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Abstract

We develop a mathematical model within a game theoretical framework to capture the 
ow

control problem for variable rate traÆc at a bottleneck node. In this context, we also address

various issues such as pricing and allocation of a single resource among a given number of users.

We obtain a distributed, end-to-end 
ow control using cost functions de�ned as the di�erence

between particular pricing and utility functions. We prove the existence and uniqueness of a

Nash equilibrium for two di�erent utility functions. The paper also discusses three distributed

update algorithms, parallel, random and gradient update, which are shown to be globally stable

under explicitly derived conditions. The convergence properties and robustness of each algorithm

are studied through extensive simulations.

1 Introduction

Today's Internet strives to comply with the demands of a broad range of applications, much di�erent
from the original design goals. Implementation of RTT (Real-Time TraÆc) for increasingly popular
applications like VoIP (Voice over IP) or video conferencing is one such example. Pricing of the
network resources and charging the users in a way proportional with their usage is yet another one.
There is also an increasing need for mechanisms that ensure fair allocation of network resources
among the users. Achieving all these goals is only possible with the introduction of new eÆcient
and real-time implementable congestion and 
ow control schemes, and we are already seeing an
e�ort toward improving and modifying the 
ow control mechanisms of TCP. Among many di�erent
approaches here, the game theoretic one has been enjoying increasing popularity as it provides a
�tting framework to study the underlying network optimization problems [1, 2, 3, 4].
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Game theory provides a natural framework for developing pricing mechanisms to solve rate con-
trol, fairness and even routing problems. Users on the Internet are of completely noncooperative
nature in terms of their demands for bandwidth, and this leads speci�cally to the use of noncoop-
erative game theory for 
ow and congestion control. An appropriate solution concept here is the
noncooperative Nash equilibrium [5]. In this approach, a distributed, noncooperative network game
is de�ned, where each user tries to minimize a speci�c cost function by adjusting his 
ow rate, with
the remaining users' 
ows �xed. An advantage of this approach comes from the fact that it leads to
distributed schemes, and not a centralized control for the network, which �ts well with today's as
well as tomorrow's expected trends of decentralized computing.

Most network games in the literature are focused on elastic, best-e�ort type traÆc [2]. As an
example of a study that addresses the 
ow control problem in a game theoretic framework, we can
cite Altman and Ba�sar [1], who show that if an appropriate cost function and pricing mechanism
are used, one can �nd an eÆcient Nash equilibrium for a multiuser network, which is further stable
under di�erent update algorithms. Another game-theoretic study is the one by Korilis and Lazar [6],
who investigate the existence of Nash equilibria of the 
ow control model introduced earlier in [7].
They develop a general approach to study the existence of Nash equilibria by using the concept of
best reply correspondence.

We consider in this paper a more general model, with two components. The �rst pertains to
a classical admission control mechanism [8, p.494], where the users are admitted to the network
after given a certain QoS (Quality of Service) guarantee in accordance with the available resources
of the network. The guaranteed minimum 
ow rate meets the requirements of the intended RTT
application. The second component of the model concerns elastic 
ow, and it accommodates a wide
range of traÆc types, from medium to high elasticity. The distributed end-to-end control system
is modeled as a network game where users, or players, adjust their excess 
ows rates, or strategies,
according to their individual needs but also by taking into account the state of the network. The cost
function we adopt for this purpose features, in addition to a relevant pricing function, an inherent
feedback mechanism, enabling the users to acquire the basic (essential) information about the state
of the network. The noncooperative game framework provides equilibrium conditions for the system
and most importantly, the market structure, where supply and demand for bandwidth determine
the allocation of network resources and prices. Fairness is also an important issue, and this is
built into the network so that those users who are willing to pay for resources more than others
receive a proportionately larger portion of the resources. We model the individual user's demand
for bandwidth in terms of two di�erent utility functions: an aÆne and a logarithmic function.

In the next section, we provide a description of the proposed model, and in section 3 we derive a
unique Nash equilibrium. In section 4, we investigate various update algorithms and establish sta-
bility conditions. Simulation results are presented in section 5, which are followed by the concluding
remarks of section 6.

2 The Model and The Cost Function

We consider a bottleneck node in a general network topology, with a certain level, C, of available
bandwidth, which is shared by N users or connections. The ith user's 
ow rate, �i, consists of two
parts: The guaranteed minimum 
ow rate, �i;min, and the variable excess 
ow rate, xi, de�ned as
the di�erence between the total 
ow and the minimum 
ow: xi = �i � �i;min. The guaranteed 
ow
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rate is negotiated between the user and the network at the time of the connection setup and remains
constant thereafter. It plays a crucial role in meeting the QoS requirements necessary for real time
traÆc types. The problem of giving users guarantees for their requested minimum 
ows while at the
same time preserving the network resources by respecting the bound C on the maximum available
bandwidth at the bottleneck node, can be solved through an admission control mechanism.

We assume that during the connection M out of N users request an excess bandwidth on top
of their prenegotiated guaranteed minimum 
ow rates. Hence, we can consider a noncooperative
network game whereM users compete for the remaining available bandwidth, m, after all guaranteed
minimum 
ows are subtracted from the total capacity: m = C �

PN

i=1 �i;min. We note that the
excess 
ow rate of a user is elastic in nature, i.e. it has no QoS guarantees and is bounded above by
the total available excess bandwidth, m.

The cost function for each user entering the game is de�ned as the di�erence between the pricing
and the utility functions. This cost function not only sets the dynamic prices, but also captures the
demand of a user for bandwidth. The �rst term of the cost function, the pricing function, is de�ned
as:

Pi(xi; x�i) =
ki

m� (xi + x�i)+
(xi)

2 ; (2.1)

where xi is the excess bandwidth taken by the ith user, x�i is de�ned as x�i :=
P

j 6=i xj , and ki � 0
is the pricing parameter determined by the network. The pricing term not only sets the actual
price, but also has the regulatory function of providing the user with feedback about the network
status via the denominator term, m �

P
j xj . This term may also be seen as capturing the delay

experienced by the ith user. As the sum of 
ows of users approach the available capacity, m, the
denominator of (2.1) approaches zero, and hence the price increases without bound. This preserves
the network resources by forcing the users to decrease their elastic 
ows. At the same time, a
proportional relationship between demand and price is obtained, which ensures that the prices are
set according to market forces. The price per unit 
ow is chosen to be proportional to the 
ow
rate itself, resulting in the quadratic term, x2i . This pricing structure discourages a user to pick an
arbitrary value for the minimum 
ow rate, �i;min, with the intention of minimizing the �xed costs.
In addition, it eliminates wide 
uctuations in the excess rate, xi.

