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Moment Classes

Uncertainty classes based on fixing moments

Pj =
{

π : 〈π, fi〉 = c
j
i , i = 1, ..., n

}

Natural way to define uncertainty in practical

scenarios (e.g. mean and variance constraints)

Applications in detection in sensor networks

Robust hypothesis testing problem for moment

classes does not fall under Huber framework

Markov (1890’s)

Whitt (1976)

Smith (1995)

Bertsimas & Sethuraman (2000)

Vandenberghe, Boyd & Comanor (2004)



Moment Classes: Example

Uncertainty classes based on fixing moments

P0 =
{

π : 〈π, x〉 = 0, 〈π, x2〉 ≤ 1
}

P1 =
{

π : 〈π, x〉 = 0, 〈π, x2〉 ≥ 10
}

Optimal robust test sequence

≡ 1

N

N−1∑
k=0

H(Xt) ≥ T0

H = log �? H = x2??

φ = 1



Asymptotic N-P Hypothesis Testing

Error exponents:

ε1 := − lim inf
N→∞

1

N
logP1{φN(XN) = 0}

ε0 := − lim inf
N→∞

1

N
logP0{φN(XN) = 1}

Asymptotic N-P problem:

sup
φ

ε1 subject to ε0 ≥ η



Asymptotic Robust N-P Hypothesis Testing

π0 and π1 not known exactly: π0 ∈ P0 π1 ∈ P1

Moment Classes

Pj =
{

π : 〈π, fi〉 = c
j
i , i = 1, ..., n

}

Asymptotic Robust N-P Criterion

sup
φ

inf
π1∈P1

ε1 subject to inf
π0∈P0

ε0 ≥ η



Solution to the Robust Neyman-Pearson Problem

Optimal value of :ε1

β∗ = inf
π1∈P1

inf
µ∈Qη(P0)

D(µ ‖ π1)

There exist π∗
0 ∈ P0, π∗

1 ∈ P1, and µ∗ solving,

P1

P0
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D(µ ‖ π1)

There exist π∗
0 ∈ P0, π∗
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Solution to the Robust Neyman-Pearson Problem

Optimal value of :ε1

β∗ = inf
π1∈P1

inf
µ∈Qη(P0)

D(µ ‖ π1)

There exist π∗
0 ∈ P0, π∗

1 ∈ P1, and µ∗ solving,
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P0
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Solution to the Robust Neyman-Pearson Problem

Optimal value of :ε1

β∗ = inf
π1∈P1

inf
µ∈Qη(P0)

D(µ ‖ π1)

There exist π∗
0 ∈ P0, π∗

1 ∈ P1, and µ∗ solving,

Qβ∗(P1) P1

P0

Q (P0)η

〈µ, log(�)〉 = 〈µ∗, log(� )〉
π0∗

π1∗

µ∗



Solution Structure

�(a) =
π∗
1,a

π∗
0,a

=
γ�f(a)

λ�f(a)

Robust test is based on a log-linear combination of data

Optimization is convex:

Worst case distributions typically discrete:
Cutting plane algorithm effective

Optimal π∗
0, π∗

1, µ∗ and λ and γ

easily computed numerically



Convex Duality

Optimality of refined test:

P0π0∗

inf
π∈P0

D(µ ‖ π)

µ ∈ Qη(P0) ⇐⇒ 〈µ, log λTf〉 < η for every λ ∈

= sup
λ∈R(f,c0)

〈µ, log λTf〉

R(f, c0)

{
λ ∈ R

n+1: λTc0 = 1, λTf(x) ≥ 0 for all x
}

R(f, c0) =

〈µ, log λTf〉 = η



Moment Classes: Example

Uncertainty classes based on fixing moments

P0 =
{

π : 〈π, x〉 = 0, 〈π, x2〉 ≤ 1
}

P1 =
{

π : 〈π, x〉 = 0, 〈π, x2〉 ≥ 10
}

Optimal robust test sequence

≡ 1

N

N−1∑
k=0

H(Xt) ≥ T0

H = log �? H = x2??

