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Abstract

We consider a remote control system, where the plant and the controller are connected by
a network cable, and study the problem of designing quantizers for its stabilization. It is
assumed that the computation available on the plant side in the sensor/actuator is limited
and also that broadcast of messages is allowed over the channel.
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1 Introduction

Quantization effects are present in most control systems, as they heavily rely on digital compo-

nents, and have long been studied. Recently, such effects that arise in systems with networks

have received considerable attention. When a digital network is present in a feedback system,

quantization levels determine the data rate for the transmission of control related signals and

hence the cost for communication. While quantization levels may not be the largest factor

contributing to high data rates [8], careful design of communication is mandatory in large-scale

systems, which certainly involves coding aspects.

This viewpoint has prompted studies on design methods for quantizers efficient in terms of

data rate. In particular, stabilization problems for LTI systems with one quantizer are considered

in, e.g., [1–3, 5–7, 9–14]. In these problems, the communication over the channel is in one

direction, and signals are sent from the sensor side directly to the actuator side. Hence, only

one quantizer, or coder, is present. The minimum data rates are derived for such problems for

deterministic cases in [3, 9, 12, 13] and for stochastic cases in [10, 11]; these minimum rates can

be achieved through the use of quantizers that are time varying and require memory on both

the coders and the decoders.

In this paper, we study quantization issues in a remote control system, as depicted in Fig. 1.

This is another realistic setup in the context of control over networks. Here, the plant and
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Figure 1: Remote control system with coders Ci and decoders Di, i = 1, 2

the controller are physically distant, and the sensor and the actuator are connected to the

controller over a shared network. The sensor output is encoded in the coder C1, transmitted

over the channel, and then decoded at the decoder D1 on the controller side. Similarly, the

controller output is sent over the channel to the actuator through the coder C2 and the decoder

D2. The setup is more complicated than the one mentioned above, and clearly there are two

quantizers. Here, our focus is on problems related to quantization, and thus we ignore the issue

of time delay. This assumption may be justified, e.g., when remote control takes place in a short

distance where no delay due to queuing in routers is present. For example, in an automobile

engine, the controller is separately located to avoid heat and vibration.

Specifically, we develop a design method for the two quantizers to achieve stabilization of

the overall system and to use the data rate efficiently. We employ time-invariant, memoryless

quantizers and, in particular, those of the logarithmic type. In [2], such quantizers were first

considered and were shown to be the “coarsest” type under a certain optimization problem for

stabilization of discrete-time systems. Logarithmic quantizers were also studied in a sampled-

data setup in [6], where the emphasis was on quadratic stability in the continuous time domain.

Here too, logarithmic quantizers were shown to be more efficient over other quantizers such as

the uniform ones. In this paper, we follow this approach of [6] for the remote control problem,

which involves its extension to a state quantization problem.

One of the objectives of the study is to characterize the tradeoffs in communication arising

in this setup. One is between the rates in the two directions of communication (to and from

the controller). We find that, to maintain stability, a lower rate in one direction may result in

a higher rate in the other. Another tradeoff is between the data rate and the performance with

respect to the degree of stability. That is, more data rate implies that the state of the system

decays faster, and vice versa.

In the design method, we incorporate several features of remote control. It is natural that

the computation available in the coder and the decoder on the plant side is very limited, and

thus most computation takes place in the controller. This aspect is modeled by the use of time-

invariant, memoryless quantizers. We note however that minimum data rates as in [3, 9, 12, 13]

seem difficult to obtain for this class of quantizers. This is mainly because the designs usually

rely on the Lyapunov methods, as we shall see in our development; see [13] for more discussion.

We also make use of the broadcast feature in the network, which allows multiple nodes to

receive a single message at the same time without extra data rate. We examine the case where

the controller transmits messages to both C1 and D2 as in Fig. 1.
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This paper is organized as follows. In Section 2, we give the definition of quantizers used

throughout the paper. In Section 3, we state our problem of remote control over networks.

This problem motivates us to study in Section 4 a state quantization problem formulated as an

extension of the quantization methods in [6]. The results will be applied to solving the remote

control problem in Section 5.

2 Quantizers

We first give the definition of quantizers [6]. Given n bounded intervals Aj ⊂ R, j = 1, 2, . . . , n,

we say the set A1 × · · · × An ⊂ R
n is a bounded rectangle.

Definition 2.1 A partition {Qj}j∈S of R
n is a set of bounded rectangles with a countable index

set S = Z+ such that (i) Qi ∩ Qj = ∅, i 6= j, and ∪j∈SQj = R
n, (ii) 0 ∈ Q0, and (iii) for j 6= 0,

0 /∈ cl(Qj). Given a partition {Qj}j∈S , and a countable set of points in R
n, {qj}j∈S with q0 = 0,

a quantizer Q : R
n → {qj}j∈S is defined by Q(x) = qj if x ∈ Qj , j ∈ S.

Figure 2: Uniform (left) and logarithmic (right) partitions

The quantizers used in this paper will be time invariant and memoryless. One simple

and commonly used quantizer class is that of uniform quantizers. They employ the uniform

partitioning of R
n: Given ∆ > 0, let the index set be S = Z

n and the partition cells be

Q[j1···jn] = Πn
l=1 [(jl − 1/2) ∆, (jl + 1/2) ∆) (see Fig. 2).

Another class is that of logarithmic quantizers [2]. Let us first introduce the following

notation for intervals in R: For s ∈ {−1, 0, 1} and 0 ≤ a < b, s [a, b) ⊂ R is defined as

s [a, b) :=











(−b,−a] , if s = −1,

{0} , if s = 0,

[a, b) , if s = 1.