The second part of the cost function, the utility function Ui, quanti�es the user's utility for
having excess bandwidth and captures to some extent the `human factor'. Although it cannot be
exactly known to the network, some statistical estimates can be collected, taking into account habits
of speci�c type of a user over a certain period of time. A reasonable assumption is to take it to be
strictly concave for elastic 
ows. Speci�cally, a logarithmic function can best represent the utility
function of the user in this case [9]. Hence, a possible realistic utility function for a user demanding
excess 
ow can be de�ned in terms of xi as:

Ui(xi) = ln(1 + xi) + di ; xi � 0 8i; (2.2)

where di is a positive constant and will have no e�ect in the optimization process. Based on the
given pricing and utility functions, the cost function for user i is simply, Ji = Pi � Ui. In other
words, the 
ow rate of the ith user results from the interaction between price and demand:

Ji(xi; x�i) =
kix

2
i

m� (xi + x�i)
� ln(1 + xi)� di; xi � 0 (2.3)
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Notice that the excess utility function, and hence the cost function, are de�ned only in the region
where xi � 0. In the next section we will show that even if xi � 0 is allowed, the Nash equilibrium
solution will still be the nonnegative.

A drawback of the realistic utility function above is that it leads to nonlinear reaction functions
for the users. Therefore an analytical analysis of the cost function with this utility is very diÆcult
and limited, if not impossible, even though an existence and uniqueness result (on Nash equilibria)
could be obtained, as we will do in the next section. In order to make the analysis tractable, and
to obtain explicit results, we will use linear utility functions for the users, which lead to a set of
linear equations as reaction functions. Accordingly, for tractability we will also adopt as the utility
function of user i:

~Ui(xi) = aixi + ~di ; xi � 0 8i; (2.4)

where ai is a positive constant not exceeding 1, and ~di > 0. One possible interpretation for the
linear utility ~Ui is that it constitutes a linear approximation to the actual utility function at a given
point. In this case, the system is analyzed locally in the vicinity of the chosen point. The parameter
ai is the slope of the utility function at that point, say x0i :

ai :=
@Ui(x

0
i )

@xi
) 0 < ai � 1 ;8i :

The counterpart of the cost function (2.3) with the linear utility function (2.4) is

~Ji(xi; x�i) =
kix

2
i

m� (xi + x�i)
� aixi � ~di; xi � 0 : (2.5)

Another interpretation for the linear utility would come from a worst-case perspective. The
constant ai can be chosen so as to provide an upper bound for marginal utility, or the slope of the
logarithmic function at any given point xi. It will be shown later that given the total 
ow rates of
all other users, x�i, the optimal 
ow rate of the ith user under linear utility, with ai = 1, is always
higher than the one under logarithmic utility. Hence, linear utility (2.4) with ai = 1 leads to a
worst-case 
ow for the ith user, namely

ai = max
xi�0

@Ui(xi)

@xi
() ai = max

xi�0

1

1 + xi
) ai = 1; 8i

The parameter ~di in (2.4) is the same as in (2.2), and since it is a constant it can be ignored in the
subsequent analysis. Notice that the same cost function structure (2.5) is arrived at in both local
and worst-case analyses, with ai chosen as described above. Combining the worst-case and local
analyses in a single step simpli�es the problem at hand signi�cantly.

3 Existence and Uniqueness of a Nash Equilibrium

We �rst prove the existence of a unique Nash equilibrium for the logarithmic utility model, described
by the cost function (2.3). Next, we give a similar result under the linear-utility cost function (2.5).
Additionally, we derive the reaction functions in the linear-utility case and compute the equilibrium
point explicitly. We conclude the section with a result (a Proposition) justifying the worst-case
linear-utility function analysis.
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3.1 Existence and Uniqueness under Logarithmic Utility Functions

The underlying M-player noncooperative game here is de�ned in terms of the cost functions Ji(xi; x�i),
i = 1; : : : ;M , where Ji is de�ned by (2.3), and the constraints

xi � 0 (3.1)
MX
j=1

xj � m : (3.2)

The �rst constraint is dictated by the fact that the ith user has requested a 
ow rate of at least
�i;min. The second constraint is a physical capacity constraint, which says that the aggregate sum
of all 
ows in a node cannot exceed its total capacity.

Theorem 3.1. There exists a unique Nash equilibrium in the network game de�ned by (2.3) and (3.1)-
(3.2), which is also an inner solution.

Proof. Let x := (x1; : : : ; xM )0 be the vector of 
ow rates of the M players, and X be the subset of
R
M where x belongs in view of the constraints (3.1)-(3.2). Then, X is closed and bounded (therefore

compact), and is convex, but is not rectangular. On X , each Ji(xi; x�i) is continuous and bounded,
except on the hyperplane de�ned by (3.2) where it is in�nite, and is moreover analytic in that region.
Its �rst derivative with respect to xi is

@Ji(xi; x�i)

@xi
=

kix
2
i + 2kixi[m� (xi + x�i)]

[m� (xi + x�i)]2
�

1

1 + xi
; (3.3)

and its second derivative is

@2J(xi; x�i)

@x2i
=

4kixi
[m� (xi + x�i)]2

+
2kix

2
i

[m� (xi + x�i)]3
+

2ki
[m� (xi + x�i)]

+
1

(1 + xi)2
; (3.4)

which is clearly seen to be well-de�ned and positive on X , except on the hyperplane (3.2). Hence,
for an arbitrarily small " > 0, if we replace (3.2) with

MX
j=1

xj � m� " ; (3.5)

and denote the corresponding constraint set de�ned by (3.1) and (3.5) by X", on X" we have a game
with a convex, compact nonrectangular action set, and a convex cost function for each player. By a
standard theorem of game theory (Theorem 4.4, p. 176 in [5]), it admits a Nash equilibrium. Let us
denote this equilibrium solution by x�" , to depict its possible dependence on ". We now claim that
provided that " > 0 is suÆciently small, x�" does not depend on ", and hence it provides also a Nash
equilibrium solution to the original game on X .

