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Abstract

This paper concerns the structure of capacity-achieving input distributions for stochas-
tic channel models, and a renewed look at their computational aspects. The following
conclusions are obtained under general assumptions on the channel statistics:

(i) The capacity-achieving input distribution is binary for low SNR. The proof is
obtained on comparing the optimization equations that determine channel ca-
pacity with a linear program over the space of probability measures.

(ii) Simple discrete approximations can nearly reach capacity even in cases where
the optimal distribution is known to be absolutely continuous with respect to
Lebesgue measure.

(iii) A new class of algorithms is introduced based on the cutting-plane method to
iteratively construct discrete distributions, along with upper and lower bounds
on channel capacity. It is shown that the bounds converge to the true channel
capacity, and that the distributions converge weakly to a capacity-achieving
distribution.
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1 Introduction

Since Shannon’s celebrated 1948 paper [38], channel capacity has become a fundamental topic
in information theory. The i.i.d. additive white Gaussian noise (AWGN) channel has been the
focus of most research due to its tractability, and because this model reflects the behavior of
many communication channels. It is well known that the optimal input distribution is i.i.d.
Gaussian in this special case (see e.g. [13, 15, 8]).

More recently, there has been a significant research effort on fading channels, such as
found in wireless communication systems. Early papers were restricted to Gaussian dispersive
channels [35, 15, 34], while more recent papers study a range of complex fading models with
correspondingly complex analysis. A recent survey is contained in [4].

A theme in recent work is the discovery of an increasing list of special cases in which
the magnitude of the optimal input distribution is discrete, with finite support. Examples
include,

(i) Gaussian channels: Tt is shown in [39] that if the input is not only constrained by the
average power but also limited by a given peak power constraint, then the optimal
input distribution has finite support. The conclusion of [39] is generalized to the
complex case in [36]. The magnitude of the capacity-achieving distribution is shown
to be discrete, with finite support. Moreover, its phase is uniformly distributed, and
independent of the magnitude. Similar conclusions are obtained in [30, 10] for vector
Gaussian channels.

(ii) Fading channels: Tt is shown in [1] that the capacity-achieving distribution for the
Rayleigh channel is discrete in magnitude with a finite number of mass points, one
of them located at the origin. The conclusions hold for many other fading channel
models [22, 18, 19, 30]. For the noncoherent Rayleigh fading channel, a Gaussian
input is shown to generate bounded mutual information as SNR goes to infinity [11]
(see also generalizations in [25].) A Gaussian input-distribution is also shown to
perform poorly at high SNR for more general i.i.d noncoherent fading channels [26].

(iii)) MIMO channels: The capacity of a multiple-antenna block-fading Rayleigh channel
is achieved by a signal matrix which is equal to the product of two statistically
independent matrices: an isotropically distributed unitary matrix, times a certain
random matrix that is diagonal, real, nonnegative and discrete [28].

It is conjectured in [30] that optimal distributions have finite support in many other fading
models. In Section 3 we provide several propositions and examples to support this principle.
We note that discrete distributions also arise in a worst-case analysis of many statistical
models. In particular, for an additive-noise communication channel with fixed binary input,
the worst-case noise distribution is supported on an integer lattice [37]. A general framework
is developed in [31, 32, 33| in the analysis of admission control algorithms, and general robust
hypothesis testing problems. A key observation is that the worst-case distribution is always
discrete.

In conclusion, the standard AWGN channel is a very special case, in that optimal distri-
butions rarely possess a density. Moreover, we show in an example below that even for the
AWGN channel in which the optimal distribution is continuous, there exist simple discrete
distributions that nearly achieve capacity.



The foundations of this paper lie in the theory of convex optimization, following many
other papers in this area (see the textbook [13], and the recent papers [25, 41, 12].) In
particular, the structural properties obtained for optimal input distributions are based on
convex duality theory and the Kuhn-Tucker alignment conditions.

A second, perhaps more important issue is computation. It is far easier to establish
qualitative properties of the optimal distribution than to obtain a closed form expression.
This is probably impossible in all but the simplest models. From these observations we
are led to the following question: Given a channel model, can we find a simple, discrete
distribution that almost achieves the optimal mutual information? If so, then there is no
need to exactly optimize.

To obtain discrete approximations to the optimal input distribution we approximate the
concave mutual information functional by a piecewise linear functional. Optimization of this
approximation may be cast as an infinite-dimensional linear program, and the optimizer may
be taken as a basic feasible solution, or extreme point in the constraint set. Such extreme
points are in fact discrete distributions, and the number of support points grows at most
linearly with the number of linear functions used in the approximations. In Section 4 we
construct an algorithm of this form based on the cutting-plane algorithm.

These results were previously published in abridged form in [20].

The remainder of the paper is organized as follows. Kuhn-Tucker theory as specialized to
maximizing mutual information is described in Section 2. This theory is further developed in
Section 3 to explain why the optimal input distribution is discrete in many channel models.
Section 4 contains theory and numerical results for the cutting-plane algorithm. Conclusions
and topics of future research are contained in Section 5.

2 Capacity of Memoryless Channels
2.1 Models

We consider in this paper a stationary, memoryless channel with input alphabet X, output
alphabet Y, and transition density defined by

PY edy| X =x)=p(ylx)dy, zeX, yeY.

Throughout the paper it is assumed that Y is equal to either R or C, and we assume that X is
a closed subset of R. Channel models in which X is equal to C will be reduced to this form, as
described below. Throughout the paper we restrict to noncoherent channels in which neither
the sender nor the receiver knows the channel state.

Let M denote the set of probability measures on the Borel o-field B(X). For a given
input distribution p € M, we denote by p(y|u) the resulting output distribution given by
p(ylp) :== [ p(y|z) p(dz). When p = 6, we simplify notation by setting p(y|d,) = p(y|z).

The channel sensitivity function and channel discrimination function are defined, respec-
tively, by

gu(x) = D(p(-|)|lp(-[n)) =/ln[p(y!w)/p(y!u)]p(y\x)dy, (1)

go(x) = gs(z) = D(p(-|x)[p(-10)),  peM, zeX. (2)



The magnitude of go(z) indicates how easily an input X = x may be discriminated against
X = 0. Observe that go(z) > 0 for all z € X, and go(0) = 0. In Theorem 3.4 we find that
the channel discrimination function is particularly valuable in analysis of the channel when
the SNR is low.

Channel capacity is determined by the mutual information,

1) = (i) = [ ([ (585 sloydy)utan). e M. Q

The main focus of this paper is the structure of distributions maximizing the functional
I: M — Ry U{oo}, subject to two linear constraints:

(i) The average power constraint that

(1, 9) < op
where (i, ¢) := [ ¢(x) p(dz), and ¢(z) :=2? for z € R.
(ii) The peak power constraint that p is supported on X N [—M, M] for a given M < oo.

We summarize these constraints on the input distribution by writing u € M(o%, M, X), where
M(ob, M, X) = { € Ms (u,0) < 0%, puf[-M, M]} = 1}. (4)

The capacity of a given channel subject to these constraints is denoted C' (0%, M, X), and may
be expressed as the value of the following nonlinear program,

max  I(p)

2 (5)
s.t.  peM(op, M, X).

A representation of mutual information that emphasizes its concavity is given in the
following proposition. The formula (6) will serve as a basis for the algorithms introduced in
Section 4.