The logarithmic partition on R
n is defined as follows. Given δ > 1, take the index set as S =

Z
n×{−1, 0, 1}n. For [j1 · · · jn s1 · · · sn] ∈ S, set the cells as Q[j1···jn s1···sn] = Πn

l=1sl[δ
jl , δjl+1); see

Fig. 2. The partitioning in logarithmic quantizers is efficient in communication for the control

objective of stability; unlike the uniform partition, the cells are finer around the origin, where

more precise information is needed, and the cells far from the origin are coarser1.

1Note that in this definition, the origin itself is a cell; as a result, in contrast to the uniform quantizers,
asymptotic stability can be achieved, as we will see later.
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3 Remote control problem

We now formulate the remote control problem addressed in this paper. Consider the system

depicted in Fig. 3. The triple (A, B, C)2 represents the continuous-time LTI plant given by the

state equations

ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t),

where x(t) ∈ R
n is the state, u(t) ∈ R

m is the control input, and y(t) ∈ R
p is the output. It

is assumed that A 6= 0 and rank B = m, and that (A, B) is stabilizable and (C, A) detectable.

Thus, we can design a state feedback gain K ∈ R
m×n and an estimator gain L ∈ R

n×p such that

the matrices A+BK and A+LC are Hurwitz. On the remote site is mainly the state observer;

it outputs the estimated state x̂(t). We give its state equation shortly. As mentioned earlier, we

assume that there is no time delay in the communication.

ST

HT K

HTQo

Qs ST

C

y(t)

u(t)

v(t)

x̂(t)

−

D2

D1C1

C2

ˆ̂xd(k)

(A, B, C) Observer

Figure 3: Remote control system

The signals transmitted over the channel are in discrete time with sampling period T (assum-

ing the presence of synchronized clocks) and are quantized. In the coder C2, the estimated state

x̂(t) is sampled by a uniform sampler ST : x̂ 7→ x̂d, x̂d(k) = x̂(kT ), k ∈ Z+, and then quantized

by a quantizer Qs on R
n, as defined in Section 2; we call Qs the state quantizer and denote its

output by ˆ̂xd(k). In the decoder D2, the quantized signal ˆ̂xd(k) is used for the control input

u(t); K is the stabilizing feedback gain and HT is the zeroth order hold given by HT : ud 7→ u,

u(t) = ud(k), t ∈ [kT, (k + 1)T ), k ∈ Z+.

The same quantized signal ˆ̂xd(k) is also received by the coder C1, where the innovation

process y(kT ) − C ˆ̂xd(k) is calculated. The innovation is quantized by the output quantizer Qo

on R
p and then transmitted to the decoder D1 containing a hold.

The observer has the state equation

˙̂x(t) = Ax̂(t) + Bu(t) − Lv(t) + LC
(

x̂(kT ) − ˆ̂xd(k)
)

(1)

for t ∈ [kT, (k + 1)T ), k ∈ Z+, where x̂(t) ∈ R
n is the estimated state and v(t) = Qo(y(kT ) −

C ˆ̂xd(k)) ∈ R
p is the quantized innovation. It has a standard structure except for the last term,

which is the error from the state quantization; this term essentially cancels ˆ̂xd(k) used in the

innovation and replace it with the usual x̂(kT ). We note that this error and also u(t) are
2Here we follow the conventional notation; C is a matrix and not a coder.
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available on the observer side, though not indicated in the figure for simplicity. The initial state

is fixed to x̂(0) = 0. Let the estimation error be e(t) := x(t) − x̂(t).

We are now in a position to state our remote control problem. Given a state feedback gain

K and an estimator gain L, design the quantizers Qo and Qs and the sampling period T such

that the closed-loop system is asymptotically stable; that is, x(t) → 0 and e(t) → 0 as t → ∞.

We have several remarks. As discussed in Section 1, remote control arises in systems that

have little computation capability in the sensors and actuators. In Fig. 3, the computation

required in C1 and D2 is small in the following sense. By definition, the output of the state

quantizer Qs takes a discrete value, say, qj , j ∈ S. What is sent over the channel is the index

j. In C1 and D2, we need decoders that map j to Cqj and Kqj , respectively; these values are

calculated off-line. Thus, it is emphasized that there is no matrix multiplication on the plant

side; most on-line computation is carried out in the observer.

In Fig. 3, ˆ̂x(k) is broadcast by C2 and received by D2 and C1. (Hence, C1 does also decoding.)

The motivation for this is as follows: In a controller/observer design problem, it is standard to

design so that the estimation error e becomes small at a faster rate than the state x does. In

doing so, if we were to quantize y(kT ), the quantization would have to be fine throughout the

output space R
p. This may be costly in terms of data rate. In our setup, it is the innovation

y(kT )−C ˆ̂xd(k) that is sent; the quantization needs to be fine only around the origin, and hence

for Qo, a logarithmic type quantizer can be used, which is efficient in data rate3.

In this paper, we take a two-stage design approach to solve this problem. In the first stage,

the quantizers are constructed separately, Qs via state feedback design and Qo via observer

design. The designs are based on the quantized control scheme studied in [6], and the stability

criterion is in continuous time. In particular, existing methods are used for the output quantizer

Qo. In Section 4, the methodology is extended for the state quantizer Qs. In the next stage,

we tune the quantizers for the stability of the overall remote control system. Although the

quantizer design methods deal with general quantizers as in the definition in Section 2, in the

second stage, we limit the classes of quantizers to the logarithmic ones. The details of these two

stages are described in Section 5.

4 Sampled-data control with state quantization

In this section, we give a design method for state quantizers.