To prove this claim, let us study the optimization problem faced by a generic player, i, in the
computation of the Nash equilibrium. This optimization problem is

min
0�xi�mi(")

Ji(xi; x
�
�i(")) ; (3.6)
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where mi(") := m � " � x��i("), and x��i(") is the total 
ow from x�" of all players, except the ith.

We �rst note from (3.3) that @Ji
@xi

(0; x��i(")) < 0, and hence x�i (") cannot be zero, and therefore
x�i (") > 0. We next show that x�i (") cannot equal mi(") either, and hence the solution to (3.6) has
to be an inner solution. To see this, let us evaluate (3.3) at xi = mi("):

@Ji(mi; x
�
�i("))

@xi
=

kimi(mi + 2")

"2
�

1

1 +mi

(3.7)

Now, unless mi(") = O("), the �rst term above becomes unbounded as " ! 0, dominating the
second term and therefore making (3.7) positive, which implies that xi = mi(") cannot be the
solution to (3.6). Hence, the only way (3.6) can have a boundary solution is if mi(") = O("), but
since there is only a single constraint, namely (3.5), we would havemj(") = O(") for all j = 1; : : : ;M .

Hence the total 
ow would be O("), which contradicts the initial hypothesis that
PM

j=1 x
�
j (") = m�".

Therefore, for " suÆciently small, the solution to (3.6) has to be inner, and since this applies to all
players, the Nash equilibrium has to be independent of " for " > 0 suÆciently small. As a byproduct,
we have also proven the other claim of the theorem, which is that the Nash equilibrium is inner.

We next show the uniqueness of the Nash equilibrium. To preserve notation, let @2J(xi;x�i)
@x2

i

given

by (3.4) be denoted by Bi. Further introduce, for i; j = 1; : : : ;M; j 6= i,

@2Ji(xi; x�i)

@xi@xj
=

2kixi
[m� (xi + x�i)]2

+
2kix

2
i

[m� (xi + x�i)]3
:= Ai;j ;

with both Bi and Ai;j de�ned on X", to avoid singularity on the hyperplane (3.2). Suppose that
there are two Nash equilibria, represented by two 
ow vectors x1 and x0, with elements x0i and x1i ,
respectively. De�ne the pseudo-gradient vector:

g(x) =

0
B@

rx1J1(x1; x�1)
...

rxMJM (xM ; x�M )

1
CA

As the Nash equilibrium is necessarily an inner solution, it follows from �rst order optimality
condition that g(x0) = 0 and g(x1) = 0. De�ne the 
ow vector x(�) as a convex combination of the
two equilibrium points x0 ; x1 :

x(�) = �x0 + (1� �)x1

where 0 < � < 1. By di�erentiating x(�) with respect to �, we obtain

dg(x(�))

d�
= G(x(�))

dx(�)

d�
= G(x(�))(x1 � x0) ; (3.8)

where G(x) is de�ned as the Jacobian of g(x) with respect to x :

G(x) :=

0
BBB@
B1 A1 � � � A1

A2 B2 A2

...
. . .

...
AM AM � � � BM

1
CCCA

M�M

;
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where we have used the simpler notation Ai for Ai;j , since Ai;j does not depend on the second index
j. Integrating (3.8) over � from � = 0 to � = 1 we obtain

0 = g(x1)� g(x0) =

�Z 1

0

G(x(�))d�

�
(x1 � x0) ; (3.9)

where (x1 � x0) is a constant 
ow vector. Let Bi(x) =
R 1
0
Bi(x(�))d� and Ai(x) =

R 1
0
Ai(x(�))d�.

In view of constraints (3.1) and (3.5), we have:

Bi(xi; x�i) > Ai;j(xi; x�i) > 0 ; 8i; j :

Thus, it follows that Bi(x) > Ai(x) > 0, for any 
ow vector x(�).
In order to simplify the notation, de�ne the matrix G(x1; x0)

G(x1; x0) :=

Z 1

0

G(x(�))d� =

0
BBB@
B1 A1 � � � A1

A2 B2 A2

...
. . .

...
AM AM � � � BM

1
CCCA

M�M

Lemma 3.2. The matrix G(x1; x0) is full rank for any �xed x.

Proof. The matrix G is full rank if the only vector y satisfying G y = 0 is the null-vector, y = 0.
Expanding this equation for all i, one obtains

Biyi +Ai

X
j 6=i

yi = 0 : (3.10)

Rearranging the terms in (3.10) and solving for yi:

yi =
�Ai

Bi �Ai

MX
j=1

yj ; (3.11)

where the term Ai=(Bi � Ai) is strictly positive as a result of Bi > Ai > 0. Now summing over i,
we get

MX
i=1

yi = �

MX
i=1

Ai

Bi �Ai

MX
j=1

yj ;

which can only hold if
PM

j=1 yj = 0, and from (3.11), yi = 0 8i. Thus, we conclude that the matrix
G is full rank.

Finally, we rewrite (3.9) in the following form:

0 = G � [x1 � x0] (3.12)

By Lemma 3.2, the square matrix G is full rank. Therefore, the only possibility for (3.12) to hold is
x1 � x0 = 0. Therefore, the Nash equilibrium is unique.
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The lines of the proof above can actually be used to prove uniqueness of Nash equilibrium
whenever it exists for more general M-player games. We state and prove this result below, which
should be of independent interest.

Corollary 3.3. Consider a noncooperative game with M players, with twice di�erentiable cost
functions, Ji(xi; x�i) for player i, and a compact strategy space, X. Let the pseudo-gradient vector
be denoted by g(x), i.e.

g(x) :=

0
B@

rx1J1(x1; x�1)
...

rxMJM (xM ; x�M )

1
CA ;

and the Jacobian of g(x) with respect to x be denoted by G(x). Further de�ne

G :=

Z 1

0

G(x(�))d� :

If for all strategies that are in the interior of the strategy space, Xo, the matrix G is full rank, then
there is at most one equilibrium in Xo.

