
coefficients bounded away from zero; see Section 9 for some examples. The
boundedness of the zero dynamics state x,(t), when the remaining states are
bounded, is guaranteed by Assumption 4. Finally, Assumption 5 is required
to maintain the boundedness of the overall system, whereas Assumption 6 is
quite standard, and is made to be able to carry out the backstepping design.

4 The Identifiers

Since the parameters 6; and ¢; are unknown, they have to be identified by
using the online information. For this purpose, the following modified versions
of the identifiers introduced in [31] are adopted: for i =1, ..., 7,

Identifier 1:

~

€ =Projr, (&), 5], 7 = Sy — ®7E) /bl (3)

Identifier 2:

£, =Proj[r;, (&), %], 7 := Si®;(x; — &) /(e |hi]), for some e > 0
5= O &+ |h| (s — 2) Je,  #(0) = 2:(0)

where the initial condition &(0) is such that P;(£(0)) < 0, and

P = [%TxiﬂaﬁﬁiT]T, éz = [@T,@T T appi=u
¥ = (n—1)%8,87%,/|hi)?, 2(0) =1, forsome 0 <7< 1. (4)

~ ~

The projection function is defined by Proj[r, P(£),T'] := P[r, P(£),T']r, where

Plr. P(E).T) I if P <0or (OP/9E) T <0
T = . . ,
’ ’ Pr(aP/9E)(0P/9€)T - ~

I-— (6P 58 T (875D if P> 0and (OP/05)" T >0

It is locally Lipschitz in its arguments, and is utilized in (3) and (4) to guar-
antee || P;(&(t))|| < 1,4 =1,...,7; see [21] for the properties of the projection



function. As a result, the parameter estimates generated by Identifiers 1 and 2
are always uniformly bounded, and they always satisfy ¢ (z)0; > k, V' € B;,
i = 1,...,r. Another observation is that the covariance matrices ¥;(t) gener-
ated by (4) are nonnegative definite and nonincreasing in the matrix sense,
which implies: 0 < X;(¢) < I, Vt > 0,i=1,...,r.

The reason for the use of Identifiers 1 and 2 introduced above, instead of
Lyapunov based estimators commonly seen in the literature, is that Identi-
fiers 1 and 2 are robust with respect to the external disturbances; see [31].
This robustness property is essential in establishing a disturbance attenua-
tion property for the overall system, as will be clear later. Furthermore, in
the absence of approximation errors, the parameter estimates generated by
Identifiers 1 and 2 converge to their optimal values provided that the external
disturbances are square integrable and an appropriate persistency of excitation
condition is satisfied. Finally, we note that Identifier 1 requires the knowledge
of the state variables as well as their derivatives, whereas Identifier 2 requires
the knowledge of the state variables only. In the next two sections, we con-
struct adaptive controllers, which use the parameter estimates generated by
(3) or (4) depending on the available information.

5 Full-State and Derivative Measurements

In the development of this section, we assume that in addition to the state
variables x1 (%), ..., z,(t), x,(t), also the derivatives &, (¢), ..., ,(t), are available.
This is compatible with the information requirement of Identifier 1, and hence
the parameter estimates generated by Identifier 1 will be used to construct
an adaptive controller that forces the output y(t) of the system (1) track the
reference signal y4(t). Before proceeding with the design steps, the dynamics of
Identifier 1 are rewritten in the following more convenient form: fori =1, ..., r,

~

v L= w; + hz((QOZT@ + 6?)$i+1 + ¢ZT§Z +ef)/ |hi|2

~ ~

ﬁi::ﬁi_ﬁia 91 = Hl—éz

Step 1: The output tracking error is defined as: z; := x7 — y4. It follows that:

21 = biwy + g1 + hiw, — yfil). (5)

Viewing x5 as a virtual control input, we pick its desired value as oy below,
to drive z; to zero:



a = ay — Bz /(T 0h),  ar = [yh) — ¢T0) — b 221/ (292)]/ (] D)

where (31 (z1, y&l},él) > 0 is a sufficiently smooth design function, and v; > 0
is an arbitrary scalar. However, since x5 is not the actual control input, the
objective of driving z; to zero this way cannot be accomplished. We then
introduce the error term 2, as: 2o 1= x93 — ay(21, y([il], fl), and rewrite (5) as:

fH=¢012 — Bz + bl oy — |ha P21/ (29).