Proposition 2.1 For any given u° € M(o%, M, X),

(%) = (u°, gpe) = ggiﬂgwc’,gw- (6)

PROOF We have for all u, u® € M,

(1°,9u) = I(1°) + D (p(- |n°|lp(- 1)) = I(1°).
By definition, this lower bound is attained with u = u°. O

The existence of a solution to (5) requires some conditions on the channel and its con-
straints. We list here the remaining assumptions imposed on the real channel in this paper.

(A1) The input alphabet X is a closed subset of R, Y = C or R, and min(0%, M) < oco.

(A2) For each n > 1,
lim P(JY|<n|X=2)=0

|z|—o0



(A3) The function log(p(-|-)) is continuous on X x Y and, for any y € Y, log(p(y|-))
is analytic within the interior of X. Moreover, g, is an analytic function within the
interior of X, for any u € M(a%, M, X).

We occasionally also assume,
(A4) For any distinct pair of distributions u!, u? € M(0%, M,X) we have F(u? | u') > 0,
where
2| 1 P 1\ i
F(p™ | p :=/< —1>pyu dy. 7
(w” | ) Pl (ylp) (7)

(A5) For each finite M, the mapping yx — g, is continuous from M(J%, M, X) to Loo[—M, M].
That is if pu, — u weakly, with u, € M(c%, M,X) for all n, then

lim sup g, () — gu(a)] = 0. (8)

T al<M
Intuitively, (A2) means that Y is large when X is large. Condition (A4) simply expresses
the assumption that distinct input distributions give rise to distinct output distributions.
We demonstrate in Proposition 2.6 that the mutual information [ is strictly concave on
M(o%, M, X) under this assumption. The uniform continuity (A5) holds for many channels,
such as the Rayleigh channel (see (12), and the subsequent analysis of this example.)

In many examples in which Y = R we may assume that the channel is symmetric. That
is, X ==X, and p(y | ) = p(—y | —x) for all z,y € R.

Proposition 2.2 Suppose that (A1)-(A3) hold and let Ry denotes [0,00). Then, the map-
ping I : M(0%, M, X) — Ry is lower semi-continuous. If in addition (A5) holds and M < oo,
then I is continuous.

PRrROOF Letting g, A n = min(g,, n), we have,

() = (1 gp)
= lim (4, g, A1) (by the Monotone Convergence Theorem )
n—oo

= sup(u, gy An) (since g, > 0).
n>1

This proves that I is lower semi-continuous since it can be expressed as the supremum of
continuous functionals on M. If (A5) holds and M < oo, then continuity of I is proven as
follows: Suppose u, — p weakly as n — oo, with u, € M(c%, M,X) for each n. Write for
each n > 1,

I(pn) = () = (s Gpun) — (s )
= (M Gun — Gu) + o — 145 Gu)-

The second term vanishes as n — oo by weak convergence, the continuity of g, (by (A3)),
and the assumption that M < oco. The first term vanishes by (A5):

|t Gy — 92| < sUp gy, () — gu(x)| — 0, asn— 0.

|| <M

We now summarize some properties of the nonlinear program (5):



Proposition 2.3 The following hold under (A1)-(A3):

(i) The set M(o%, M,X) C M is compact with respect to the topology of weak conver-
gence.

(ii) The functional I: M(o%, M,X) — R is concave.
(iii) If M < oo then an optimizer u* € M(o%, M, X) ezists.

(iv) If M < o0, Y = R and the channel is symmetric, then there exists an optimizer
w* that is symmetric, in the sense that *{A} = u*{—A} for all A € B(X).

PROOF Part (i) is standard (see e.g. [5]), and (ii) follows directly from Proposition 2.1.
The existence of an optimizer p* follows: By Proposition 2.2, I is continuous on the set
M(J?D, M, X) and this set is compact in the weak topology. It follows that a maximizer p*
exists, which proves (iii).

Now we prove part (iv). If the channel is symmetric, and if u° is any optimal input
distribution, then the input distribution p* defined by

p{A} =5l {A} + po{-AY,  AeB(X),

is also optimal, by concavity of I(-), and this distribution is evidently symmetric. O

A complex channel model is more realistic in the majority of applications. We describe
next a general complex model, defined by a transition density pe(v|u) on C x C. The input
is denoted U, the output V', with U € U = a closed subset of C, and V € V = C. The input
and output are related by the transition density via,

P{V edv|U =u} = pe(v|u) dv, u,v € C.

The optimization problem (5) is unchanged: The average power constraint is given by
E[|U|?] < 0%, and the peak-power constraint indicates that |U| < M a.s., where |z| denotes
the modulus of a complex number z € C.

We say that the complex channel model is (rotationally) symmetric if the following con-
ditions hold:

Transition density on C x C satisfies,
Pe (V1) = pa(e/®v|e’u), u,v € C, a € R. (9)
Moreover, the constraint set U for U is symmetric: U = ¢7®U for all o € R.
Under (9) we define,
(i) X =|U], X=UNR4, and M again denotes probability distributions on B(X);

(ii) For any pu € M, we define o as the symmetric distribution on C whose magnitude
has distribution p. That is, we have the polar-coordinates representation,

1
te(dx X da) = ——p(dx)der x>0, 0<a<2nr,
2rx

and we set u({0}) = pe({0}). This is denoted pg in the special case y = d,. For
each x € X, the distribution u? coincides with the uniform distribution on the circle
{zeC:|z| =x}.



(iii) The transition density p(-|-) on C x X is defined by
pylz) :=pe(ylug),  z€X, yeC. (10)

(iv) gu: Ry — R, is defined as the channel sensitivity function corresponding to the
transition density p. This may be expressed,

9u(@) = D(pe(-|7)[IPa(-lte)),  z € R,
where e and p correspond as in (ii).

Proposition 2.4 justifies a reduction to the input alphabet X under (9). Under appropriate
smoothness conditions on p,, this then provides a reduction to the special case (A1l)-(A3)
considered in this paper.

Proposition 2.4 Suppose that (9) holds, and that (A1)-(A8) hold for the real channel with
transition density given in (10). Then,

(i) For any circularly symmetric input distribution pe for the complex channel with
transition density pe, the mutual information may be expressed,

I(lu') = </.L, 9u>,
where p denotes the distribution of X = |U|.

(ii) If M < oo, then an optimal distribution p} exists, and it may be taken to be
symmetric. That is, for all A € B(C) and all « € R,

pe{ A} = pe{e’* A},
PrROOF Part (i) follows from the observation that

D(pa(2)[pa(-11a)) = D(pa(le2)[pal-lua))s @ € Ry, a € R,

The proof of (ii) is similar to the proof of Proposition 2.3 (iv). First, note that under the
conditions of (ii) there exists an optimal distribution uQ by Proposition 2.3 (iii). For each
a € R, define a new distribution pg on B(C) by

pe{A} = pd{d A},  AeB(C),
and set py = % f027T pd da. Under (9) we must have I(ud) = I(u2) for each o € R, and hence

e must also be optimal by concavity of 1. O

Proposition 2.4 justifies the consideration of a channel with real input alphabet, in which
X =R, and Y = C. Throughout the remainder of the paper, in all of our analysis we restrict
to a channel satisfying (A1)—(A3) with real input-alphabet.