Proof. Suppose that there exist two Nash equilibria, represented by two 
ow vectors x1 and x0,
with elements x0i and x1i , respectively. As we consider only inner solutions, it follows from �rst
order optimality condition that g(x0) = 0 and g(x1) = 0. De�ne the 
ow vector x(�) as a convex
combination of the two equilibrium points x0 ; x1 :

x(�) = �x0 + (1� �)x1

where 0 < � < 1. By di�erentiating x(�) with respect to �, we obtain

dg(x(�))

d�
= G(x(�))

dx(�)

d�
= G(x(�))(x1 � x0) :

Integrating this over � from � = 0 to � = 1 we obtain

0 = g(x1)� g(x0) =

�Z 1

0

G(x(�))d�

�
(x1 � x0) � G � [x1 � x0] : (3.13)

Since G is full rank, the only possibility for (3.13) to hold is x1�x0 = 0. Thus, the Nash equilibrium
is unique whenever it exists.

3.2 Existence of Unique Nash Equilibrium under Linear Utility Functions

Here, we show the existence of a unique Nash equilibrium for cost functions with linear utility.
Furthermore, by exploiting the linearity of reaction functions, we compute the equilibrium point
explicitly. Since we carry out the analysis for a general ai, it applies not only to the worst-case
analysis, but also to the local analysis, where the logarithmic utility function is approximated by a
linear function.

Again, each user minimizes his cost function (2.3), under the constraints given in (3.1) and (3.2).
First assuming an inner solution, we have for the ith user:
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@ ~Ji(xi; x�i)

@xi
=

kix
2
i + 2kixim� 2kixi(xi + x�i)

(m� (xi + x�i))2
� ai = 0 ; (3.14)

which can be solved for xi, to lead to: 1

xi = (m� x�i)

"
1�

r
ki

ki + ai

#

The solution with the plus sign is eliminated in view of the constraint m� x�i � xi; hence, the
only feasible solution is the one with the minus sign:

xi = (m� x�i)[1�

r
ki

ki + ai
] � mqi � qix�i ; (3.15)

where

qi := 1�

r
ki

ki + ai
(3.16)

To complete the derivation we now check the boundary solutions. For the boundary point

xi = 0, we observe from (3.14) that @ ~Ji(xi;x�i)
@xi

= �ai, which means that the user can decrease his
cost by increasing xi. Hence, this cannot be an equilibrium point. For the other boundary points
xi = m � x�i and x�i = m, we observe that at these points the cost goes to in�nity. As a result,
the inner solution is the unique optimal response for the constrained optimization problem of the
ith user, for each �xed x�i < m. We observe from (3.15) that the unique optimal 
ow for the ith

user is a linear function of the aggregate 
ow of all other users. This set of M equations can now be
solved for xi; i = 1; : : : ;M . To ease the notation, let �x := xi + x�i. Then, (3.15) can be rewritten
as

xi = mqi � qi(�x� xi)) xi =
qi

1� qi
m�

qi
1� qi

�x:

Summing both sides from 1 to M , and letting

� :=

MX
i=1

qi
1� qi

; (3.17)

we obtain

�x = �m� ��x) �x =
�

1 + �
m :

Note that � is well de�ned and positive, since 0 < qi < 1 8i. Hence �x < m, thus satisfying the
underlying constraint. Finally, substituting �x above into the expression for xi (in terms of �x), yields
the following unique solution to (3.15):

x�i =
1

1 + �

qi
1� qi

m ; i = 1; : : : ;M : (3.18)

1Here we assume throughout that xi 6= m� x
�i, which will be seen shortly not to be an assumption at all.
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Note that (3.18) is feasible since it is strictly positive, and
PM

i=1 x
�
i < m. We summarize this

result in the following theorem, whose proof follows from the leading derivation:

Theorem 3.4. There exists a unique Nash equilibrium in the network game with users having linear
utility functions, and it is given by (3.18), where qi and � are given by (3.16) and (3.17), respectively.

We conclude the section with an important proposition, justifying the worst-case analysis based
on linear utility functions.

Proposition 3.5. Given the total 
ow rates of all users except the ith one, x�i =
P

j 6=i xj , the

optimal 
ow rate of the ith user, xopti;nonlin, having a logarithmic utility and the cost function (2.3) is

less than the optimal rate xopti;lin obtained when the same user has the linear utility (2.4) with ai = 1
and cost function (2.5).

Proof. The optimal solution of the ith user was already shown to be an inner solution. Di�erentiating
the linear utility cost, ~Ji, given by (2.5), and the logarithmic utility cost, Ji, given by (2.3), both
with respect to xi, we obtain:

~J
0

i = P
0

i �
~U
0

i = P
0

i � 1 (3.19)

J
0

i = P
0

i � U
0

i = P
0

i �
1

1 + xi
(3.20)

where a `prime' denotes partial derivative with respect to xi. The pricing function Pi in (2.1) is
unimodal with a global minimum at xi = 0. Hence, for xi � 0, P

0

i is a monotonically increasing
function passing through the origin. Hence, the point at which (3.19) is zero is strictly larger than
the point at which (3.20) is zero, that is xopti;nonlin < xopti;lin. This completes the proof.

An intuitive explanation of this result lies in the high marginal demand of worst-case utility,
a = 1. The marginal demand of a user with linear utility is higher than the one with logarithmic
utility. The proposition above is based on this di�erence in demand.

4 Update Algorithms and Stability

In the previous section, it was shown that a unique equilibrium point exists under di�erent cost
functions, where each user attains a minimum cost given the equilibrium 
ow rates of the other
users. In a distributed environment, however, each user acts independently and convergence to this
equilibrium point does not occur instantaneously. Hence it is important to study the evolution
of various iterative processes toward the unique equilibrium. In the literature, there exist various
iterative update schemes with di�erent convergence and stability properties [2]. We consider here
three asynchronous update schemes relevant to the proposed model: PUA, parallel update algo-
rithm, which is also known as the Jacobi algorithm; RUA, random update algorithm, and GUA,
gradient update algorithm, also known as Jacobi overrelaxation [10]. For the speci�c model at hand,
individual users do not need to know the speci�c 
ow rate of other users, except their sum. This
feature is of great importance for possible applications, as it simpli�es substantially the information

ow within the system.
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4.1 Parallel Update Algorithm (PUA)

In PUA, the users optimize their 
ow rates at each iteration, in discrete time intervals : : : ; n �
1; n; n + 1 : : :. If the time intervals are chosen to be longer than twice the maximum delay in the
transmission of 
ow information, it is possible to model the system as an ideal, delay-free one. In a
system with delays, users update their 
ows using the available (delayed) information.