Step k (1 < k < r): Assume the following structure from the (k — 1)-th step:

Zi41 = Tit1 — Oéi(z[i], y([iz}a g[i})

i1
Zi= SOiTﬁz'Ziﬂ — Bizi — SOiT_1T9z>12z>1 + hZTUi + Z[pf; + q?}]vj
i=1
i1
2 2 2 | 2 2
—[hil*2i/(27]) = D _llpil* + @32/ (27)
i=1

900:190:270:0,

where q; is the desired value of z;;1, (2] y([i}, y)) > Oisa sufﬁciently smooth
design functlon, % > 0 are some arb1trary constants, 7 = 1, ..., k—1. The func-
tions pi;(2)i— ,§l 1), ql]( ,§Z 1) are smooth ¢;j is continuous,
and the latter two satisfy g;; > |qz]|2 j=1,..,i—1,i=2,...,k—1. Using the
induction hypothesis above, we compute the derivative of z; as:

k—1
Zp = bpTp1 + gk + h;‘gwk + 71y + Z[pf] + q,?j]vj
7=1
where
.__kilaak_l Tﬁ.. Y SOV 1§ U Bel22: /(242
Tk = Z 0z [sz i%i+1 5zzz Pi—1Vi-1%i-1 | z| Zz/( Vi ):|
=1 ?
k—1 aak 1 Z—l . k aakil :
i=1 Zi ]*1 1=1 ayd
8ak,1 k-1 8ak,1 .
Prji=——F—h; — Z —Pmj, Jj=1,.,k—1
! 9z 7 5 Oz
= Qay h;®TS,PT Doy,
Qji=— #qmj— I T N
m=j+1 O%m 1251 9E;

Now viewing .1 as the virtual control input at this step, its desired value is
picked as:



ay = ag — Bezr/ (OF o), (6)

where
G = —rk — Ph_ D1 z—1 — OF Oy B |2 B & kP + @ )
o O, 2v¢(0fOk) 21 293 (ot k)
k—1 2 2 2
i) . [ dag—1| |®;]° | Do+ ]
TGj=Fk—4) 1 X 44 . =1, k-1,
! Sl Oz | ™7 I | 06 | |

B2k y([ik}, é[k}) > 0 is a sufficiently smooth design function, and 7, > 0 is an

arbitrary scalar. Since x; is not the actual control input, the error term 2,

is defined as: zp11 1= Tpp1 — (2w, ygd, é[k}), and 2, is rewritten as:

k—1
e =0h Vnzhr1 — Buze — Pp_1Ok—126-1 + hy v + Z[pf] + QIZ;‘]U]'
j=1
k—1
—|ha*2/ (275) = D_lpws* + @ijlan/ (297).-
j=1

Since all of the relevant definitions and results of Step k are consistent with
the induction hypothesis, we conclude that the induction hypothesis holds
true for k =2, ...,r — 1.

Step r: 1t is easy to see that the results of Step k hold also for £ = r, with
ZTpy1 :=u, and z, 41 = 0. Since u is the actual control input, z,,; can be made
zero by picking the control input as: © = a,., where «, is obtained by setting
k =rin (6).