Example: Ricean channel

This is the general complex fading channel, in which the input and output are related by,
V=(A+aU+N (11)

where U and V are the complex-valued channel input and output, a > 0, and A and N
are independent complex Gaussian random variables, 4 ~ N¢(0,0%) and N ~ N¢(0,0%)).
Throughout the paper we assume that N and A are circularly symmetric. Consequently, V'
has a circularly symmetric distribution whenever the distribution of U is circularly symmetric.

The Ricean channel reduces to the complex AWGN channel when 0124 =0. O

On setting a = 0 we obtain another important special case:

Example: Rayleigh channel

The model (11) with a = 0 is known as the Rayleigh channel. Under our standing assumption
that N, A have circularly symmetric distributions, it follows that the output distribution is
symmetric for any input distribution (not necessarily symmetric.)

Based on this property, the model may be normalized as follows, as in [1]: Setting X =
|Uloa/on and Y = |V |? /o3, we obtain a real channel model with transition density

1
14 22

p(ylz) = exp( : ) z,y € Ry. (12)

11227

The sensitivity function g, is easily computed numerically for a given u € M based on
(12). For the general Ricean model, computation of g, appears to be less straightforward:
This requires computation of g,,, which involves integration over the complex plane. O

Example: Phase-noise channel

This non-coherent AWGN channel emerges in communication systems where it is not possible
to provide a carrier phase reference at the receiver. The channel model considered in [23] is
defined by the equation,

V =Uée"? + N,

where U and V are the complex-valued channel input and output, IV is an independent
complex Gaussian random variable whose variance is denoted 20]2\,, and 6 is an independent
random phase distributed uniformly on [—m, 7. It is easy to see the input phase does not con-
vey any information, and the mutual information is determined by the conditional probability
density of the channel output amplitude Y given the channel input magnitude X,

2 2

Y Y+ Ty

p(yle) = 5 exo (-5 5 1025 ), (13)
oN 205 oN

where I is the zeroth order modified Bessel function of the first kind. The sensitivity function
gy is easily computed numerically for a given 1 € M based on (13). O

Proposition 2.5 Assumption (A1)-(A5) hold for the Rayleigh and phase-noise channels.



PROOF Assumption (A1)-(A3) are easily established. From [1, App. I, Lem. 2], we have
for each pair u!, % € M(c%, M,X), if the densities coincide so that

p(ylu?) = p(y|p') for all y € [0, M],

then 2 = p'. This shows that (A4) holds for the Rayleigh channel.

Next we establish (A5). We establish (A5) for the Rayleigh channel only since verification
in the phase-noise model is similar. Suppose that {u,} C M(a%, M, X) converge weakly to
some fioo € M(O’%;, M, X). For each n > 1 we express the channel discrimination function as
follows,

Gun () = / log(p(y|z))p(y|x)dy + / log(p(y|pn))p(ylz)dy. (14)

The first term on the right hand side does not depend on p,, so we only need to consider
the second term. For each y € R the density p(y|z) is a bounded and continuous function of
x € [0, M]. Consequently, since p,, — oo weakly,

Jim log(p(ylpn)) — log(p(yloo)), asn—oo, yeER (15)

Moreover, applying (12), we obtain the uniform bound,
[log(p(ylu)| <y+k,  yER, peM(op, M,X), (16)

where the constant ko only depends on M. Hence, by (14), (15) and the Dominated Conver-
gence Theorem,
9 () = G (&) for cach . an)

To complete the proof that (A5) holds we now strengthen the pointwise convergence in
(17) to uniform convergence on [0, M]. Similar to (16), it may be shown that for any M < oo,
there exists k1 < oo such that for all z € [0, M] and all u € M(c%, M,X),

‘%gu(l’)‘ < k.

It follows that {g,, : » > 1} is equicontinuous on [0, M]. Ascoli’s Theorem then implies the
desired uniform convergence. O

Since M is a convex set, and I a concave functional on M, computation of capacity may
be viewed as a convex optimization problem. We turn to structural properties of its dual
next to obtain characterizations of optimal distributions, and sensitivity formulae.

2.2 Kuhn-Tucker conditions

Proposition 2.1 implies that g, is the gradient of I at p [27]. The next result expresses
this observation in terms of directional derivatives, and establishes a formula for the second
derivative that may be viewed as a form of Fisher information. Let u° be a fixed element of
M(o%, M, X) and 0 a real number in [0, 1]. For any p € M(o%, M, X), define fi = p — pu° and
g = (1 —0)u® 4+ 0u = p° + 6. The sensitivity of mutual information along the direction
from p° to p is quantified in the following proposition.



Proposition 2.6 The first and second order sensitivities of mutual information with respect
to the input distribution are given by, respectively,

d

@I(“a)‘e:o = (u— 1" gue), (18)
2
ST, = —Fl ) (19)

where F(p | p°) is defined in (7). This is equal to the Fisher information on p(y|ue), at
6 =0.

ProoF For any 6 we have from the definition of mutual information,
= — //p(ylw) In (p(yl,ue)> dy pe(dz)
p(ylx)
and differentiating with respect to 0 gives
d _ p(ylpo) ~
St = — [[ o ( ) ay o)
// () < p(y|) > (p(y\
(ylme) ) \p(ylz)
p(y|z) > .
= p(y|z ln< dy fi(dz). 20
/ / | (ylpo) Alde) 20)

In (20) we have abused notation slightly, writing p(y|i) := p(y|u) — p(y|u®).
The following identities follow directly from (20):

o) = [ 9@,

& B p(ylR)
gt = _//p(y‘x)p(yu)

Evaluating at 6 = 0 then gives (18) and (19). O

dy pi(dz).

The first order sensitivity formula given in (18) is similar to the expression for mutual
information given in (6). These expressions form the basis for the new capacity computation
algorithms proposed in Section 4.

Now we turn to structural properties of the convex program (5) and its convex dual to
obtain characterizations of optimal distributions.
The dual functional ¥: R, — R is defined by

V() = sup [1(0) = r(u.d)]. 20, e
HEMo
where Mo = M(M? M, X) = M(oo, M, X) denotes the constraint set without an average
power constraint. The dual functional is a convex, decreasing function of r, as illustrated in
Figure 1. Note that we do not exclude M = oo. In this case, My = M, which denotes the
set of probability distributions on X.
The proof of the following result is identical to the proof of Proposition 2.3 (iii).

10



C() — 70 0'2(7'0)

Figure 1: The dual functional is convex and decreasing. For a given r¢ > 0, the slope determines an average
power constraint ¢*(ro), and the corresponding capacity Co := C(c2(r0), M, X) may be determined as shown
in the figure.

—— go(x) = D(P;||Po) — g (@)

2 2

e qo(%) =T e Qe (%) =70 + T2

q"(0) > g5 (0)

Figure 2: The left hand side shows alignment of go with a pure quadratic. When §p is perturbed to form v*,
the functions go and go are perturbed as shown at right.

Proposition 2.7 Suppose that (A1)-(A3) hold, and that M < oo. Then for each r > 0 there
exists an optimizer i € M satisfying V(r) = [I(p) — r{us, ¢)]. O

The parameter r provides a convenient parameterization of the optimization problem (5).
This is made clear in Theorem 2.8 and its corollary, Proposition 2.9. Similar techniques are
used in the theoretical development of the random coding error exponent [15, 7, 8].