One important feature of PUA is that the users are myopic. They optimize their 
ow rates
based on instant costs and parameters, ignoring future implications of their actions. In a delay-free
system, this behavior a�ects convergence rate adversely as it will be seen in the simulations.

For the cost function (2.3), the players use either nonlinear programming techniques to mini-
mize their cost at each iteration or directly the reaction function. The analytical solution to the
optimization problem of the ith user turns out to be the root of the third-order equation:

kix
3
i + (2ki(m� x�i) + k � 1)x2i + (2(k + 1)(m� x�i))xi + [m� xi]

2 = 0 (4.1)

Only one root of this equation, denoted ~xi, is feasible: 0 < ~xi < m. The closed-form solution
for this root is at the same time the reaction function, which is highly nonlinear in contrast to the
linear reaction function given by (3.15). As the root of (4.1) involves a complicated expression, we
write the nonlinear reaction function of the ith user only symbolically :

x
(n+1)
i = f(x

(n)
�i ; ki) (4.2)

Stability and convergence of the system is as important as the existence of a unique equilibrium.
In an unstable system, the 
ow rates may oscillate inde�nitely if there is a deviation from equilibrium.
Or, if the system does not have the global convergence property, there exists the possibility of not
reaching the equilibrium at all through an iteration starting at an arbitrary feasible point.

We now study the convergence of PUA for the linear reaction case. The update function for the
ith user is (from (3.15)):

x
(n+1)
i = mqi � qix

(n)
�i 8i; n ; (4.3)

where qi was de�ned in (3.16). Let 4xi = xi � x�i , where x
�
i is the 
ow rate of the ith user at the

Nash equilibrium. Then we have

4x
(n+1)
i = �qi4x

(n)
�i ;8i (4.4)

Let
k�xk = max

i
j�xij ;

and note that from (4.4):
k�x(n+1)k � (M � 1)max

i
jqij k�x

(n)k

Clearly, we have a contraction mapping in (4.4) if (M � 1)maxi jqij < 1. Thus, the following
suÆcient condition ensures the stability of the system with linear utility under the PUA algorithm:

jqij �
1

M
; i = 1; : : : ;M (4.5)

11



One simple way of meeting this condition is to set qi =
1
M

; i = 1; : : : ;M . From (3.16), (4.5)
translates into the following stability condition on the pricing parameter ki for each i :

ki �
(M � 1)2

2M � 1
ai : (4.6)

Notice that these apply not only to the analysis in the linear-reaction case, but also to the local
analysis of the nonlinear-utility cost function (2.3). Thus, the system is locally stable and convergent
under PUA if the condition above is satis�ed. Next, we show that the system not only has local
stability and convergence property, but it is also globally stable and convergent for the nonlinear-
utility cost. Before making a precise statement of this result and proceeding with the proof, we
present the following two useful Lemmas.

Lemma 4.1. For any feasible point xo = x(n) at time (n), let x
(n+1)
i be the outcome of the ith

user's nonlinear reaction function (4.2). If x
(n)
i > x�i , where x� is the unique equilibrium, then

x
(n+1)
i � x

(n)
i .

Proof. Assume that x
(n+1)
i > x

(n)
i > x�i . Given the 
ow rate, x

(n)
i , of the ith user at the time instant

n, we linearize the logarithmic utilility, Ui, given in (2.2) around this value, and turn it into (2.4)
by de�ning

ai(x
(n)
i ) :=

@Ui(x
(n)
i )

@xi
=

1

1 + x
(n)
i

:

Thus, the nonlinear reaction function (4.2) is linearized to (4.3) at x
(n)
i . Using the fact that ai(x

(n)
i ) >

@Ui(x
(n+1)
i

)
@xi

and following an argument similar to that used in the proof of Proposition 3.5, the

resulting 
ow, x
(n+1)
i;lin , provides an upper bound on x

(n+1)
i . Combined with the contraction property

of linear reaction function, we obtain:

x
(n+1)
i < x

(n+1)
i;lin < x

(n)
i (4.7)

Obviously, (4.7) contradicts the assumption made, and hence x
(n+1)
i � x

(n)
i .

Lemma 4.2. For any feasible point xo = x(n) at time (n), if x
(n)
i < x�i , then x

(n+1)
i � x

(n)
i .

Proof. The proof is very similar to that of Lemma 4.1. Suppose that x
(n+1)
i < x

(n)
i < x�i . Then, it

can be shown that ai <
@Ui(x

(n+1)
i

)

@xi
, and x

(n+1)
i;lin provides a lower bound on x

(n+1)
i . Again using the

contraction property,

x
(n+1)
i > x

(n+1)
i;lin > x

(n)
i

As this contradicts the initial hypothesis, x
(n+1)
i � x

(n)
i .

Theorem 4.3. The PUA is globally convergent and stable for both the linear and logarithmic utility
cost functions (2.3) and (2.5), under the suÆcient condition (4.6).
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Proof. The convergence result for the linear utility case was obtained above. In principle, it is
also possible to derive the global convergence result for the logarithmic utility case, using the same
method, but this time the reaction function (4.2). This reaction function was obtained as one of
the roots of the 3rd order equation (4.1), and is highly nonlinear. Hence the method based on
reaction functions becomes practically intractable. We will, therefore, make use of the local and
worst-case analyses to obtain a global convergence result. As in Lemma 4.1, the nonlinear reaction

function (4.2) can be linearized to (4.3) at each x
(n)
i . Also note that the existence of a unique feasible

Nash equilibrium, 0 < x�i < m, was already established for the network game.
For any feasible initial point, x0, we have the following cases for the i

th user:

In the �rst case, x
(n)
i > x�i , where x

(n)
i = xi;0 is the starting point. According to Lemma 4.1,

there are two possibilities: x�i < x
(n+1)
i < x

(n)
i and x

(n+1)
i < x�i < x

(n)
i . The former case results

in a monotonically decreasing sequence bounded below by x�i , whereas the latter case leads to an
oscillating sequence around the equilibrium.

In the second case, x
(n+1)
i < x�i , where x

(n+1)
i can be considered as the starting point at any

time instant (n + 1). Again by Lemma 4.2, there are two possibilities: x�i > x
(n+1)
i > x

(n)
i and

x
(n+1)
i > x�i > x

(n)
i . Similar to the previous case, the former leads to a monotonically increasing

sequence bounded above by x�i , and the latter results again in an oscillating sequence around the
equilibrium. In order to analyze these cases, one can de�ne the relative distance to equilibrium as

4x
(n)
i := x

(n)
i � x�i .