Having completed the controller design, we now introduce the functions: V;(t)
=22(t)/2,i=1,...,r, whose time-derivatives satisfy the inequalities:

i1
Vi <olVizizign — Bizl — o1 Wi 1zi17i + > 732'|Uj|2 + 57 |vil?/2, or (7)
j=1
’ T9 bi 2 T 3 21~ |2 = 2 2
Vi< Vizizins = —ps Bz = i Viciziozi 7] T 12+ vjlvil® (8)
¥Yi Vi j=1

where ﬁi = w; + hz((QOZTTZ + 62)(2}41 + 642') + ¢1T9~Z + 6?)/|hl|2

If the virtual control input x; were the actual control input, then we would

10



be able to make the error term z; exactly equal to zero by picking x; = a;_1,
i € {2,...,r}. Since this is not the case, we fix some arbitrary upper bounds M;
on the error terms z;, and note that if the design functions f3; are sufficiently
large (picked depending on M;), and the error terms z; initially satisfy their
specified bounds M;, then we always have |z;(¢)| < M;. This observation is
made precise in the following remark:

Remark 7 Let M; > 0 be some arbitrary upper bound on |z, i = 1,...,r
(with My = M,11 = 0 for notational consistency). Assume that the design

functions B;(zp y,[i}, f[-]) are picked recursively, i = 1,...,7 — 1, such that they
satisfy

|90le§z| T3 T 3 ’Yi2|17i|2 = 212
Bi > max Ve i Vi MiMiy + |@iyOia [Mia My + = +z;7jMvj
k3 1 ]:
where
2] < My, j =1, + 1, |l < My,
Ali1]s yda [i]» Wi))

P (ém) < 17 |wm| < Mw,m = 1, ,Z

= max x|w; + hi((pF0; + €0) (zig1 + i) + ¢L0; + €9) /| hal?.

Let M,y be an arbitrary upper bound on the initial condition |z,(0)|, and M,

be the corresponding upper bound on |x,|. From Assumption 4, M, is defined
as:

M, = (Mzo + max\} Z (2m + am1)? + Mg)

Bro1 \ m=1

where ag := yq. Finally assume that the last design function [, is picked such
that it satisfies

|907?Ar| T ’Yr| r|2 = 2772
ﬂr >n’1ax kMz | P 1197‘ 1|M 1M + — Z Mu]-

where

j - 17 T |y([jr}| S Md; |xz| S Mz
x|wy + hy ((‘P;F&r +e))a, + ¢7~T9~7‘ +ef) /[ ).

2] < M, Pi(&;) < 1, |wj| < My,
yd 76 xz):
m7
B,

11



If |z:(0)| < M;, i =1,...,r, |2,(0)] < My, and the design functions 3; satisfy
the lower bounds delineated above, then the upper right derivative of

V(t) = m{M@) ., 20 }

r

has the property:

V(t)=1=D"V(t) <0, Vt>D0.

This observation, which essentially establishes the boundedness of the error
terms z; provided that the design functions are picked appropriately, now leads
to the following theorem, where the boundedness of all closed-loop signals
as well as the tracking, disturbance attenuation, and parameter convergence
results are stated and proven.

Theorem 8 Consider the closed-loop system described by (1), (3), and the
designed controller, under Assumptions 1,...,6. Assume that |2;(0)] < M;,

|z, (0

)| < Mo, and the design functions [3; satisfy the lower bounds specified

i Remark 7. Then:

(1)
(2)

(3)

[z < M, |[PG@) <1, 0=1,.r, |lz.@)]| < M..
Given an arbitrary finite time T" > 0, and an arbitrary small number

p > 0, which represents the mazimum tracking error after the time T,
such that p < My, if

M? — p? 4+ 2maxp, (|70 | My My + ¥2|5,)2/2) T
20p*Tky/ maxp, |70,

51 > ) (9)

then

sup |21(t)| < p.
t>T

If vi == y/\Jr—i+1/2, i = 1,...,r, for some disturbance attenuation
level v > 0, then the following disturbance attenuation inequality is sat-

wsfied: Yt > 0

r

t
dSSVZ/ >
0

=1

h,(ef + xiﬂef) 2

o7&
2 |hz|2

t r
Bz} + ' n——5-
LRl

w; + ds

r

+2_(22(0)/2 +7*I&(0)),

=1

ar,qryr

where & = [9F,0T)T. Moreover, if e = €2 =0, and w; € Ly, i =1,...,7,

12



then the tracking error converges to zero, i.e.,

lim 2 (t) = 0.

t—00
(4) If, for any i € {1,...,1}, el =e? =0, w; € Ly, and

lim Apin(X; () = oo, (10)

t—o00 ¢

then lim_, |&(t)| = 0.