4.1 Problem formulation

Consider the continuous-time LTI plant (A, B) given by the state equation

ẋ(t) = Ax(t) + Bu(t),

3The idea of quantizing innovations is also used in, e.g., [3, 9–11, 13]. There, the coder and the decoder share
an auxiliary state which is updated based only on the quantized information; the innovation between this state
and the actual state can be calculated in the coder alone. In contrast, in our scheme, the coder does not have
memory, so the path from C2 to C1 is critical.
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Figure 4: Quantized sampled-data system

where x(t) ∈ R
n is the state and u(t) ∈ R

m is the control input. Assume that A 6= 0 and

rank B = m, and that (A, B) is stabilizable. The matrix K ∈ R
m×n is a stabilizing state

feedback gain. It is assumed to be LQR optimal: Given positive-definite matrices Q ∈ R
n×n

and R ∈ R
m×m, let Ps ∈ R

n×n be the unique positive-definite solution of the Riccati equation

A′Ps + PsA − PsBR−1B′Ps + Q = 0. (2)

The LQR optimal gain is K := −R−1B′Ps.

Let the control Lyapunov function be Vs(x) := x′Psx, x ∈ R
n, and Js := Q + PsBR−1B′Ps.

For every trajectory x(·) of the system, the decay rate of Vs(x(t)) (i.e., the rate at which Vs(x(t))

is guaranteed to decrease) is determined by Js: The derivative of Vs along the trajectories is

given by

V̇s(x, u) := (Ax + Bu)′Psx + x′Ps(Ax + Bu). (3)

With u = Kx we have V̇s(x, Kx) = −x′Jsx. In this sense, this system is said to be quadratically

stable with respect to (Ps, Js).

We turn our interest to the sampled-data system with a quantizer as in Fig. 4. This represents

a simple setup where a digital channel connects the sensor and the actuator. We are interested

in finding a large sampling period and a coarse quantizer while the closed-loop system maintains

quadratic stability with a decay rate similar to that of the original continuous-time system.
Here, Qs is a quantizer defined by a state partition {Qj}j∈S and its output values {qj}j∈S ⊂

R
n. The matrix U0 ∈ R

m×m is an additional design parameter, which allows some freedom in

the control values. We will see that the identity matrix is not the best choice in our scheme.

Also, denote by Bx(r) the ball in R
n with center x and radius r.

We give some stability definitions for the system. We say that, for the closed-loop system

in Fig. 4, the ball B0(r0) is attractive if, for every x(0) ∈ R
n, the trajectory x(·) converges to

B0(r0). In particular, if there exists a positive-definite J such that every trajectory satisfies

V̇s(x(t), u(t)) ≤ −x(t)′Jx(t) whenever x(t) /∈ B0(r1) with r1 = r0

√

λmin(Ps)/λmax(Ps), the ball

B0(r0) is said to be quadratically attractive with respect to (Ps, J). In the case with r0 = 0, the

closed-loop system is quadratically stable with respect to (Ps, J).

The state quantization problem is as follows: Given ε ∈ (0, 1), find a sampling period T ,

a quantizer Qs, and a matrix U0 such that for some r0 ≥ 0, the ball B0(r0) is quadratically

attractive with respect to (Ps, εJs) for the closed-loop system in Fig. 4.

We remark that this problem is an extension of the problems studied in [6, 7], where it is

the signal Kx(t) that is sampled and quantized. The dimension of the quantized signal is now

n instead of m. The approach here is analogous to the one taken there. In this problem, the

6



parameter ε represents the degree of stability in terms of the decay rate. Sampled-data systems

have a slower decay rate than that of the original continuous-time system. Moreover, we can

show through examples that there is a tradeoff between ε and the data rate. Such examples are

given in [6].

4.2 Control Lyapunov function approach

The design objective is to achieve quadratic stability with guaranteed decay rate for a fixed

control Lyapunov function.

Fix ε ∈ (0, 1). For u ∈ R
m, we denote by X (u) the set of states for which u decreases Vs:

X (u) :=
{

x ∈ R
n : V̇s(x, u) ≤ −εx′Jsx

}

.

This set X (u) plays a crucial role in our design. By (2) and (3), this can be expressed as

X (u) =
{

x ∈ R
n : x′K ′R[(1 + ε)Kx − 2u] ≤ (1 − ε)x′Qx

}

.

Now to obtain a simpler expression for X (u), we introduce some assumptions and notation.

First, we select Q = 1/(1 − ε)I without loss of generality. Let a subspace M of R
n be M :=

(KerK)⊥ = ImK ′. Since rank K = rank B = m, we have dimM = m. Hence, there is an

orthonormal basis {e1, . . . , em} ⊂ R
n of M. Let E := [e1 · · · em] ∈ R

n×m. Since M is a

subspace, for every x ∈ R
n, there are α ∈ R

m and y ∈ M⊥ such that x = Eα + y. We use this

decomposition extensively in the following development. Finally, let S := (1 + ε)E ′K ′RKE.

With these notations and with ‖·‖ denoting the Euclidean norm, we obtain the following

form for X (u): For u ∈ R
m,

X (u) =
{

Eα + y : α ∈ R
m, y ∈ M⊥, α′(S − I)α − 2α′S[(1 + ε)KE]−1u ≤ ‖y‖2

}

.

To further simplify its expression, we use B̃ := (1 + ε)BKE and replace U0 with Ũ0 :=

(KE)−1U0KE/(1+ ε). Also, let uj = Ũ0E
′qj , j ∈ S. Notice that, if x(kT ) ∈ Qj , then u(t) = uj

for t ∈ [kT, (k + 1)T ), k ∈ Z+.

-
u(t)

(A, B̃)
x(t)

?
ST

�Qs
�E′�HT

6

Ũ0

Figure 5: Equivalent system

A system equivalent to the one in Fig. 4, but using the newly defined variables B̃, Ũ0, and

E, is shown in Fig. 5. Then, for (A, B̃), X (u) is

X (u) =
{

Eα + y : α ∈ R
m, y ∈ M⊥, α′(S − I)α − 2α′Su ≤ ‖y‖2

}

. (4)

We see in the expression above that the parameters α and ‖y‖ are the essential components in

the state space. Note that y is in the kernel space of K and is thus less relevant for control
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compared to α. Assume that S > I. It then follows that, for a fixed y ∈ M⊥, the cross-section

of X (u) is an ellipsoid with a center at x = E(S − I)−1Su + y, as in (4).