φ = 1



Moment Classes: Example

Uncertainty classes based on fixing moments

P0 =
{

π : 〈π, x〉 = 0, 〈π, x2〉 ≤ 1
}

P1 =
{

π : 〈π, x〉 = 0, 〈π, x2〉 ≥ 10
}

Optimal robust test sequence

0

(xH ) = log � (x) = log(A0 + A1x + A2x2)0

≡ 1

N

N−1∑
k=0

H(Xt) ≥ Tφ = 1



Blahut-Arimoto Algorithms

Convert to optimization over two variables:

C = max
µ

I(µ)

= max
µ

∫ ∫
µ(dx)P (dy | x) log

( µ(dx)P (dy | x)

µ(dx)
∫

µ(dz)P (dy | z)

)



Blahut-Arimoto Algorithms

Convert to optimization over two variables:

C = max
µ

I(µ)

= max
µ

∫ ∫
µ(dx)P (dy | x) log

( µ(dx)P (dy | x)

µ(dx)
∫

µ(dz)P (dy | z)

)

= max
µ, Q

∫ ∫
µ(dx)P (dy | x) log

(Q(dx | y)

µ(dx)

)

Q∗(dx | y) = µ(dx)
P (dy | x)∫

µ(dz)P (dy | z)



Blahut-Arimoto Algorithms

Convert to optimization over two variables:

B-A algorithm for channel capacity:  alternate maximization

C = max
µ

I(µ)

= max
µ

∫ ∫
µ(dx)P (dy | x) log

( µ(dx)P (dy | x)

µ(dx)
∫

µ(dz)P (dy | z)

)

= max
µ, Q

∫ ∫
µ(dx)P (dy | x) log

(Q(dx | y)

µ(dx)

)



Cutting Plane Algorithm 

Maximize a real valued function, 

Starting with an initial guess , construct a sequence of linear approximations ... 

max f(x), x ∈ X 

x0 



Cutting Plane Algorithm 

Xx0 x1 

max f(x), x ∈ X 



Cutting Plane Algorithm 

Xx0 x1x2 

max f(x), x ∈ X 



Cutting Plane Algorithm 

Xx0 x1x2x3 

max f(x), x ∈ X 



Cutting Plane Algorithm 

Xx0 x1x2x3 x4 

max f(x), x ∈ X 



Cutting Plane Algorithm for Channel Coding

� Support of is full µn

Why?Why?

Interior point method, or BA algorithm:  



Cutting Plane Algorithm for Channel Coding

� Support of is full µn

µn� has at most n + 1  points of support

Algorithm generates upper and lower bounds each iteration �

Why?

Interior point method, or BA algorithm:  

CP method:  



Cutting Plane Algorithm for Channel Coding

Convex program:  

Given n feasible distributions
 {µ0, µ1, . . . , µn−1}

max 〈µ, gµ〉
subject to 〈µ, 1〉 = 1

〈µ, x2〉 ≤ σ2
P

µ ≥ 0

all in M(σ2
P , M, X)



Cutting Plane Algorithm for Channel Coding

Convex program:  

The piecewise linear approximation 

Given n feasible distributions
 {µ0, µ1, . . . , µn−1}

max 〈µ, gµ〉
subject to 〈µ, 1〉 = 1

〈µ, x2〉 ≤ σ2
P

µ ≥ 0

all in M(σ2
P , M, X)

In(µ) = min
0≤i≤n−1

{I(µi) + 〈µ − µi, gµi〉}
= min

0≤i≤n−1
〈µ, gµi〉



Cutting Plane Algorithm for Channel Coding

Convex program:  

The piecewise linear approximation 

The next distribution 

Given n feasible distributions
 {µ0, µ1, . . . , µn−1}

max 〈µ, gµ〉
subject to 〈µ, 1〉 = 1

〈µ, x2〉 ≤ σ2
P

µ ≥ 0

all in M(σ2
P , M, X)

In(µ) = min
0≤i≤n−1

{I(µi) + 〈µ − µi, gµi〉}
= min

0≤i≤n−1
〈µ, gµi〉

µn = arg max{In(µ) : µ ∈ M(σ2
P , M, X)}



Real AWGN Channel Y = X + N

σ2
P = 10, σ2

N = 10, X = {−10, −9, ..., 9, 10}
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Real AWGN Channel Y = X + N 