Theorem 2.8 Suppose M < oo. Then an optimizing distribution ) exists for (21) for each
r >0, and the following hold:

(i) ¥(r) = mingem, [l[gp — rél+|loo-

(ii) Let o2(r) := —d%\I/(r). The distribution ) is optimal under the corresponding
average power constraint:

I(uy) = C(o*(r), M, X).

Moreover, we have
I(py) = ¥(r) +ro’(r)

11



(iii) The capacity C(-, M,X) is concave in its first variable, with
d

d—zC(afg, M,X) =, when 0% = o?(r).
op

PROOF To prove part (i), we first apply Proposition 2.1 as follows: For fixed r > 0,

U(r) = sup [I(p) —r(u,¢)]
HEMo
= su inf {(u, g, —r
Sup of (b g )
< inf su S Gy — T
< of, s Agow g — 1)
= inf sup (g (2) — rz?)

HeEMo zeX, |z|<M
= inf —r .
nf g 6l

Conversely, suppose p* is optimal, fix || < M, and for 0 < 6 < 1, let pup = (1 — )’ + 00,.

By optimality,
d
- — <
g Une) —7{ue, 0)) | _ <0,

which gives, on applying Proposition 2.6,
Gz (x) = ra? < I(pf) —rof = V(7).
This completes the proof of (i) since z is arbitrary.

The differentiability of U(r) comes form the uniqueness of p and Part (ii) follows from
[27, Sec. 8.3, Thm. 1]. Part (iii) is the sensitivity formula given in [27, Sec. 8.5, Thm. 1]. O

The next result is a version of the Kuhn-Tucker alignment conditions. Proposition 2.9
provides sufficient and necessary conditions for optimality of a given distribution and, provides
a bound on the performance gap if the distribution is not optimal. Related results are
presented in [1, Theorem 4], and in the textbooks [15, 8].

Proposition 2.9 The following hold under (A1)-(A3):

(i) Suppose that an optimizing distribution p) exists. Then, setting q equal to the

quadratic function ¢ = V(r) + r¢, we have,

gur(x) < qz), xEX 22)
guz(®) = qx),  ae [1]

(ii) Suppose that u° € My, and that constants € > 0, 0’% > 0 together with a quadratic
function q = ro 4+ ro¢ exist, satisfying

(a) (u°,¢) =0p (b) guo <qon XN [=M,M] (c) (u°,q— guo) <e.

Then,
I(NO) > C(U?D7 M, X) — &

(iii) Suppose that pu° € My, and that € > 0, o > 0 exist, satisfying
gue <10, and  (p°, gue) =10 — €.

Then,
I(MO) > C(M27M7X) —&.

12



PrROOF From Theorem 2.8 (i) we have
U(r) > gux(x) — ra?, r € X,
and by optimality W(r) = (uy, gux — r¢). Part (i) easily follows.
To prove part (ii), define pg := (1 — 0)u® + Ou for 6 € [0,1]. From the assumption that
(1°,q) = (1, q) we have,

dI(pg)
df lo=0

= (u—p° gu)
= (u—p°gu —q)
= (tgue —q) — (1°, 9u0 — q) < e

Because the mutual information is a concave function over pu, it follows that

1) < 1)+ So)|,_ < 10:°) +e

Since u € M(c%, M, X) is arbitrary, this establishes (ii).
Part (iii) follows similarly:

dIC(lgG) o (= 1% gpe)
(1= 1% gpo —70)
= <:uagu° —To) — <:uovgu° —1g) < e
Consequently, the proof follows from concavity of I(-), as in (ii). O

Alignment for the complex AWGN channel

9,(x) ’

””” q,, (x) = ro + roz’

Input distribution 1

Figure 3: The sensitivity function g, for the complex AWGN channel for the distribution x shown in Figure 6,
step 35.

Example: Alignment for the complex AWGN channel

An illustration of Proposition 2.9 is provided by Figure 3. The channel considered is the
complex AWGN channel, whose statistics are shown in (33). The distribution p on the
magnitude of the input is obtained from Figure 6, step 35. It is discrete, with five points of
support.

The sensitivity function g, is in nearly perfect alignment with a quadratic on the interval
[0,5]. For z > 5 we see that g, is greater than this quadratic, from which we conclude that p
is not optimal for X = R4, but it is nearly optimal when X is equal to the interval [0,5]. O

13



3 Why Are Optimal Distributions Discrete?

As surveyed in the introduction, it is known that the capacity-achieving distribution is discrete
in many channel models. In fact, the AWGN channel under an average power constraint with
M = oo is the only example we know of in which the optimal input distribution is absolutely
continuous with respect to Lebesgue measure. Here we consider the general channel model
satisfying (A1)-(A3) and provide a series of results and examples to explain why the optimizer
w* € M(o%, M, X) for (5) is typically discrete.

Throughout this section we take X = R..

3.1 Alignment

In the following result it is shown that the function g, is always unbounded under the con-
ditions imposed in this paper. In particular, taking p = §p we find that the channel discrim-
ination function is unbounded, which means that large states are easily discriminated from
the state x = 0.

Lemma 3.1 Suppose that (A1)-(A3) hold with X =R. Then g, is unbounded.

PRrooOF For any fixed n > 1, define b,, > 0 by
by ;:/ p(ylu) dy.
lyl=n
We note that b,p(y|u) 1 (Jy] > n) defines a probability density on Y.
We define h : Ry — R by
h(z) = zlog(z), z >0,

with A(0) = 0. This is a convex function and is bounded from below by —e~!.

The channel sensitivity function may be bounded from below as follows, for each n > 1:
p(ylz)\ (plylz) p(ylz)\ p(ylz)
gu(z) = / log < > ( p(ylp) | dy + log p(ylp) dy
g wi<n - \p(le) ) \pylw) Wi \pWle) ) plylw)

. 1 p(y\x)
int h(e) +b; /| h (p (W)> bup(yl10)] dy

v

> —e P40 h (b,PL(|Y] > 1)),

where the last inequality follows from Jensen’s inequality.
From this bound and (A2) we conclude that for any n > 1,

lim inf g, (z) > —e™' + b, h(b,) = —e~ ' + log(by,).

|| —o00
Since b,, — 00, as n — 00, it follows that g, is unbounded. O
For a channel subject to only the peak-power constraint, we have

Proposition 3.2 Suppose that (A1)-(A3) hold with X = Ry, and with 0% = oo, M < oc.
Then, there exists an optimal input distribution p* which is discrete, with o finite number of
mass points.

14



PrROOF Existence of p* follows from Proposition 2.3 (iii).

By Lemma 3.1, g, is unbounded for any input distribution p. In particular, this holds
for p = p*. Since g,+ is assumed to be an analytic function on X, and it is not a constant
function, it then follows that g, (x) = I(u*) for only a finite number of x € XN [—M, M]. We
conclude from Proposition 2.9 that the optimal input distribution is discrete, with a finite
number of mass points. O

We have the following corollary for the symmetric complex channel. The assumptions of
Corollary 3.2 hold for many models, including the AWGN, phase-noise, Rayleigh, and Ricean
channels. The proof follows directly from Proposition 2.4 and Proposition 3.2.