If x
(n+1)
i > x

(n)
i , then the linearized reaction function at x

(n)
i provides an upper bound, x

(n+1)
i;linear ,

on x
(n+1)
i , following an argument similar to the one in Proposition 3.5. The fact that

@U
(n)
i

@xi
< a

(n)
i

justi�es the given bound. Using the contraction property of linearized reaction function (4.4) and
the worst-case bound above, we obtain:

4x
(n+1)
i;linear <4x

(n)
i <4x

(n)
i;linear 8i (4.8)

For x
(n+1)
i < x

(n)
i , following a similar argument, it is easy to show that the relation (4.8) also

holds. Therefore, for all possible cases, we have shown that, at each iteration locally linearized 
ows
provide a decreasing upper bound to the iterates of the nonlinear reaction function for the distance
to equilibrium. Figure 1 summarizes this discussion graphically.

The 
ow rate of any ith user converges to the unique Nash equilibrium and the nonlinear system is
stable and globally convergent from any feasible initial point x0. We note that the proof is based on
the convergence of the linear system, which is required for the convergence of the nonlinear system.
Moreover, condition (4.5), or equivalently (4.6), is suÆcient for the convergence of the iteration
corresponding to linear and nonlinear reaction functions.

4.2 Random Update Algorithm (RUA)

Random update scheme is a stochastic modi�cation of PUA. The users optimize their 
ow rates in
discrete time intervals and in�nitely often, with a prede�ned probability pi, 0 < pi < 1, for user i.
Thus, at each iteration a random set of users among the M update their 
ow rates. Again, the users
are myopic and make instantaneous optimizations. In the limiting case, pi = 1, RUA is the same as
PUA. The non-ideal system with delay is also similar to PUA. The users make decisions based on
delayed information at the updates, if the round trip delay is longer than the discrete time interval.
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Figure 1: (a) Comparison of nonlinear, locally linearized: ai =
1

1+xi
and linear worst-case: ai = 1


ow rates, (b) Distance to equilibrium, nonlinear and locally linearized.

For the linear-utility case (2.3) with linear reaction function (3.15), the update scheme may be
formulated for the ith user as follows:

x
(n+1)
i =

(
mqi � x

(n)
�i qi ; with probability pi

x
(n)
i ; with probability 1� pi

Subtracting x�i from both sides, we obtain:

4x
(n+1)
i =

(
�qi4x

(n)
�i ; with probability pi

4x
(n)
i ; with probability 1� pi

Taking the absolute value of both sides, and then taking expectations, lead to

Ej4x
(n+1)
i j � piqiEj4x

(n)
�i j+ (1� pi)Ej4x

(n)
i j

� piqi
PM

j=1 Ej4x
(n)
i j+ (1� pi(1 + qi))Ej4x

(n)
i j

Choosing pi �
1

1+qi
, this expression can further be bounded by
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Ej4x
(n+1)
i j � piqi

MX
j=1

Ej4x
(n)
j j ;

and summing over all users we obtain

MX
i=1

Ej4x
(n+1)
i j � (

MX
i=1

piqi) �

MX
i=1

Ej4x
(n)
i j (4.9)

If
PM

i=1 piqi < 1, �(n) :=
PM

i=1 Ej4x
(n)
i j is a decreasing positive sequence, and hence converges

to the only equilibrium state of (4.9), zero. This implies convergence of each individual term in the

summation to zero, which in turn says that x
(n)
i ! x�i ; i = 1; : : : ;M , with probability 1. Notice

that the suÆcient condition (4.5) for the stability of PUA also guarantees the stability of RUA for
the linear utility case.

The question now comes up as to the choice of pi that would lead to fastest convergence in (4.9),
which we will call the optimal update probability. Maheswaran and Ba�sar [11] show that in a
quadratic system without delay, one can �nd a fairly tight bound for optimal update probability as
number of users goes to in�nity, and this bound is 2

3 . Repeating the same analysis for this model
and linear cost function leads to an exact update probability popt =

2
3 , which is optimal for a large

number of users.
The stability and convergence results obtained also apply to the local analysis of the nonlinear

utility function as in PUA. Hence the nonlinear utility case is locally stable under RUA. Moreover,
Lemma 4.1 and Lemma 4.2 are valid for RUA, and hence Theorem 4.3 holds, indicating the global
stability of the algorithm.

4.3 Gradient Update Algorithm (GUA)

Gradient update algorithm can be described as a relaxation of PUA. For this scheme, we de�ne
a relaxation parameter si ; 0 < si < 1, for ith user, which determines the stepsize the user takes
towards the equilibrium solution at each iteration.

For the linear utility case, the algorithm is de�ned as:

x
(n+1)
i = x

(n)
i + si � [(mqi � x

(n)
�i qi)� x

(n)
i ] 8i; n (4.10)

Di�erent from both PUA and RUA, the users are not myopic in this scheme. Although they
seem to choose suboptimal 
ow rates at each iteration instead of exact optimal solutions, they
bene�t from this strategy by reaching the equilibrium faster. GUA, despite its deterministic nature
like PUA, is actually very similar to RUA in analysis. When compared with PUA, as we observe
in simulations, GUA converges faster to Nash equilibrium than PUA in highly loaded delay-free
systems, where there is a high demand for scarce resources and users act simultanously. An intuitive
explanation can be made using the fact that equilibrium point is quite dynamic in loaded systems
during iterations. In PUA, users update their 
ows as if it is static, while in GUA, users behave
more cautiously and do not rush to the temporary equilibrium point at each iteration. Thus, the
wide 
uctuations in 
ow rates, which can be observed in PUA, are avoided in this case. One can
interpret the relaxation parameter si also as a measure of this caution. Another advantage of GUA,
its relative insensitivity to delays in the system, can also be explained with the same reasoning.
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A similar but deterministic version of the convergence analysis of RUA for the linear utility
function yields the same convergence result as in RUA, except that pi is now replaced with si:

4x
(n+1)
i = (1� si)4x

(n)
i � siqi

MX
j 6=i

4x
(n)
j (4.11)

) j4x
(n+1)
i j � (1� si)j4x

(n)
i j+ siqi

MX
j 6=i

j4x
(n)
j j ;8i (4.12)

Choosing si �
1

1+qi
, and imposing the condition

PM
i=1 siqi < 1, the 
ow rates of the users

converge to the unique equilibrium as in other schemes. Using (4.10), we obtain:

lim
n!1

x
(n)
i = x�i = mqi � x��iqi ;8i

The suÆcient condition (4.5) also guarantees the stability of GUA for the linear utility case.
Moreover, since the GUA is a modi�cation of PUA, it can be shown that Lemma 4.1 and Lemma 4.2
hold for the GUA as well. Thus, the stability results of the RUA are directly applicable to GUA for
both the linear and nonlinear reaction functions.