PROOF. The first part readily follows from the Remark 7 and Assump-
tion 4. To prove the second part of the theorem, we note that ||z;(¢)]| < M;,
|1P,(&(t)|| <1,i=1,...,r, from the first part of the theorem. Now, from (8)
and (9), whenever |z (t)| > p, clearly V; < 0. This indicates that if |z (£)| < p
for any £ > 0, then |z,(t)| < p for all t > . Now, if p < |2,(0)] < M, suppose
that to the contrary |z, (t)| > p for all 0 < t < T. Then, integrating V from 0
to T leads to the following contradiction: |21 (T)|?/2 < p?/2. Hence, |2 (t)| < p
for all ¢ > T, proving the second part. To prove the third part, we note that
the time derivative of W; := SZTE;I& is upper-bounded by:

2
hi(ed + z;11€0)

—|Ui|2+ wi+ |hl|2

(11)

It now readily follows from (7) and (11) that the time-derivative of U :=
" (Vi + +*W;) is upper-bounded by:

U<=3 Bz =2 onl®T &L/ |hil* + 3 2((r +1/2 = i)y = o) il
i=1 i=1 i=1

r
>y
i=1

2
w; + hi(ef + i€l /|maf*] . (12)

With the parameter choices made as in the third part, the integration of (12)
yields the disturbance attenuation inequality. Moreover, if e/ = ¢! = 0, and
w; € Lo, i =1,...,r, then z(t) € L. This, with the uniform boundedness of
%1 (t), implies that z;(¢) converges to zero, which proves the third part. The
last part is proven by integrating (11) to obtain

~ ~ t
Auia(E5 EDIEWD) P < GO + [ s + halef + zisaed)/1hal2] ds, vt > 0.
0

Since, under the hypothesis of the last part, the right hand side of the above
inequality is finite and limy_o Amin(X7'(t)) = oo, then |&(¢)| must converge
to zero. d

13



6 Full State Measurements

We now consider the state-feedback case, where the derivatives of the state
variables are not available to the controller. In this case, Identifier 1 cannot be
used, but Identifier 2 can. Here, we use exactly the same controller designed
in the previous section, but with the parameter estimates generated by Iden-
tifier 2, and obtain the counterparts of the results stated in Theorem 8. First,
Z; is defined as Z; := (z; — &;)/¢, i = 1,...,r, and the dynamics of Identifier 2

are rewritten as:

£ = PiXi®;3i/ |hil,  Pi = Pln, Bi(&), 2]
v = w; + hz((SOlTél + 6?)5Uz'+1 + ¢1T9~z +€f)/ |hi|2 )

where € > 0 is a small parameter. With this, the dynamics of the transformed
variables z;, 1 = 1, ...,r, can be computed as:

i—1
gi=¢ Vizi1 — Bizi — @i Vi1 zioa + hi v + Z(p,?;vj + ij;)
j=1
2 = 2
= |hal” 2/ (297) = 2_(Ipisl” + @)%/ (277)

J=1

<,00:19022’0:Zr+1:0

where z;, i, pij, ¢i; are defined as in the previous section, and

i Do S e
Y ocT A mejs1 0%m "

such that s7; < ¢7;. Finally, let Vi(t) be defined as in the previous section, i.e.,
Vi(t) = 22(t)/2, i = 1,...,r. The time-derivative of V;(¢) satisfies the bound:

i3 .
L — ol Wiaziaz, or (14)

7 < ol A T =
Vi < @i Yizizi — Biz; +Z]T+Z ]2

. R b ~ 1—1 B
Vi <ol Vizizip — _T—Zgﬂiz'? +2 15l 2+ 3 2 v P+ 23)/2

9 j=1

—pi 1 Dim12im12 (15)

where 7; := w; + hi((¢T0; + &) (2is1 + @) + 67 0; + €;) /| b2
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This now leads to the following counterpart of Theorem 8:

Theorem 9 Consider the closed-loop system described by (1), (4), and the
designed controller, under Assumptions 1,...,6. Assume that |2;(0)] < M;,
|z,(0)| < M,o, and the design functions [3; satisfy the lower bounds specified
in Remark 7. Then:

(1) Iz < My, |PE) < L @O < My, = 1,0, [l (#)]| < M.
(2) Given T >0, and p > 0 such that p < M, if

M? — p? 4+ 2maxp, (|70, | My My + ¥2|5,)2/2) T
20°Thy/ maxp, |p] V1]

b > ; (16)

then

sup |21(t)| < p.
t>T

(8) If v; := v/\/2(r —i+1),i=1,...,r, for some v > 0, then the following

disturbance attenuation inequality is satisfied: ¥Vt > 0

r

t |<I>.T§.|2 V2 E?
2 2 1 S k)
> | Biz; + + ds
/0 i=1 lﬁ T |hi|2 2

t T hz ef’—i-xi 6? 2 r 5
<[5 e M e S0 2 4+ 00
=1 ) =1
+0(e)t

(4) If, for any i € {1,....,r}, el = €2 =0, w; € Lo, and

i

.1 1
hgg}f;)\min(E (1)) > 9 (17)
for some persistency of excitation level 0; > 0, then

limsup &(t)]” < O(e).

t—o00

PROOF. To prove the first part, let V(t) := max{2%(¢)/M%, ..., 22(t)/M?}.
Clearly, V(0) < 1. Let t* > 0 be the first time, if ever, such that V(¢*) = 1.
Obviously, |2 (t)| < M, Pi(&) < 1,4 = 1,..,r, and |2,(t)] < M., Vt €
[0,t*]. This implies |v;| < M,, when ¢t € [0,¢*], which, from (13), requires
|z;(t)] < M,, when t € [0,t*]. Now, because the design functions ; satisfy
the lower bounds specified in Remark 7, the upper right derivative of V' (¢) at
t = t* is negative, which proves the first part. The proof of the second part is

completely analogous to the proof of the second part in Theorem 8, and hence
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it is omitted. To prove the third part, let W;(¢) be defined by

; 3 IV A
Wi = ~T2~_1i ‘ Ni— il .
SRR TN ( |m-|>

The time derivative of W;(t) along the dynamics of Identifier 2 is upper-
bounded by:

hl(ef + xi+1ef) 2

. |(I)§~z|2 |UZ|2+i'2
|17l< 1 1
|le|2

+ ‘wi + +0(e) (18)

It now readily follows from (14) and (18) that the time-derivative of U :=
" (Vi + +*W;) is upper-bounded by:

U< 822 =23 0@ |l = Y2232 /2
=1 1=1 =1
D ((r+ 1 =077 /2 = ¥ /D) [|vil* + &7
1=1

r 2
923 |wi+ hile] + zigaed) /a2 + O(e). (19)
=1

With the parameter choices made as in the third part, the integration of
(19) yields the disturbance attenuation inequality. The last part is proven by
integrating (18), to obtain

Daia(55 (1)) sup £(5)P

s>T

t
wi + b€+ xiaed) /1] ds +O(e), VE>T,
0

where 7" > 0 is an arbitrary number. Under the hypothesis of the last part,
the above inequality yields sup . [&(s)[* < O(e), as t 1 oo, where T' > 0
is arbitrary. This implies infy>osupsy [&(s)[* < O(e), which completes the
proof. O

We note that the first two parts of Theorem 9, which state the bounded-
ness of the closed-loop signals and the achievement of an arbitrarily small
tracking error, are very similar to those of Theorem 8. However, the distur-
bance attenuation and parameter convergence results, which are stated in the
third and fourth parts of Theorem 9, are corrupted by O(e) terms, unlike the
corresponding results stated in Theorem 8. Hence, the disturbance attenua-
tion and parameter convergence results obtained with full state and derivative
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measurements can be regarded as the limiting cases of those with full state
measurements as € | 0. Finally, we recall that the parameter convergence re-
sults stated in Theorems 8 and 9 require the satisfaction of some persistency
of excitation conditions (10) and (17). Intuitively, these conditions can be sat-
isfied if the external disturbances, which are unknown, are sufficiently rich.
However, there is a more direct way of satisfying (10) and (17) by making the
reference signal sufficiently exciting, which is the subject of the next section.