Corollary 3.1 Consider a complex channel model satisfying (9). Suppose that (A1)-(A3)
hold for the transition density given in (10). Assume moreover that O'2P = o0, and M <
o0o. Then, there exists an optimal input distribution ui on B(C) whose phase is uniformly
distributed and independent of magnitude. Its magnitude p* is discrete, with a finite number
of mass points in [0, M]. O

3.2 Optimal binary distributions

We now consider the case of vanishing SNR. Recall that we restrict to X = R_.

We say that u € M(0%, M,X) is binary if it has two points of support in [0, M]. It is
known that a binary distribution is approzimately optimal in certain limiting regimes. For
example, it is shown in [16] that the restriction to binary inputs is essentially optimal for a
discrete-time, point-to-point channel with an input alphabet {0, 1, ..., K'}, in the broadband
limit as SNR goes to zero. Similarly, a binary input is approximately optimal when ‘bits are
sufficiently inexpensive’ [40, Theorem 3].

The conclusions of both [40] and [16] may be interpreted via properties of extreme points
in an associated infinite-dimensional linear program. To see this, fix any symmetric pg €
M(o%, M, X), and conclude by Proposition 2.1 that C(0%, M, X) is bounded from above by
the solution to the linear program,

max (i, Gu)
st (ue) < ob (23)
(u, 1) <

where the variable p in (23) is a positive measure on [0, M]. An optimal solution to this
linear program can be taken with at most two points of support since this corresponds to a
basic feasible solution. That is, the optimizer of (23) is binary.

The linear program (23) may be interpreted as relaxation of the original convex program
(5). We show in Theorem 3.4 that, for an appropriate choice of p, this relaxation is a minor
perturbation when 0% ~ (. Based on this approximation, we conclude in Theorem 3.4 that
for 0129 > 0 sufficiently small, the optimal input distribution for (5) is in fact binary.

The next question is, how should we choose the distribution py? Since optimizer of (23)
has average power a?g ~ 0, it is reasonable to take pg = &g, the point mass at the origin. The
function gs, is then precisely the channel discrimination function gy defined in (2). We let v*
denote the (symmetric) binary optimizer of the linear program (23) with g,, = go.

Under (A1)-(A5) we may conclude that g, ~ go for small values of 0% whenever p €
M(o%, M, X) with (u,¢) < o%. It follows that (u,go) ~ (u,gu) for such p, which strongly
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suggests that v* is nearly optimal. This approximation is made precise in Theorem 3.4. We
first consider an example.

Example: Sensitivity for the Rayleigh channel

For the Rayleigh channel, normalized according to (12), the channel discrimination function
is given by
go(z) = 2% —log(1 + 2?), x € Ry. (24)

From this expression it follows that g{,(0) = ¢{(0) = 0. Consequently, applying Proposi-
tion 2.6, we see that first and second order sensitivity are extremely low when p is supported
on a small interval containing the origin, and in this case I is also extremely small. This
observation suggests that the optimal input distribution may take on very large values, albeit
with small probability.

The “flatness” near the origin observed in the channel discrimination function can be
quantified by considering the log-derivative, which is correspondingly large:

dlog(go(x))
dlog(x)

Moreover, we show below that the following bound holds for all > 0 in the Ricean channel
(and hence also the Rayleigh channel) whenever 0% > 0,

dlog(go(x))
dlog(x)

=3, x=0. (25)

> 2, (26)

O

The derivative condition (26) will be assumed in addition to a peak power constraint
in the results that follow. Hence the function gy is ‘flat’ near the origin, as illustrated in
Figure 2. Moreover, it follows that the growth rate of gq is faster than any quadratic, in the
sense that

d d )
%log(go(x)) > %log(m: )s r>0,0<z<M.

The conclusions (a)—(d) of Lemma 3.3 are the only structural properties required in the
proof of Theorem 3.4.

Lemma 3.3 Suppose that (26) holds for x € (0, M] with M < oo. Then, setting r(0) =
go(M)/M?, and qo := r(0)¢, we obtain the following conclusions:

a) go(0) = qo(0) and go(M) = qo(M);
go(x) < qo(x) for x € (0, M);
c) go(M) > qo(M);

(
(
(
(d) g5(0) = g(0) =0, and g (0) < g5 (0) = 2g0(M)/M>.
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PROOF All of these conclusions are obvious, except for the bound g (0) < 2go(M)/M?2,
which is demonstrated here.

Let H(x) = log(z~2go(z)), 0 < z < M, and define H(0) = lim, o H(z). An application
of L’Hopital’s rule gives H(0) = log(g((0)/2).

Under (26) we have H'(s) > 0 on (0, M] and we can conclude that

log(go(M)/M?):= H(M) > H(z), O0<z<M.

Letting = | 0 then gives log(go(M)/M?) > H(0) = log(gy(0)/2), which is the desired conclu-
sion. O

The following result provides conditions under which the optimal input distribution is
binary, as well as sensitivity bounds with respect to 0’% for low SNR. Theorem 3.4 also shows
that the discrimination function gives a strict upper bound on capacity for a peak power
constrained channel satisfying (26).

Theorem 3.4 Suppose that Conditions (A1)-(A4) hold. Suppose M < oo and gy satisfies
the bound (26) for z € (0,M]. Assume moreover that X = Ry. Then, there exists G5 > 0
such that the following hold for 0 < 0% < 5%:

(i) v* is equal to the unique binary distribution on {0, M} satisfying (v*,¢) = 0%.
(ii) This binary distribution v* is optimal. That is, I(v*) = C (0%, M, X).

(iii) The sensitivity with respect to the average power constraint satisfies,

. d 2 o 2 i
lim (7 5, M. X)) = oM/ > g5/0).

Consequently, for all 0'12D,

Clo%, M,X) < max{goj\%)a gO(M)}

2
P>
o
= go(M)maX{W,l}
PROOF For 0 € [0, 1] define vy € My by,

vg:=(1—0)5 + 06, 90 = Gup-

For each fixed x € R, gp(z) is a non-negative, convex function of 6 on [0, 1]. For each 6 we
let g9 denote the unique quadratic of the form gy = ro(0) + r2(0)¢ satisfying go(0) = g¢(0)
and qg(M) = go(M). Note that g9 — qo, g9 — go as 6 | 0.

Under properties (a)—(d) above it easily follows that there exists §# > 0 such that the

following analogous conditions hold for € € (0, 0]
(a) 96(0) = qo(0) and go(M) = qo(M);
(b) go(x)

(c) gp(M) > gy(M);

< qp(x) for z € (0, M);
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(d) gy(0) = gy(0) =0, and g;(0) < g4(0).

In particular, the alignment conditions hold, so by Proposition 2.9 the unique distribution vy
optimizes ¥(rz(#)). This completes the proof of (i) and (ii), with 6% := (v, ¢).

Part (iii) follows from Lemma 3.3 and Theorem 2.8 which in particular implies concavity
of C(-, M, X), and the observation that 72(6) — 7(0) = go(M)/M? as 6 | 0. 0

These results also imply conclusions for the channel optimization problem without peak
power constraint. The following result is an easy consequence of Theorem 3.4.

Corollary 3.2 Suppose that (26) holds for each x € (0,00), and consider the parameter-
ized family of optimization problems, parameterized by a = O'2P > 0. We let p) denote the
optimizing distribution on X without peak-power constraint and set M(a) = sup(M > 0:
pi{[M,00)} > 0). Then M(a) — oo, as a — 0.