A sufficient condition for the stability of the system is given by the following lemma.

Lemma 4.1 Suppose that the quantized sampled-data controller is designed so that there exists

r1 ≥ 0 such that if x(0) ∈ Qj , j ∈ S, then x(t) ∈ X (uj) ∪ B0(r1) for t ∈ [0, T ]. Then, for the

closed-loop system in Fig. 4, B0(r0) is quadratically attractive with respect to (Ps, εJs), where

r0 = r1

√

λmax(Ps)/λmin(Ps). (5)

Proof Denote the cell index which x(kT ) is in by jk ∈ S. Then, by the given hypothesis,

x(t) ∈ X (ujk
) ∪ B0(r1) for t ∈ [kT, (k + 1)T ), k ∈ Z+. This means that at each t ≥ 0 either the

control Lyapunov function Vs(x(t)) is decreasing, by the definition of X (uj), or else x(t) is in

B0(r1). The smallest level set of Vs(·) containing B0(r1) is E0 = {x ∈ R
n : Vs(x) ≤ λmax(Ps)r

2
1}.

This is an invariant set, and hence x(t) goes into and stays in E0. Finally, the smallest ball that

contains E0 is B0(r0). �

The lemma shows that it is important to keep track of the state trajectories during one

sampling period. We can derive a simple bound on the trajectories as follows.

For T > 0, let

cT := max
t∈[0,T ]

∥

∥eAt − I
∥

∥ , dT := max
t∈[0,T ]

∥

∥

∥

∥

∫ t

0
eAτ B̃ dτ

∥

∥

∥

∥

.

Note that cT , dT → 0 as T → 0, and since A 6= 0, if T > 0, then cT > 0.

Now, given x0 ∈ R
n and u ∈ R

m, define

Gx0
(u) := Bx0

(cT ‖x0‖ + dT ‖u‖). (6)

This set serves as a simple bound on trajectories as shown below.

Lemma 4.2 Let x(·) be the trajectory starting at x(0) = x0 with a constant control u ∈ R
m.

Then x(t) ∈ Gx0
(u) for t ∈ [0, T ].

Proof It easily follows that for t ∈ [0, T ]

‖x(t) − x0‖ =

∥

∥

∥

∥

eAtx0 +

∫ t

0
eAτ B̃ dτu − x0

∥

∥

∥

∥

≤
∥

∥eAt − I
∥

∥ · ‖x0‖ +

∥

∥

∥

∥

∫ t

0
eAτ B̃ dτ

∥

∥

∥

∥

· ‖u‖

≤ cT ‖x0‖ + dT ‖u‖. �

4.3 Solution to the quantized sampled-data problem

The sampled-data problem with quantization is characterized in this section. First, the bound on

trajectories in Lemma 4.2 can be used to obtain a simpler sufficient condition from Lemma 4.1.

Let Gj := ∪x0∈Qj
Gx0

(uj), j ∈ S. This clearly gives a bound on the trajectories starting in

Qj . Using this set, we can reduce the sufficient condition to the following one.
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Figure 6: Sets Gj and Gj

Proposition 4.3 Suppose that there exists r1 ≥ 0 such that Gj ⊂ X (uj) ∪ B0(r1) for j ∈ S.

Then, for the closed-loop system in Fig. 4, B0(r0) is quadratically attractive with respect to

(Ps, εJs), where r0 is as in (5).

Proof By the definition of Gj , the condition implies that, for every x(0) ∈ Xj , the trajectory

of the system satisfies x(t) ∈ X (uj) ∪ B0(r1) for t ∈ [0, T ]. Thus, by Lemma 4.1, the ball B0(r0)

is quadratically attractive. �

The stabilization problem is now reduced to a countable set inclusion one. The difficulty

that remains in the sufficient condition above is due to the complicated structure of the sets

Gj . Although Gj is a union of balls, it is not a ball itself. We avoid dealing with this set by

introducing a larger ball as follows. For the n = 2 case, the set Gj can be roughly sketched as in

Fig. 6. This set is a union of balls with the centers at x0 ∈ Qj . Since the radii are proportional

to ‖x0‖ and ‖uj‖, the largest ball is the one centered at the corner of Qj furthest from the

origin. As a bound on Gj , we can use a ball centered at the midpoint of the cell large enough to

contain this ball.
Let

qj := arg sup{‖x‖ : x ∈ Qj}, q
j

:= arg inf{‖x‖ : x ∈ Qj}.

Since 0 ∈ Q0, q
0

= 0. Let q∗0 = 0, and for j 6= 0 let q∗j ∈ R
m be the midpoint in Qj :

q∗j := (qj + q
j
)/2. Denote by rj the radius of the ball Gqj

(uj); from (6), rj := cT ‖qj‖ + dT ‖uj‖.
Finally, let

Gj :=
{

x ∈ R
n : ‖x − q∗j ‖ ≤ ‖qj − q∗j ‖ + rj

}

. (7)

Clearly,

Gj ⊃ Gj , (8)

and Gj is a ball in R
n with its center at x = q∗j = Eα∗

j + y∗j .

On the other hand, as mentioned above, the set X (uj) has a cross-section for each y ∈ M⊥ of

an ellipsoid with its center at x = E(S−I)−1Suj +y. Thus, to achieve the inclusion Gj ⊂ X (uj),

it is reasonable to have these centers coincide for each j, i.e., q∗j = E(S − I)−1Suj + y∗j . It is

sufficient to have

Ũ0 = S−1(S − I) and qj = q∗j .

Therefore, the quantizer’s output qj corresponding to the cell Qj is its center point. The use of

Gj instead of Gj greatly simplifies the problem albeit at the expense of conservatism in T .
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We are now in a position to construct a quantized sampled-data controller.