7 Persistency of Excitation

We now address the issue of persistency of excitation, and present a scheme
whereby the satisfaction of (10) or (17) is ensured, when the virtual control
coefficients are known and the basis functions ¢; are Gaussian. The method
presented below involves prescribing a persistent reference signal, and hence it
does not apply to the set-point tracking case. It was shown earlier in [24] that
if the state trajectory visits the centers of the basis functions regularly, then
a relevant persistency of excitation condition is satisfied; see Lemmas 1 and 2
in [24]. What we present below is in the same spirit, and can be viewed as a
modification of Lemma 2 of [24].

Lemma 10 Consider the covariance dynamics of Identifiers 1 and 2, de-
scribed by

Y=(n-1XedTS/|h?, 2(0)=1, forsome0<n<I,

and assume that the basis function ® has the following structure:

o= [exp(—a|x —c'P), ..., exp(—ol|z — cd|2)]T (20)

for some positive number o, some vectors ¢/ (called the centers of the basis
functions), j € {1,....,d}, with ¢ # c* for all j,k € {1,....,d}, j # k, and
some positive integers d, where the subscript i is dropped to ease the notation.
Further, assume that ||xz(t)|| < M,, for some M, > 0, and sup,; |x(t) —
r(t)] < p, for some T > 0, p > 0, and vector valued signal r(t) such that
r(t) wvisits the centers of ® on a reqular basis, and ||7(t)|| < My, for some
My > 0. More precisely, corresponding to every center ¢?, there exist time
instants t¥ € [kt, , (k+ 1)t,], for some t, > 0 and for all k € {0,1,2,...},
such that v(t5) = . If p is sufficiently small, then

lim infl)\min (E_l(t)) > (1—n)6/ sup |h(z)|*, for somed > 0.
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for some persistency of excitation level 6 > 0, which is independent of the
derivative of x(t).

Proof of Lemma 10 is not included here because of space limitations, but it can
be found in [2]. Lemma 10 states roughly that if the state trajectory visits the
small neighborhoods of the centers of the radial basis functions, then some
persistency of excitation level is guaranteed. Therefore, it may be possible
to choose an appropriate reference signal y,4(t) such that the conditions of
Lemma 10 are satisfied. Although this does not seem to be an easy task for
the general system (1), it could easily be achieved for the special case where
the unknown nonlinear functions depend only on the first state x;; see [3].

8 Output Measurements

In this section, we consider the counterpart of the robust tracking problem
formulated in Section 3 for the case where only the scalar output variable
is measured and used for control purposes. To obtain explicit results, the
nonlinearities in the system model are taken to be dependent only on the
output variable. Accordingly, we have the general dynamics (in strict output-
feedback form):

T T 0r—1x1 fi(z1) + gi(x1) + hE (21)wy
d | . ) )
7| =A(w) | P |+ | o(z)d | vt
T T Onfrxl fn(xl) + gn(xl) + hz(xl)wn
Yy =1 (21)

The nonlinear function A(z,) is known, and has the following structure:

i bi(z1) 0 0 ]
ag (1) bo(z1) 0
. _ _ _ Or—1xn—r
AI= 10 o) (o) bt
Aro(T1) cov o G (T)
I AP (1) ]

The nonlinear functions h;(z1), fi(x1), i = 1,...,n, p(z;) are also known,
whereas the nonlinear functions g;(x), ¢ = 1,...,n, and the parameter ¥ € R
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are unknown. The objective is to force the output y track a prespecified signal
ya(t) by picking the control input u appropriately as a function y. The un-
known nonlinear terms g;(z;) are approximated in terms of a set of sufficiently
smooth basis functions, ¢;(z1), and the optimal parameters 6; are defined very
similarly to the ones defined in Section 3.