PROOF Suppose as a — oo, lim inf, .o, M(a) = M < oo, then there exists a; — 0 such
that M (a;) < M + 1 for each i. So ) is also optimal for the same channel under additional
peak-power constraint M + 1, which is contradict with the conclusion of Theorem 3.4 O

05 T T T T T T T 4

\ al L - gu*(,l) e

I(w?) = 0337 | S — A )R R T /

005 I I I I I I I 0 . .
4 —O0 -2 0 2 g 4 0 2 x 4 6 8 10 T

Real AWGN channel Complex Rayleigh channel

Figure 4: The sensitivity function g,. The illustration at left illustrates the alignment condition for the
real AWGN channel, with p = %(50 + 0_o). The illustration at right shows the alignment condition for
the complex Rayleigh channel, with input distribution symmetric, with magnitude supported on {0,5}. The
channel parameters are shown in (33).

We conclude with examples illustrating the assumptions and conclusions of Theorem 3.4.

Example: Simple input distributions for the real AWGN channel

To place the real AWGN channel within the context of Theorem 3.4 we first perform a
reduction to the case X = R,, just as was done in our consideration of complex channel
models. In this case the input X is interpreted as the magnitude of the channel input.

However, in this model the bound (26) is violated, since the left hand side of (26) is
identically 2. Nevertheless, we show here that the optimal input distribution has only one
point of support (it is a degenerate binary distribution) for certain parameter values.

Take 0’]2\, = 10, 0’% = 10, and set p*2 := §,,. This is the distribution on the magnitude
of X: The associated input distribution for the channel will use £10 with probability %

18



Figure 4 shows the function g,.> and a quadratic function g,-» satisfying g,« < g,+2 on
[~op,op] with g,«(0p) = q,-2(op). It follows that the alignment condition holds for the
convex program with peak power constraint given by M = op. For M > op, the alignment
condition is violated on [~op,op]®. We conclude that p*? is the optimal distribution using
the constraint set M(0%, M,R) with M = op, but u*? is not optimal when M > op.

The mutual information using the binary input distribution is approximately I(u*?) ~
0.337, while the capacity under an average power constraint alone is given by

C(10,00,R) = $In(1 + 0% /0%) ~ 0.347.

In conclusion, we find that restricting the input to be binary results in a capacity loss of
approximately three percent. Similar conclusions are discussed in [37]. O

Example: Binary distributions for the Ricean channel

Consider the Ricean channel (11), normalized with 0%, = 1. The channel discrimination
function may be explicitly computed,

go(x) = (a® + 0%)2” —log(1 +0%2%),  weRy,
and hence,
dlog(go(z)) _ zgp(x) _ a?[(a® + 03)(1 + 0%2?) — o]
dlog@)  go@) L1+ 0%a?)[(@® + 0L)a? — log(1 + o%a?)] )

When 0% = 0 we obtain the complex AWGN channel. In this case the bound (26) is violated
since dlog(go(z))/dlog(z) = 2.

The right hand side is strictly greater than 2, for all 0 < x < oo, whenever 0124 > 0.
Consequently, in this case the bound (26) holds, and the conclusions of Theorem 3.4 also
hold for any M < cc.

Figure 4 shows results from one numerical experiment for the Rayleigh channel model
in which a binary distribution is optimal without a peak power constraint. The channel
parameters are shown in (33), resulting in an SNR equal to 4 (i.e. 6 dB). O

4 Algorithms

We now introduce new classes of algorithms to estimate capacity and construct efficient,
discrete input distributions. All of these algorithms are based upon approximations of the
convex program (5) with an appropriate linear program.

The celebrated Blahut-Arimoto algorithm to compute channel capacity has a simple re-
cursive form which makes it easily implemented when the input alphabet is finite [6, 13].
However, on applying this method to the Rayleigh channel with a discrete input-alphabet, it
was found in [1] that the convergence was “too slow to be useful”.

The algorithms proposed here are motivated by the discrete nature of optimal input
distributions. We find in examples that the convergence is very fast in experiments conducted
using the real or complex AWGN channels, as well as the Rayleigh or Ricean channels.
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4.1 Cutting plane algorithm

We have already seen in Section 3.2 that a relaxation of the expression for I given in Propo-
sition 2.1 may provide insight into the structure of optimal distributions, and even computa-
tional methods. Here we describe a general computational algorithm based on a sequence of
increasingly tight relaxations of (6).

The algorithm introduced here is a special case of the cutting-plane algorithm first pro-
posed in [24]. Modern treatments of the general cutting-plane algorithm may be found in
[9, 3, 17].

Cutting plane algorithm

The algorithm is initialized with an arbitrary distribution pg € M(0%, M, X), and
inductively constructs a sequence of distributions as follows. At the nth stage of
the algorithm, we are given n distributions {uo, 2, ..., n—1} C M(c%, M,X).
We then define,

(i) The piecewise linear approximation,

In(p) = min_ (4, 9u),  neM. (27)

(ii) The next distribution,
pin, = argmax{I,(p) : p € M(ch, M,X)}. (28)

From Proposition 2.1 it is evident that I,,(u) > I(u) for all p € M.
The optimization problem (28) is equivalently expressed as the solution to the linear

program,
max C
sete (gu) = 6 (29)
0 < i<n—1,
p € Mok, M,X).

We note that the linear program (29) is finite-dimensional only when the cardinality of X is
finite.

We let (¢, pir,) denote the optimizer of (29). The algorithm is convergent under a peak
power constraint:

Theorem 4.1 Suppose that (A1)-(A5) hold and M < oco. Then, the cutting-plane algorithm
generates a sequence of distributions {y, :n > 1} C M(0%, M, X) such that

(i) pn — p* weakly, as n — oco;

(i) (1n) — 1(1*) = C(oh, M, X);
(iii) ¢1 > g > 3. — I(p*);
(

iv) pyn can be chosen so that it has at most n + 1 points of support for each n > 1.
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PrROOF Because M is a compact set, there exists a subsequence {py, } that converges
weakly to some distribution g, € M. We show here that ps is the optimal distribution.
From the definitions (27) and (28), we obtain for all k, all i < k, and all u

By (A5), we have

Gpim, () = guo (@) uniformly on XN [-M, M]. (31)

Hence <,Unk — Hny, .g/.lnl> I 0, as i, k — oo.
The function I is a continuous function on M(a%, M, X), by Proposition 2.2. Hence, from
(30) and (31) we obtain

I(poo) 2 I(p), for any p € M(ap, M,X). (32)

S0 fieo = p* is optimal and both I(py,) and I, (py) converge to I(p*).
The proof of part (iv) is similar to [2, Thm. 2.2, 2.5], and can be found in other linear
programming books as well . O

Example: Real AWGN channel

Figure 5 shows results from one experiment for the real AWGN example, where J?D =10, 012\, =
10 and X = [-10,—9,...,9,10]. The state space was taken finite to facilitate computation.
Some of these numerical results are surprising:

(i) When M = oo, the optimal distribution is Gaussian. One might expect that p* on
the twenty-one point state space X would approximate this continuous distribution.
However, the results shown in Figure 5 show that the optimal distribution is sup-
ported on only five of these twenty-one points in X. On these five points, the optimal
distribution takes the form of a Gaussian distribution.