1. Fix ε ∈ (0, 1). Select matrices Q and R in (2) so that S ≥ 2I (the reason for using this

condition, instead of S > I, is a rather technical one). There always exist such Q and

R [6]. Set Ũ0 = S−1(S − I).

2. Given a state partition {Qj}j∈S , set qj = q∗j for j ∈ S.

3. Let S0 := {j ∈ S : ‖qj‖ ≤ √
σ1‖qj − qj‖}. Note that we always have 0 ∈ S0. If S0 is finite,

we can proceed with our design. For j ∈ S \ S0, select, Tj > 0 small enough that

cTj
<

1

‖qj‖

(

1√
σ1

‖qj‖ − ‖qj − qj‖
)

, (9)

dTj
≤ σm

σm − 1

√

√

√

√

(

σm − 1

σ1 − 1
− 1

σ1

)

[

1 − σ1

(‖qj − qj‖ + cTj
‖qj‖

‖qj‖

)2
]

, (10)

where σ1 and σm are the largest and the smallest eigenvalues of S. Set T ∗ = infj∈S\S0
Tj .

4. Take T ≥ T ∗ such that the set S1 := S0 ∪ {j ∈ S : Tj < T} is finite. If such T exists, let

r1 = max
j∈S1

[

‖qj‖ + ‖qj − qj‖ + cT ‖qj‖ + dT

(

1 − 1

σm

)

‖αj‖
]

and r0 = r1

√

λmax(Ps)/λmin(Ps).

We now have the main theorem for quantizers with T > 0.

Theorem 4.4 For the closed-loop system in Fig. 4 with the quantized sampled-data controller

just defined, the ball B0(r0) is quadratically attractive with respect to (Ps, εJs).

Proof By Proposition 4.3 and (8), it is sufficient to show that Gj ⊂ X (uj) ∪ B0(r1) for j ∈ S.

We prove this in two steps.

Step 1 For j ∈ S \ S1, Gj ⊂ X (uj).

Proof Fix j ∈ S \ S1. Express qj as qj = Eαj + yj , where αj ∈ R
m and yj ∈ M⊥. Let

r̂j := ‖qj − qj‖ + rj = ‖qj − qj‖ + cT ‖qj‖ + dT ‖uj‖,
cj(β) := α′

j(S − I)αj + β2, β ∈ R.

Then, note that from (7)

Gj = {x : ‖x − qj‖ ≤ r̂j} =
{

Eα + y : ‖α − αj‖2 + ‖y − yj‖2 ≤ r̂2
j

}

since E(α − αj) ⊥ (y − yj) and E′E = I, and that from (4)

X (uj) =
{

Eα + y : (α − αj)
′(S − I)(α − αj) ≤ cj(‖y‖)

}

.

Given y ∈ M⊥ with ‖y − yj‖ ≤ r̂j , the cross-section of Gj (in the α-space) is the ball

Bαj
((r̂2

j − ‖y − yj‖2)1/2) and that of X (uj) is the ellipsoid Ecj(‖y‖) given by

Ecj(‖y‖) :=
{

α : (α − αj)
′(S − I)(α − αj) ≤ cj(‖y‖)

}

.

10



Thus we must show for all such y that

Bαj

(√

r̂2
j − ‖y − yj‖2

)

⊂ Ecj(‖y‖).

Since these two sets have their centers at αj , this is equivalent to

r̂2
j − ‖y − yj‖2 ≤ cj(‖y‖)

λmax(S − I)
. (11)

We show this inequality in the following.

Here we fix y ∈ M⊥ with ‖y − yj‖ ≤ r̂j and let β = ‖y‖. Then

cj(‖y‖) = α′
j(S − I)αj + ‖y‖2

≥ λmin(S − I)‖αj‖2 + ‖y‖2

= (σm − 1)‖αj‖2 + β2.

Also let βj = ‖yj‖. Then

r̂2
j − ‖y − yj‖2 ≤ r̂2

j − (‖y‖ − ‖yj‖)2

=
[

‖qj − qj‖ + cT ‖qj‖ + dT ‖Ũ0αj‖
]2

− (β − βj)
2

≤
[

‖qj − qj‖ + cT ‖qj‖ + dT (1 − 1

σm
)‖αj‖

]2

− (β − βj)
2

(by ‖Ũ0αj‖ ≤
∥

∥I − S−1
∥

∥ ‖αj‖ =

(

1 − 1

σm

)

‖αj‖)

≤







‖qj − qj‖ + cT ‖qj‖ +

√

√

√

√

(

σm − 1

σ1 − 1
− 1

σ1

)

[

1 − σ1

(‖qj − qj‖ + cTj
‖qj‖

‖qj‖

)2
]

‖αj‖







2

− (β − βj)
2 (by the bound on dTj

in (10)).

Using these inequalities and the fact that ‖αj‖2 + β2
j = ‖xj‖2, we can obtain

cj(‖y‖) − (σ1 − 1)
(

r̂2
j − ‖y − yj‖2

)

≥ σ1

(

β − σ1 − 1

σ1
βj

)2

+ σ1

(

σm − 1 − σ1 − 1

σ1

)(‖qj − qj‖ + cTj
‖qj‖

‖qj‖

)2

×
[

‖αj‖ − ‖qj‖
√

σ1 − 1

σ1(σm − 1) − (σ1 − 1)

√

‖qj‖2

σ1(‖qj − qj‖ + cTj
‖qj‖)2

− 1

]2

.

This is nonnegative because it follows from S ≥ 2I that σm − 1 − (σ1 − 1)/σ1 > 0. Hence, (11)

is shown. 5
Step 2 For j ∈ S1, Gj ⊂ B0(r1).

Proof Fix j ∈ S1 and x ∈ Gj . From (7), clearly

‖x‖ ≤ ‖qj‖ + ‖qj − qj‖ + cT ‖qj‖ + dT ‖uj‖

≤ ‖qj‖ + ‖qj − qj‖ + cT ‖qj‖ + dT

(

1 − 1

σm

)

‖αj‖ (by uj = Ũ0αj)

≤ r1.