Next, we investigate the possibility of �nding an optimal relaxation parameter, s, for the linear
utility case, in the sense that it leads to fastest convergence to the equilibrium. In order to simplify
the analysis, we assume symmetric users, resulting in qi = q = 1

M
, and si = s ;8i. For the special

case of symmetric initial conditions, we obtain from (4.11):

4x
(n+1)
i = [1� s(1 + (M � 1)q)]4x

(n)
i

The value of s, leading to fastest convergence in this case is

sopt =
1

1 + (M � 1)=M
) lim

M!1
sopt = 0:5 ; (4.13)

which leads to one-step convergence.
For the general case, however, it is not possible to �nd a unique optimal value of s, as di�erent

starting points for users which result in di�erent 4xi at each iteration, a�ect the optimal value of
s. Using simulations, we conclude that optimal value of s for a delay-free linear system should be
in the range 0:5 < sopt < 1.

The analysis for the linear utility case applies to the nonlinear utility case locally, giving the
same local stability and convergence results. One can show that in addition to the local results,
global convergence and stability of PUA also apply to GUA. Therefore, GUA converges globally
to the unique equilibrium in the nonlinear utility case. As it will be shown in numerical examples,
GUA becomes advantageous only under heavy load, and loses its fast convergence property in lightly
loaded systems.

5 Numerical Simulations of the Update Schemes

Each update scheme analyzed in the previous section is simulated using MATLAB. The proposed
model is tested through extensive simulations for both nonlinear and linear reaction functions. The
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latter can be considered as either worst-case analysis or local approximation to the nonlinear utility
cost. The system is simulated �rst without delay under all three update schemes: PUA, RUA and
GUA. Next, in the second group of simulations, uniformly distributed delays are added to the system
for a more realistic analysis. The convergence rate is measured as the number of iterations required
to reach the unique Nash equilibrium. As a simpli�cation, we assumed symmetric users in most
cases, where cost parameters like, a; k; q, update probability, p, for RUA, and relaxation parameter,
s, for GUA are not user speci�c. Starting condition for simulations is the origin, i.e. zero initial

ow, unless otherwise stated. The following criterion is used as the stopping criterion, where M is

the total number of users.
PM

i=1 jx
(n+1)
i �x

(n)
i j �M � �. The stopping distance is chosen suÆciently

small, � = 10�5, for accuracy in all simulations.

5.1 Simulations for Delay-free Case
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Figure 2: (a) Flow rates vs. iterations to equilibrium in case of symmetric users and PUA, (b)
Convergence rate of PUA for di�erent values of k.

The convergence of the update algorithms for di�erent numbers of users, as a crucial parameter,
is investigated throughout the analysis. However, we �rst implemented the basic PUA algorithm
withM = 20 users with linear reaction functions and a = 1 indicating a high demand for bandwidth.
k = 10 is chosen to ensure stability. From Figure 2(a), we observe the undesirable, wide oscillations
in 
ow rates of users, which is a disadvantage of PUA under a heavily loaded delay-free system.
In this case, although the number of users is small, the low value of pricing parameter k loads the
system. Absence of delay in the system also contributes to the instantaneous load, as the users act
simultaneously. The instantaneous demand a�ects the convergence rate signi�cantly in delay-free
systems, especially under PUA.

Another important parameter in the system is the price, k. The impact of the price on the
system is investigated in the next simulation. Figure 2(b) shows the e�ect of varying the pricing
parameter k under PUA. Again, there are M = 20 users. It can be observed that as the price
increases, the convergence rate drops. An intuitive explanation for this phenomenon is based on the
e�ect of price on the demand of users. An increase in price results in a decrease in demand and
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system load, leading to faster convergence. Even though the simulation here is for a delay-free linear-
utility system, varying the price leads to similar results under all update schemes for both linear
and nonlinear reaction functions. Theoretical calculations based on linear utility, in the previous
section, show that the minimum value of k satisfying the stability criterion is 9:2 for this speci�c
case. This bound on k is only a suÆcient condition for stability, which is veri�ed in this simulation
by observing the convergence of system for k = 9. The large number of iterations required, on the
other hand, indicates the tightness of the bound.

Next set of simulations investigate the two basic parameters of RUA: M , number of active users,
and, p, the update probability. The simulation results in Figure 3(a) verify the theoretical analysis
of the previous section for linear utility cost. It is observed that with the increasing number of users
the optimal update probability gets closer to the value 2=3. For completeness, the same simulation
is repeated for the logarithmic utility cost. Interestingly, we obtained similar results, as shown in
Figure 3(b). Due to the structure of logarithmic utility function, the demand of users is less than
in the linear utility case, and hence the system is not loaded as much as in the linear case. For the
same number of users, we observe that the optimal update probability shifts to higher values. As a
conclusion, Figure 3(b) can be considered as a stretched version of Figure 3(a), due to the change
in load.
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Figure 3: (a) Convergence rate of RUA asM gets larger, for di�erent update probabilities 0 < p < 1,
and linear utility, (b) Convergence rate of RUA for nonlinear utility.

Similar to RUA, a simulation based on the relaxation parameter s is done for linear cost under
GUA. The result con�rms the theoretical result (4.13) for symmetric initial conditions. Other initial
conditions, however, lead to di�erent optimal values for s, in most cases between 0:6 and 0:8. The
result can be interpreted as the variation in the amount of instantaneous demand for bandwidth. In
the symmetric initial condition, all users act the same way, leading to higher simultaneous demand,
where `being cautious' or decreasing s is advantageous. For other initial values, the instantaneous
demand decreases, where increasing s a�ects the convergence rate positively. We conclude that GUA
is only advantageous in situations with high instantaneous and total demand, which will further be
veri�ed in delayed simulations.