(ii) Figure 5 indicates that the optimal distribution p* on X very nearly achieves the
same mutual information as the optimal Gaussian distribution on R, even though p*
is far simpler.

(iii) It is found in this example that convergence of mutual information, as shown at left
in Figure 5, is far faster than convergence of the distributions shown at right. This
is again explained by the fact that a large family of distributions are nearly optimal
for the AWGN channel with these parameters. O

Example: Complex channel models

We conclude this subsection with several numerical examples for the complex AWGN, Rayleigh
and Ricean channels.

To facilitate computation we take X finite as in the previous example, so that the linear
program (29) is finite dimensional for each n. We take

X:= {07172737475}7 M:5, 0",2420']2\[:1, and 0'%3:4 (33)

In each case, the signal to noise ratio is 6 dB.
From the numerical results provided below we arrive at the following conclusions:
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Figure 5: Real AWGN Channel: Convergence of the cutting-plane algorithm on M(10, 10, X). Although
the optimizing distribution over this alphabet is supported on just five points, the achieved capacity is very
nearly equal to the Shannon capacity C(10, 00, R).
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Figure 6: Complex AWGN Channel: Convergence of the cutting-plane algorithm on M(4,5,X). The
achieved capacity is again nearly equal to the upper bound C(4, co, R).

(i) In each experiment, for each of the three models, the mutual information I(u,,), and
the upper bound ¢, converge rapidly to a common value.

(ii) In Figure 6 we find that the convergence is slowest for the complex AWGN channel,
where the optimal input distribution shows greater complexity than seen in the
Ricean or Rayleigh channels.

(iii) In Figure 7 we see that the sequence of distributions {u,} obtained for the Rayleigh
channel converges to a three-point distribution in just six iterations. Figure 8 shows
that convergence is slightly slower for the Ricean channel.

(iv) Generally, the convergence of the input distributions is slower than the convergence
of mutual information. This suggests that the directional derivative of mutual infor-
mation may be small in certain directions.
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Figure 7: Rayleigh Channel: Convergence of the cutting-plane algorithm on M(4, 5, X).
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Figure 8: Ricean Channel: Convergence of the cutting-plane algorithm with constraint set M (4, 5, X).

4.2 Computation of the optimal input alphabet

Although the cutting-plane algorithm is convergent even in the infinite dimensional setting in
which X is continuous, a finite dimensional algorithm is needed in any practical application.
This is the reason that the input alphabet was taken to be fixed and finite in each of the
numerical examples described in Section 4.1.

In this section we introduce an extension of the cutting-plane method to construct the
input alphabet X. Given an initial finite alphabet Xy, a sequence of finite alphabets {X,, :
n > 0} is obtained by induction, each a subset of a closed interval [—M, M]. At the nth state
of the algorithm, the optimal input distribution u, on X,, is obtained using the cutting-plane
algorithm introduced in Section 4.1. The details of this procedure are described as follows:

Steepest-ascent cutting-plane algorithm

The algorithm is initialized with a finite alphabet Xq C X, together with a dis-
tribution pg € M(J%,M ,Xo). At the nth stage of the algorithm, we are given
n distributions {0, po, ..., ftn—1} C M(0%, M,X), and an input alphabet X,_1.
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The next distribution and input alphabet are then defined as follows:

(i) The nth piecewise linear approximation,

In(u) = Oglgg—l(gm”u% H € M . (34)

(ii) The next distribution,
pin = argmax{Ly(n) : p € M(0p, M, X)}. (35)
(iii) The new alphabet X,,11 = X;, U {xy,+1}, where
Tpy1 = argmax{g,(z) — rpz? : |z| < M,z € X}, (36)

9n () := gu, (v), and 7, is the associated Lagrange multiplier obtained in
the solution of (35).

The algorithm is convergent for models with finite peak power constraint:

Theorem 4.2 Suppose that (A1)-(A5) hold and M < oo. Assume moreover that F :=

2.1 : : :
sup,1 2epm F (u”; pt) < 0o. Then the steepest-ascent cutting-plane algorithm has the following
properties:

() T(n) 1 Clo% M, X), 11— 0.
(il) pp — p* weakly, as n — oco.
(iii) r, — r, where r is the Lagrange multiplier given in (22).

PRrROOF Let L(p,r):=I(n) — r{p, @), for pw € M, r > 0, and for each n > 0 define two
functions on the interval [0, 1],

Sn+1(0) = L((1 = 0)pn + 005,.1,70) — L(pn, mn)
?L-i—l(e) = L((l - H)Nn + H,Un-i-larn) - L(Nnarn)y 0<60<1.

We set &, = S,,(0) for n > 1. From the definition of z,,1; and the derivative formula (18)
we have,

En—i—l = <6xn+1 — MUn>Gn — Tn¢> = sup (N — Hn,Gn — Tn¢> (37)
HEM

Applying Proposition 2.9 (ii), we see that to prove (i) it is enough to show that &, — 0
as n — oo.
For each 6 € [0, 1] we have

(1= 0)ptn + 004, € Xni1.

Consequently, by optimality of j,4+1 we must have L((1 — 6)uy + 6064, ,,7mn) < L(tnt1,7mn),
and hence as shown in Figure 9, we have

sup Spt1(0) < eng1 = I(pn+1) — I(pn) n > 0. (38)
0<6<1
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Figure 9: Convergence of the steepest-ascent cutting-plane algorithm.

Since {I(un) : m > 0} is a bounded increasing sequence, it follows that €, is a summable
sequence. In particular, €, — 0 as n — oo. Consider then the Taylor series expression, for
any given 6 € [0, 1],

Sn+1(8) = Sn41(0) + 65,41 (0) + 3657, (6)
where 6 € (0,6). From the definitions and Proposition 2.6 we have
S0i1(0) =0, S41(0) = Ensr, and |SL,,(0)] < F.
Since we assume F' is bounded, this combined with (38) gives the following bound,
Eny1 <0 Hepp1 + FO?], 0<6<1.

The best bound is obtained on setting § = \/e,,1/F, which is less than one for sufficiently
large n. We thus obtain, for n > 0 sufficiently large,
En+1

Ent1 < 7

This proves part (i).
To prove part (ii), suppose that {n;} is subsequence of {1,2,3,...} and that u is a
distribution on X such that

Ln; — Moo Weakly, as n — 00.

Then by part (i) and upper-semicontinuity of I, we have

C(o%, M, X) = lim sup I (pin;) < I(pioo)-

1—00

By the uniqueness of p*, we obtain ps = p*. This proves part (ii). To prove (iii), note that
from (37), we have

<:u — Hn>,Gn — Tn¢> < 5n+1 .
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As n — oo, suppose 1, — T, We have

(N - N*qu* - Too¢> < 07

that is
9u~ < \Ij('r'oo) + Too¢-

From the Kuhn-Tucker condition, we know ro, = r is the Lagrange multiplier given in (22).
(|

Intuitively, the steepest-ascent cutting-plane algorithm attempts to distort the peak of the
sensitivity function g, downwards so that it will fall below a quadratic function. In the special
case where 0'12D = 00, the algorithm attempts to impose an alignment condition between g,
and some constant function on [—M, M|, where the constant corresponds to channel capacity.