Since the extended parameter vector & := 9,07, ...,6T]" and the state vector
zp = [9,...,2,]" are unknown, they have to be identified by using the online
information. For this purpose, we first append the natural dynamics of £ to
(21), and rewrite the overall system as:

' 0 0 Opsen 0
6 _ px1 + PXP DX 1 6 + PXq W, (22)
Ty F(x4) O(x1,u) Ao(zy) | |z H(xq)

i1 = fi(z1) + CT (1) zp + dre(a1) € + hie(a1) we

where w, := w+[hie]/|h1|?, - -+, hne? /|, *]. Estimates for the unknown terms
¢ and xy, which can be viewed as the states of the time-varying system (22),
can be generated by a state estimator provided by the standard H* theory;
see [26, chapter 7|. Incorporating into the estimator design the additional
information that the unknown parameter ¢ satisfies P(£) < 0, where P is a
convex and radially unbounded function, we introduce the following modified
versions of the estimators introduced in [5]:

Estimator 1:

£ =Projir, P(€),5], 7 :=S(b1e + VTC)u/|h]
Z;=F + A,i; + ®E + UProj[r, P(€), 5] + IICv/|hy|
v=(i1— fi = C"&; — ¢1,6)/ || (23)

FEstimator 2 (parameterized by some € > 0):

~ ~

£ =Proj[r, P(€),%], T :=(¢r+VTO)(xy — 21)/(e|h1])
Z1=f1 +C"ap + @16 + ||(z1 — 21) /e, d1(0) = 2,(0)
Zp=F + Ay 4+ ®E + UProj[r, P(€), 5] + TIC (1 — #1) /(€| ) (24)

where i ;(0) is arbitrary, £(0) is such that P(£(0)) < 0, and
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==L, Q= (¢ + VO g1 +VC)/|mf, £(0)=1
U= (4, - ICC" /|y )W + & — TICHT, /|b*,  W(0) =0
= A0+ AT — Ccc™m/|m | + HHT + 11, T1(0) = I,

for some 0 <7 <1 and Il > 0.

We note that Estimator 1 requires the knowledge of the output as well as its
derivative, whereas Estimator 2 requires the knowledge of the output only.
By applying the backstepping design technique on the state estimates 2 (t)
generated by (23) or (24), depending on the available information, we can con-
struct output-feedback adaptive controllers that provide the same performance
as the state-feedback adaptive controllers designed in Sections 5 and 6. More
precisely, we can obtain the counterparts of Theorems 8 and 9 for the output-
feedback case. These results are not included here because of space limitations;
they can be found in [2], which also contains details of the output-feedback
adaptive controller design.

Finally, it is possible to extend the results of Sections 5 and 6 to the par-
tial state-feedback case. In this case, the signals xi, ..., x5, where M is an
integer satisfying 1 < M < n, are assumed to be available for feedback, and
the nonlinear functions in the system dynamics can be allowed to depend
on xy,...,xy. However, since this last extension follows from the derivation
of the scalar output-feedback case in a rather straight-forward way (at least
conceptually), we do not discuss it in further detail in this paper.

9 Simulation Results

Here we present a simulation study to illustrate and numerically validate the
results of Sections 5 and 6. The system considered is a third-order one of the
form (1), where

n=3 r=2

by (z1)=2(1+0.127)

ba (), ) =2(1.1 4 0.1sin(22)) + 0.01(2F + 23 + 272)
g1(r1) =z, +0.01z} + 0.1sin(z;)

92(xp2), 2.) =21 + T2 + 0.127 4+ 0.123 + 0.1z,

9-(xp), v,) =—10z, + 0. 572 + 0.2 cosx; cos zy + hlw,
p1(z1) =exp(—21/20),  pa(w2) = exp(—23/20)
61 (1) = exp(— (@1 — 1)?) exp(—(a + )T
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a(22)) = [exp(—(21 = 1)* = (22 — 1)?)
exp(—(z; +1)2 — (zy + 1)3)]"
hi(z)=[1 z1]", ho(z,) =[01z, 1), h.(zp)=[1+z1 wo)"
wi(t) =wy(t) = w,(t) = [0.5sin(5¢) 0.1 cos(20¢) 4 0.2sin(10)]".