Finally, we conclude the simulations without delay by a comparison of the convergence rate of
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all three algorithms for di�erent numbers of users. The results for the linear reaction function are
depicted in Figure 4. We observe clearly that both GUA and RUA are superior to PUA. Another
important and promising observation is that the rates of convergence for GUA and PUA are almost
independent of the number of users. The simulation is repeated for nonlinear utility cost and for
highly and lightly loaded systems. To change the amount of load on the system, the capacity
parameter m is varied this time, instead of price k. They a�ect, as expected, the convergence rate
in opposite ways. Obviously, the smaller the capacity, the heavier the load. Similar to the linear
utility case, GUA converges faster with increasing number of users. It performs, however, poorer
under light load. Same trend is also observed for RUA. One interesting phenomenon is the high
performance of PUA under light load. It can be interpreted as a result of the low instantaneous
demand due to the variation of utility for di�erent 
ow rates.
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Figure 4: Comparison of Convergence rates of PUA, RUA and GUA for increasing number of users,
linear utility, delay-free system.

5.2 Simulations with Delay

In order to make the simulations more realistic, we next introduce the delay factor into the system
in following way: users are divided into d equal groups, where each group has an increasing number
of units of delay. For example in a four group system, the �rst group has no delay, the second one
has one unit delay, the third group two units of delay, etc. When the simulations are repeated with
uniformly distributed delay as described, the results obtained are quite di�erent from the previous
ones. PUA, for example, performs better than in the linear utility case without delay. This is
possibly caused by the decrease of instantaneous demand, due to the delay factor. This result
strengthens the argument made on PUA in the previous section.

In RUA, however, the optimal update probability disappears in contrast to the delay-free case,
as can be seen in Figure 5. Again, the underlying cause is the e�ect of delay factor on instantaneous
demand. Another important result is the similarity of the results for linear (a) and nonlinear (b)
cases in this simulation. Regarding PUA, we can conclude that it performs better when both
instantaneous and total demand are low and system resources are abundant. Such conditions exist
for delayed systems with users having logarithmic utility. RUA, on the other hand, performs worse
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Figure 5: (a) Convergence rate of RUA as M gets larger and for di�erent update probabilities
0 < p < 1 in a delayed system with d = 5, (b) same simulation with the nonlinear system.

with decreasing update probability in such a case.
Next, GUA is investigated under a delay incorporated system for an optimal relaxation param-

eter. Using the results of several simulations, we conclude that the optimal value of s decreases
in the linear utility case, as the delay factor increases. Interestingly, this trend disappears for the
nonlinear case. Similar to RUA, GUA also loses its advantage with nonlinear reaction functions in
a delayed system under normal load. Comparison of all three algorithms in the delayed nonlinear
system for high and low load can be seen in Figure 6(a). In the graph below, prices are halved,
while the capacity is tripled with respect to the one above. As expected, PUA performs better than
RUA for any load. Under light load, PUA is superior to GUA, with the aid of delay factor and low
instantaneous delay due to logarithmic utility of users. As the load in the system increases, GUA
performs comparable to PUA, verifying the observation in Figure 6(a).

In another set of simulations, we investigate the robustness of the algorithms under disturbances.
Disturbance is added to the system by varying the number of users at each iteration by about %10
of the total number of users on the average. The arrival of users is modeled as a Poisson random
process, and connection durations are chosen to be exponentially distributed. Hence, the number
of users in the system constitute a Markov chain. Figure 6(b) shows the stability results under
di�erent update schemes in terms of the percentage distance to the ideal equilibrium for an example
time window. The lower right graph is the result of the simulation with nonlinear reaction function
under PUA. We observe that the average distances to the equilibrium vary between %0.5 and %1.5,
which indicate that the system is very robust under all schemes and costs.

Finally, a pricing scheme with two classes, a group of priority and a group of regular users is
studied. Priority users are charged less -in terms of network credits- than the regular users by
setting k = 200 vs. k = 240 for the excess 
ow rate, x. A similar disturbance structure to the one
above is used by varying the number of users in order to create a more realistic setting. Again the
simulation is done with users having a nonlinear reaction function under PUA. The 
ow rates of two
sample users from each class are shown in Figure 7. We observe that the pricing scheme is successful
in di�erentiating the priority user from the regular one. Moreover the robustness of the model is
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Figure 6: (a) Comparison of Convergence rates of PUA, RUA and GUA for increasing number of
users, nonlinear cost. (b) Robustness Analysis for PUA in case of the nonlinear utility. Percentage
distance and number of users vs. time.

preserved.

6 Conclusion

We have introduced a mathematical model which can be used as a basis for implementation of real
time traÆc on the Internet. The combination of admission control and end-to-end distributed 
ow
control results in a very 
exible framework, which captures all traÆc types from low to medium
elasticity. Market based approach enables the model to address two major issues, pricing and
resource allocation, simultaneously.

A unique Nash equilibrium is obtained, and convergence properties of relevant asynchronous
update schemes are investigated both theoretically and numerically. Conditions for the stability of
the equilibrium point under three update algorithms are obtained and analyzed in the cases of linear
and nonlinear reaction functions. The simulation results suggest the use of GUA or RUA in heavy
loaded systems with less delay and high demand for bandwidth. In delayed systems, however, PUA
performed better than the other two. The linear analysis not only provided a local approximation
to the nonlinear cost, but also established convergence and stability results, helping to solve the
general nonlinear cases.

One of the advantages of this model is its 
exibility, which at the same time opens up many
directions for future research. There are also many open questions requiring further investigation,
such as the following: (i) The model is analyzed here for a sample bottleneck node. Possible
implementations for a general network topology and routing problem are open issues. (ii) The e�ect
of varying the virtual capacity C and the initial admission scheme are possible points of investigation.
In terms of pricing, the relation between �xed and variable prices should be investigated. (iii)
Although the model is designed to share network resources with a best e�ort type distributed, elastic
network like the Internet, we have not addressed possible issues regarding the interaction of di�erent
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Figure 7: Flow rates of a priority user with k = 200 and a regular user with k = 240 vs. time.

protocols on the same network. Such an interaction may be a rich source for further research.
Priority queueing, for example, might be investigated, as a means of combining the protocols at the
router level.
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