11



Thus, x ∈ B0(r1). 5�

Some remarks are now in order. In our approach, the design problem has been reduced to

the condition Gj ⊂ X (uj) ∪ B0(r1) for all j ∈ S. To show this is still a difficult task. Instead,

we have resorted to showing Gj ⊂ X (uj) for most of j, and Gj ⊂ B0(r1) for j in a finite subset

S1 of S. The two steps in the proof above correspond to these conditions.

Through Step 4 in the construction of the controller, there is some flexibility in the choice

of T ≥ T ∗. This is important since, in our setup, we are concerned with data rate, and hence

the design objective is to obtain a large T while T ∗ may be very small. We note, however, that

there is a trade-off between the sizes of T and r1, i.e., for larger T , the attractive ball is larger.

This result can be applied to the design of uniform and logarithmic quantizers. Interestingly,

for the logarithmic case, the bounds on cTj
become identical and so do those on dTj

. Moreover,

asymptotic stability can be achieved, which is never possible by uniform quantizers.

We state the result for the logarithmic case as a corollary for later use. Take δ ∈ (1, (
√

σ1 +

1)/(
√

σ1 − 1)). Note that σ1 ≥ 2 by the assumption S ≥ 2I, so such a δ always exists.

Corollary 4.5 Select T > 0 small enough that

cT <
1

2δ

(

δ + 1√
σ1

− δ + 1

)

, dT ≤ σm

σm − 1

√

√

√

√

(

σm − 1

σ1 − 1
− 1

σ1

)

[

1 − σ1

(

(1 + 2cT )δ − 1

δ + 1

)2
]

.

Then, the closed-loop system using the logarithmic quantizer with δ and T is quadratically

stable with respect to (Ps, εJs).

An interesting observation here is that there is an implicit tradeoff between δ and T . These

are the key parameters that determine the coarseness and the sampling period, and consequently

the communication rate. We also remark that, in this state quantization problem, the choice of

the parameter δ is limited by an upper bound. In contrast, such a bound does not exist in the

results in [6], where it is the control Kx(t) that is sampled and quantized (instead of x(t)).

5 Two-stage design

In this section, the quantizers in the remote control system are designed through two stages.

5.1 Stage 1

The first stage consists of two design problems, one for Qs and the other for Qo. The state

quantizer Qs is designed through the state feedback stabilization described in Section 4. We

limit the quantizer class to that of logarithmic ones and use Corollary 4.5. For a prespecified

decay rate, we obtain the parameter δ∗s > 1 and the sampling period T ∗
s > 0. Note that the

system remains stable under the same stability criterion for any sampling period smaller than

or equal to T ∗
s and also for any δs ∈ (1, δ∗s ].

12



x̂(t)

Qo−
v(t)

ST HT

STC

y(t)u(t)
(A, B, C)

Observer

Figure 7: System for output quantizer design

The output quantizer Qo is designed similarly using the methods in [6]. Here again we use

a logarithmic type. We next summarize the design procedure: Consider the system in Fig. 7.

The observer has a state equation

˙̂x(t) = Ax̂(t) + Bu(t) − Lv(t),

where v(t) = Qo(Cx̂(kT ) − y(kT )) for t ∈ [kT, (k + 1)T ). Let the error be e(t) = x(t) − x̂(t).

The error dynamics is ė(t) = Ae(t) + Lv(t).
Given εo ∈ (0, 1) and positive-definite matrices W and V , solve the Riccati equation PoA

′ +

APo − PoC
′V −1CPo + W = 0 and obtain the solution Po. Then let L ∈ R

n×p be the optimal

estimator gain, L = −PoC
′V −1. Pick as the Lyapunov function Vo(e) = e′Poe, and let its time

derivative be V̇o(e, v) := (Ae + Lv)′Poe + e′Po(Ae + Lv). Note that with full error feedback, i.e.,

v = y − Cx̂, we have V̇o(e, v) = −e′Joe, where Jo := W + PoC
′V −1CPo.

We design a logarithmic quantizer Qo so that the closed-loop system is quadratically stable

with respect to (Po, εoJo) and obtain the sampling period T ∗
o > 0 and the parameter δ∗o > 1 for

the logarithmic partition as in Section 2. Again, the error system remains stable with the same

decay rate for any sampling period smaller than or equal to T ∗
o and for any δo ∈ (1, δ∗o ].

In summary, in this stage, the quantizers Qs and Qo are designed for separate stabilization

problems under quadratic stability criteria in continuous time.

5.2 Stage 2

In the second stage, the quantizers Qs and Qo from the previous stage are tuned so that the

closed-loop remote control system in Fig. 3 is stable. Let T = min{T ∗
s , T ∗

o }. The design param-

eters are now δs ∈ (1, δ∗s ] and δo ∈ (1, δ∗o ].

ud(k)

yd(k)

K ˆ̂xd(k)

−

x̂d(k)

vd(k)

C

Qs

Qo

Observer(Ad, Bd, C)

Figure 8: Discrete-time remote control system

This part of the design is carried out in discrete time. The discretized version of the remote

control system in Fig. 3 is given in Fig. 8. The signals originally in Fig. 3 correspond to those
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with subscripts d in Fig. 8; for example, yd(k) = y(kT ), k ∈ Z+. The matrices A, B, and L are

discretized to Ad, Bd, and Ld, respectively, as well.

Notice that the plant state equation is now

xd(k + 1) = Adxd(k) + Bdud(k), yd(k) = Cxd(k),

and the control is ud(k) = K ˆ̂xd(k). Here let the error in state quantization be

êd(k) := x̂d(k) − ˆ̂xd(k) = xd(k) − ed(k) − Qs(xd(k) − ed(k)). (12)

Then, by (1), the observer is expressed as

x̂d(k + 1) = Adx̂d(k) + Bdud(k) − LdQo

(

yd(k) − C ˆ̂xd(k)
)

+ LdCêd(k).