σ2 
P = 10, σ2 

N = 10, X = {−10, −9 9, 10} 
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Convergence of the distributions: 
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Complex AWGN Channel Y = X + N

σ2
P = 4, σ2

N = 1, X = {1 , ..., 4, 5 }
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Complex AWGN Channel Y = X + N 

σ2 
P σ2 

N X = {1 4, 5 } 
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Steepest-ascent cutting plane algorithm 

Given n feasible distributionsn {µ0, µ1, . . . , µn−1}, 

(i) The nth piecewise linear approximation, 

In(µ) =  min  
0≤i≤n−1

{〈µ, gµi 〉}. 

(ii) The next distribution, 

µn = arg max{In(µ) :  µ feasible on Xn} 

(iii) The new alphabet Xn+1 = Xn ∪ {xn+1}, where 

xn+1 = arg max{gµn (x) − rnx 2 : |x| ≤  M, x ∈ X}, 

and rn is the associated Lagrange multiplier obtained in the 
solution of (i) 



Steepest-ascent cutting plane algorithm 

Rayleigh channel, peak power constraint: 
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Steepest-ascent cutting plane algorithm 

σ2
N = σ2

A = 1

σ2
P = 10

, and M = 10

µg (x)

q (x) = r0 + r2x2

∗

µ∗

Rayleigh channel, average power constraint: 
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Error exponent computation 

Convex program: 
min 〈 ρ 

µ〉 
〈µ, 1〉 = 1  

〈 2〉 ≤ σ2 
P 

µ ≥ 0 

µ, g
subject to 

µ, x



Error exponent computation 

Convex program: 

The piecewise linear approximation 

The next distribution 

Given n feasible distributions 

min 〈 ρ 
µ〉 

〈µ, 1〉 = 1  
〈 2〉 ≤  σ2 

P 
µ ≥ 0 

{µ0, µ1 n−1} 

Fn( ) =  
0≤i≤n−1

{ ρ)〈 ρ 
µi 

〉 − ρ〈µi, g  ρ 
µi 

〉} 

µn {Fn( ) :  µ feasible} 

µ, g
subject to 

µ, x

, . . . , µ

ρ, µ max  (1 + µ, g 

= arg min ρ, µ



Error exponent computation 

Real AWGN channel: CP algorithm run for a sequence of 
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Error exponent computation 

Rayleigh channel: 

Y = AX + N 

σ2 
A σ2 

N σ2 
P X = {0, 1, 2, 3, 4, 5}. 
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Steepest Ascent

Steepest ascent algorithm for E

(i)  The piecewise linear approximation 

(ii) The next distribution

(iii) The new alphabet                                                  where

and        is the associated Lagrange multiplier obtained in the solution of (ii)

Given n feasible distributions
 {µ0, µ1, . . . , µn−1} all in M(σ2

P , M, X)

µn = arg min{Fn(ρ, µ) : µ feasible on Xn}

xn+1 = arg min{gρ
µn

(x) − rnx2 : |x| ≤ M, x ∈ X},

rn

Fn

r

(ρ, µ) = max
0≤i≤n−1

{(1 + ρ)〈µ, gρ
µi

〉 − ρ〈µi, gρ
µi

〉}

Xn+1 = Xn ∪ {xn+1},



Convergence of Steepest Ascent 

Rayleigh channel with peak power constraint: 
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Convergence of Steepest Ascent 

Rayleigh channel with average power constraint: 
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Conclusions 

Optimal input distributions are typically discrete. 

Cutting plane algorithm 

Signal constellation design 

Optimal input distributions are typically discrete.

Cutting plane algorithm

Signal constellation design



Conclusions 

Optimal input distributions are typically discrete. 

Cutting plane algorithm 

Signal constellation design 

Optimal input distributions are typically discrete.

Cutting plane algorithm

Signal constellation design

More general settings: MIMO, side information, ... 

Error exponent : Other bounds? 

Cutting plane algorithm: Complexity? Convergence rates? 

Systematic approach to signal constellation design 

Future work 