The unknown nonlinear functions b;, ¢;, i € {1,2} are identified within By :=
{z; € R |zy| <1}, and By = {zpy, 2, € R? : |21| < 1, |wo| < 1.5, |2,| < 2},
by using the basis functions ¢;, and ¢;, respectively. The optimal parameter
values are numerically computed as: ¥ = 2.2, ¥, = 2.4, 6, = [1.0 — 1.0],
0y =[2.9 —1.5]. We assume that these unknown parameters satisfy: |6;|> < 50
and 9; € [1,5], i € {1,2}. Note that ¢;(x*)T9; > k, for some constant k > 0
and for all 9; € [1,5], o' € B;, i € {1,2}. From this, it is straight-forward to
show that the unknown parameters satisfy Assumption 3 with the following
functions:

Pi(&):=((0, — 3)*/4 +16,/50 — 1)/0.2 < 0
Py(&) = (92 — 3)*/4 + 16,2 /50 — 1) /0.2 < 0.

The reference signal is y4(t) = sin(t). The designed controller with Identifier 2,
which requires full state measurements only 2, is used with the following pa-
rameters: 31 = 5.0, B, = 1.0, 72 = +2 = 5.0, 7 = 1, ¢ = 0.1. The simula-
tion results corresponding to the closed-loop system are shown in Figures 1
and 2. As it should be clear from the figures, the controller keeps all the sig-
nals bounded. Figure 1 shows that, after an initial deviation, the output of
the system always stays within a small neighborhood of the reference signal.
The parameter estimates approach their optimal values reasonably fast, and
then experience small oscillations, as shown in Figure 2. This indicates that
an adequate identification of the uncertain system is achieved. Overall, these
numerical results are in agreement with the theoretical results presented in
Sections 5 and 6, and illustrate the effectiveness of the proposed controller.

10 Conclusions

A neural-net based adaptive controller design has been presented for uncer-
tain strict-feedback systems with unknown virtual control coefficients. The
controller design procedure involves neural-network based approximation of
nonlinearities, the use of some H* based identifiers, the backstepping design
methodology, and the use of radially unbounded functions. The resulting con-
troller achieves the output tracking of a reference signal arbitrarily well at

2 The simulation results with Identifier 1 turn out to be very similar to those with
Identifier 2, and hence are not included here.
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Fig. 1. Performance of the designed controller with full state measurements.
(a) ya (), 21 (); (b) 22 (+), 23 (-); (¢) w.

the expense of increased control effort, as stated in Theorems 8 and 9. Also,
the closed-loop signals remain bounded and satisfy a relevant disturbance at-
tenuation inequality. These results are also extended to the case where only
the output of the plant is available for feedback. In this case, the system
model is inescapably less general, because for tractability the nonlinearities
can be allowed to depend only on the observed variables, which in this case is
the scalar output variable. Under this structural restriction, we estimate the
unmeasured states as well as the unknown parameters that characterize an
appropriate approximation of the nonlinearities, and subsequently apply the
backstepping design technique on the estimates of the unmeasured states to
design adaptive disturbance attenuating controllers with output feedback; for
details see [2].

One extension of this work would be to obtain the counterparts of the results
presented here for a strict (output) feedback system perturbed by random ex-
ternal disturbances. For such a system, which is commonly modeled by a set
of Ito stochastic differential equations, the controllers presented in this paper
may not yield a satisfactory performance because of the quadratic variation
terms resulting from the It6 differentiation rule. Hence, a different controller
design strategy than the one presented in this paper needs to be developed to
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cope with the quadratic variation terms in that case. Another extension is to
design a decentralized robust control scheme for a set of strict feedback sys-
tems, which is motivated by some applications such as power system control.
Both of these research topics mentioned above are currently under study.
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