It is straightforward to obtain the following state equations for this system:

xd(k + 1) = (Ad + BdK)xd(k) − BdK(ed(k) + êd(k)), (13)

ed(k + 1) = (Ad + LdC)ed(k) + Ld {C(ed(k) + êd(k)) − Qo [C(ed(k) + êd(k))]} .

We make several assumptions. The first one is that a bound on the initial state is known,

that is, ‖x(0)‖∞ ≤ γ for some γ > 0. The second one is a technical one, made for simplicity: We

assume that the matrices Ad + BdK and Ad + LdC have only real eigenvalues. The full result

for the case of general complex eigenvalues can be found in the appendix.

To deal with the nonlinearity due to the quantizers, we would like to find a linear system

whose variables define rectangles that contain the states xd(k) and ed(k) at each k ∈ Z+. The key

observation in deriving such a linear system is that, for logarithmic quantizers, the quantization

error is proportional to the input componentwise: For x ∈ R
n,

∣

∣

∣
[x − Qs(x)]j

∣

∣

∣
≤ δs − 1

2
|xj |, j = 1, 2, . . . , n, (14)

where [·]j denotes the jth component of a vector. We note that this is a tight bound.

We now introduce a change in the coordinates. Let the Jordan canonical forms of the

matrices Ad + BdK and Ad + LdC be obtained as

J1 = H1(Ad + BdK)H−1
1 , J2 = H2(Ad + LdC)H−1

2 ,

respectively, where H1, H2 ∈ R
n×n. Let the new state variables be

z1(k) := H1xd(k), z2(k) := H2ed(k).

For each i = 1, 2, let ri(k) ∈ R
n
+, and define a rectangle Ri(k) ⊂ R

n by

Ri(k) := {z ∈ R
n : |zj | ≤ [ri(k)]j , j = 1, 2, . . . , n} , k ∈ Z+. (15)

We would like to find linear state equations for ri(k) so that zi(k) ∈ Ri(k), i = 1, 2, for k ∈ Z+,

and then find conditions such that ri(k) → 0 as k → ∞.

Define an operator on matrices and vectors that takes absolute values of the entries by

¯̄ : R
n1×n2 → R

n1×n2 , H = [|hij |] , where H = [hij ].
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Using this operator, let

Ar11 := J1 +
δs − 1

2
H1BdKH−1

1 ,

Ar12 := H1BdKH−1
2 +

δs − 1

2
H1BdKH−1

2 ,

Ar21 :=
δs − 1

2

δo − 1

2
H2LdCH−1

1 ,

Ar22 := J2 +
δo − 1

2
H2LdCH−1

2 +
δs − 1

2

δo − 1

2
H2LdCH−1

2 .

Note that the Jordan matrices J1 and J2 are Hurwitz and are upper triangular since they have

only real eigenvalues by assumption. Hence, J1 and J2 are Hurwitz as well.

Finally, we describe the linear system of ri(k), i = 1, 2. Let r1j(0) = ‖H1‖γ and r2j(0) =

‖H2‖γ, j = 1, 2, . . . , n, and let
[

r1(k + 1)
r2(k + 1)

]

=

[

Ar11 Ar12

Ar21 Ar22

] [

r1(k)
r2(k)

]

. (16)

We are now ready to state our solution to the remote control problem.

Theorem 5.1 If δs, δo > 1 are small enough so that the matrix in (16) is stable, then the remote

control system in Fig. 3 is asymptotically stable. In particular, the linear system (16) of r1 and

r2 determines the rectangles Ri(k), i = 1, 2, in (15) that satisfy zi(k) ∈ Ri(k) for all k ∈ Z+.

Proof If zi(k) ∈ Ri(k) for all k ∈ Z+, i = 1, 2, and if the system in (16) is stable, then

clearly zi(k) → 0 as k → ∞ for i = 1, 2. This implies that the discretized remote control system

is asymptotically stable and, consequently, that the continuous-time remote control system is

asymptotically stable. Hence, we must show zi(k) ∈ Ri(k), i = 1, 2, for k ∈ Z+. This is proved

by induction as follows.

By the definition of γ, it is clear that zi(0) ∈ Ri(0), i = 1, 2. Now suppose zi(k) ∈ Ri(k),

i = 1, 2. Observe that, by (12) and the coordinate change, êdj(k), j = 1, . . . , n, can be written

as

êdj(k) =
[

H−1
1 z1(k) − H−1

2 z2(k) − Qs(H
−1
1 z1(k) − H−1

2 z2(k))
]

j
.

Applying inequality (14) to this, we have

|êdj(k)| ≤ δs − 1

2

∣

∣

∣

[

H−1
1 z1(k) − H−1

2 z2(k)
]

j

∣

∣

∣
.

Then, using the operator ¯̄ and the assumption zi(k) ∈ Ri(k), we further obtain

|êdj(k)| ≤ δs − 1

2

[

H−1
1 z1(k) + H−1

2 z2(k)
]

j

≤ δs − 1

2

[

H−1
1 r1(k) + H−1

2 r2(k)
]

j
. (17)

Next, by (13) and the coordinate change, z1j(k + 1), j = 1, . . . , n, are expressed as

z1j(k + 1) =
[

J1z1(k) − H1BdK(H−1
2 z2(k) + êd(k))

]

j
.
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It follows that

|z1j(k + 1)| ≤
∣

∣

∣
[J1z1(k)]j

∣

∣

∣
+
∣

∣

∣

[

H1BdK(H−1
2 z2(k) + êd(k))

]

j

∣

∣

∣

≤
[

J1z1(k)
]

j
+
[

H1BdKH−1
2 z2(k) + H1BdKêd(k)

]

j

≤
[

J1r1(k)
]

j
+
[

H1BdKH−1
2 r2(k) + H1BdKêd(k)

]

j
.

By (17), it is clear that the far right hand side above is smaller than or equal to r1j(k+1), given

in (16). Hence, z1(k + 1) ∈ R1(k + 1). Similarly, we can show z2(k + 1) ∈ R2(k + 1). �

Denote the A-matrix in (16) by Ar(δs, δo). We have several remarks. First, if δs = δo = 1,

then the eigenvalues of this matrix are equal to those of J1 and J2, which are stable. Thus, there

always exist δs, δo > 1 such that this matrix is stable.

Second, there is a tradeoff between the δ-parameters for Ar(δs, δo) to be stable. We show this

in the following. Notice that each element of this matrix is nonnegative; such matrices are called

nonnegative matrices. For δs ≥ δ′s ≥ 1 and δo ≥ δ′o ≥ 1, it is clear that Ar(δs, δo) − Ar(δ
′
s, δ

′
o) is

nonnegative, and hence it follows from [4, Corollary 8.1.19] that

ρ(Ar(δs, δo)) ≥ ρ(Ar(δ
′
s, δ

′
o)),

where ρ(·) is the spectral radius. This inequality shows that for each fixed δo > 1, there is a

maximum δs (which may be infinity) for the spectral radius to be less than or equal to 1, and

vice versa. This implies that increase in one δ may require decrease in the other. We can say in

other words that data rate reduction in one direction of communication in Fig. 1 may result in

rate increase in the other direction. This tradeoff is an interesting characteristic unique to the

remote control setting.

The idea to use a linear system whose states determine rectangles containing states was first

proposed in [13], where a setup with one quantizer is studied. There, asymptotic stability is

achieved by a quantizer that uses finite data rate but is time varying. In our problem of remote

control, by contrast, we use static logarithmic quantizers, driven by our assumption that the

computation available on the plant side is limited. As we described in Section 3, there is no

matrix multiplication in C1 and D2.

Theorem 5.1 is for global asymptotic stability of the remote control system. With static

quantizers, this is not possible without having an infinite number of partition cells. To obtain

a result using a finite number of cells, we have to limit the design to trajectories starting in

a bounded subset in R
n and use partition cells that have a finite subset covering this region.

Logarithmic quantizers can be modified by taking the union of the cells around axes in Fig. 2.

Such analysis should be conceptually straightforward, but may be involved in details.

6 Conclusion

In this paper, we studied the remote control problem, which involves designs of two quantizers

in a feedback loop. The class of quantizers is limited to the logarithmic type, and a sufficient

condition on quantizer parameters is given. This problem motivated us to extend existing
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methods to the state quantization problem. Future research topics on quantization include

control with guaranteed performance and distributed control.
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Appendix

In this section, we outline the extension of Theorem 5.1 for the general case when the matrices

Ad + BdK and Ad + LdC have complex eigenvalues.

We start with the real Jordan canonical forms [4] of the matrices Ad + BdK and Ad + LdC:

J1 = H1(Ad + BdK)H−1
1 , J2 = H2(Ad + LdC)H−1

2 ,

where H1, H2 ∈ R
n×n. The Jordan matrices Ji, i = 1, 2, have diagonal structures as Ji =

diag(Ji1, . . . , Jili), where each Jordan block Jil corresponds to an eigenvalue λil of Ji; if λil is

real, Jil takes the form
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Jil =













λil 1
. . .

. . .

. . . 1
λil













,

and if the eigenvalue is complex, λil = |λil|(cos θil ±  sin θil), it has the form

Jil =













|λil|F̃il I
. . .

. . .

. . . I

|λil|F̃il













,

where

F̃il =

[

cos θil sin θil

− sin θil cos θil

]

.

Now we define the matrix Fil that has the same dimension as the corresponding Jil by

Fil :=

{

I if λil is real

diag(F̃il, . . . , F̃il) else,

and let Fi := diag(Fi1, . . . , Fili). Note that the matrix F−1
i Ji is upper triangular where each

diagonal element is real and is either λil or |λil|. Moreover, since Ji is Hurwitz, F−1
i Ji and

hence F−1
i Ji are Hurwitz. We remark that the use of such matrices Fi for Jordan matrices was

introduced in [13].

The new state variables are given by

z1(k) := F−k
1 H1xd(k), z2(k) := F−k

2 H2ed(k).

As in Section 5, the goal is to find the linear system (16) so that the rectangles Ri(k) in (15),

defined by the states ri(k) of the system, contain zi(k) for all k ∈ Z+.

To obtain a time-invariant system (16), the matrix F−k
i in the definition of zi(k) above has

to be dealt with. For this purpose, define F̂i := diag(F̂i1, . . . , F̂ili), where

F̂il :=











I if λil is real

diag

([

1 1

1 1

]

, . . . ,

[

1 1

1 1

])

else.

Noticing that F−k
i is basically rotational, we easily see that F̂i bounds it in the sense that, for

every k ∈ Z and x ∈ R
n,

[F−k
i x]j ≤ [F̂ix]j , j = 1, 2, . . . , n.
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We are in a position to give the system matrices for the system (16). Let

Ar11 := F−1
1 J1 +

δs − 1

2
F̂1H1BdKH−1

1 F̂1,

Ar12 := F̂1

(

H1BdKH−1
2 +

δs − 1

2
H1BdKH−1

2

)

F̂2,

Ar21 :=
δs − 1

2

δo − 1

2
F̂2H2LdCH−1

1 F̂1,

Ar22 := F−1
2 J2 + F̂2

(

δo − 1

2
H2LdCH−1

2 +
δs − 1

2

δo − 1

2
H2LdCH−1

2

)

F̂2.

Now, Theorem 5.1 can be extended to the general case when the matrices Ad+BdK and Ad+LdC

have complex eigenvalues. The proof follows similarly, but makes use of the properties of Fi and

F̂i introduced above.
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