Observe that the size of the input alphabet grows linearly with n. Consequently, the
complexity of each iteration grows since the cutting-plane algorithm is more complex for larger
input alphabets. However, if the algorithm is modified by discarding points with negligible
probability, then the complexity of the algorithm may be bounded. This is illustrated in the
following example.

gu

11 T T T T T T T T T 11

Step 2

09 09f —— I(p)

08 - 08 -

07 |

07 |

06 [

05 - 05
11 11
Step 3 Step 4
1 q 1F
09 | 4 09 |
08 | 4 08 |
07 - 4 07 -

05 L L L L L L L L L 05

Figure 10: Convergence of the steepest-ascent cutting-plane algorithm for the Rayleigh channel. It is seen
that the alignment condition, and hence an optimal distribution is obtained after only two steps. The optimal
distribution has three points of support, located at the points where g, reaches its upper-bound, as shown in
Steps 2-4 above.
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Example: Steepest-ascent for the Rayleigh channel

Recall that this is given by V = AU + N, with A and N mutually independent, circularly-
symmetric complex Gaussian random variables. In our analysis and numerical results we
consider the equivalent real channel whose transition density is shown in (12). The input
and output are non-negative in the equivalent real channel, since each represents the scaled
magnitude of their complex counterpart.

We first show that the conditions of Theorem 4.2 hold in this special case. Recall that
properties (A1)-(A5) were established for the Rayleigh channel in Proposition 2.5. Hence it
is enough to show that F is finite. This follows directly from (12):

pyle?)  _ [ plyle)p®(de)
p(ylpt) J p(ylz)pu' (dz)
[ exp(s i)t (da)

J i exp(—y)u?(dz)

which is bounded. Consequently, the algorithm is convergent by Theorem 4.2.

Figure 10 shows numerical results from one experiment using the steepest-accent cutting-
plane algorithm for this model with X = R, and the peak power constraint |X| < M = 10.
The algorithm was initialized with a binary distribution {0,10} with 0.2 = P(X = 0) =
1—P(X =10).

It appears from the figure that the algorithm converges to an optimal distribution sat-
isfying the required alignment condition on the interval [0, M] in just one iteration. The
distribution p* obtained in Step 2 has only three points of support {0, z*, 10} where z* is
equal to the point at which g, achieves its maximum on (0, 10).

In fact, at steps 3 and 4 there are respectively 2 and 3 points clustered around the point
xz*. However, the mutual information is essentially unchanged in iterations 3 and 4. O

5 Conclusions

In many cases it is possible to construct a simple, discrete distribution that performs nearly
optimally in channel coding. This paper has developed this principle through theory and
numerical examples and moreover, these basic theoretical results provided motivation for
new algorithms to compute capacity-achieving input distributions based on the cutting-plane
method.

Several extensions are currently under investigation. In particular,

(i) We believe that the results described here will provide new methodology for signal
constellation design in a range of applications, such as multiple-antenna models.
Even in simple settings, these designs may be far more effective in realistic channel
environments when compared with current approaches such as QAM.

(ii) We have recently discovered that the techniques introduced in this paper may be
extended to optimization of the associated error exponent for a given target-capacity
in general channel models [21].

(iii) The duality theory developed in the recent papers [14, 12] strongly suggests that
extensions of the algorithms introduced here will also be effective in lossy data com-
pression.
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(iv) The algorithms described in this paper are applied to robust hypothesis testing and
model selection in [31, 32, 33]. Extensions of the cutting-plane method based on
stochastic approximation for decentralized detection are also described.

(v) Finally, with a deeper understanding of the sensitivity of mutual information with
respect to various parameters we expect to achieve a deeper understanding of the
impact of channel uncertainty and channel variation on capacity. Such insights may
also lead to refinements of the algorithm considered here. Bounding techniques such
as those employed in [29] will likely prove useful in this analysis.

Acknowledgment Prof. M. Medard at MIT provided numerous suggestions for extending
this research, as well as many useful references. The associate editor Prof. Amos Lapidoth
and the anonymous reviewers also provided invaluable feedback. The authors gratefully

acknowledge this inspiration and support.

References

[1] I.C. Abou-Faycal, M.D. Trott, and S. Shamai. The capacity of discrete-time memoryless

Rayleigh-fading channels. IEEE Trans. Inform. Theory, 47(4):1290-1301, 2001.

[2] E.J. Anderson and P. Nash. Linear programming in infinite-dimensional spaces. Wiley,

New York, 1987.

[3] D.P. Bertsekas. Nonlinear programming. Athena Scientific, Belmont, Massachusetts,

1999.

[4] E. Biglieri, J. Proakis, and S. Shamai. Fading channels: information-theoretic and

communications aspects. IEEE Trans. Inform. Theory, 44(6):2619-2692, 1998.

[5] P. Billingsley. Convergence of probability measures. Wiley Series in Probability and
Statistics: Probability and Statistics. John Wiley & Sons Inc., New York, second edition,

1999. A Wiley-Interscience Publication.

[6] R.E. Blahut. Computation of channel capacity and rate-distortion functions. IEEFE

Trans. Inform. Theory, 18(4):460-473, 1972.

[7] R.E. Blahut. Hypothesis testing and information theory. IEEE Trans. Inform. Theory,

20(4):405-417, 1974.

[8] R.E Blahut. Principles and Practice of Information Theory. McGraw-Hill, New York,

1995.

[9] S. Boyd and L. Vandenberghe. Convex optimization. Monograph available on-line at

http://www.stanford.edu/ boyd/cvxbook.html, 2003.

[10] T.H. Chan, S. Hranilovic, and F.R. Kschischang. Capacity-achieving probability measure
for conditionally Gaussian channels with bounded inputs. to appear on IEEE Trans.

Inform. Theory.

28



[11]

[12]

[13]
[14]

R. Chen, B. Hajek, R. Koetter, and U. Madhow. On fixed input distributions for
noncoherent communication over high SNR Rayleigh fading channels. IEEE Trans.
Inform. Theory, 50(12):3390-3396, 2004.

M. Chiang and S. Boyd. Geometric programming duals of channel capacity and rate
distortion. Submitted to IEEE Trans. Inform. Theory, 2002.

T. Cover and J. Thomas. Elements of Information Theory. Wiley, New York, 1991.

T. M. Cover and M. Chiang. Duality between channel capacity and rate distortion
with two-sided state information. IEEE Trans. Inform. Theory, 48(6):1629-1638, 2002.
Special issue on Shannon theory: perspective, trends, and applications.

R.G. Gallager. Information Theory and Reliable Communication. Wiley, New York,
1968.

R.G. Gallager. Power limited channels: Coding, multiaccess, and spread spectrum.
In R.E. Blahut and R. Koetter, editors, Codes, Graphs, and Systems, pages 229-257.
Kluwer Academic Publishers, Boston, Mass, 2002.

J.-L. Goffin and J.-P. Vial. Convex nondifferentiable optimization: a survey focused on
the analytic center cutting plane method. Optim. Methods Softw., 17(5):805-867, 2002.

M.C. Gursoy, H.V. Poor, and S. Verdu. The noncoherent Rician fading channel - part i:
Structure of capacity achieving input. to appear on IEEE Trans. Wireless Communica-
tion.

M.C. Gursoy, H.V. Poor, and S. Verdu. The noncoherent Rician fading channel - part
ii: Spectral efficiency in the low power regime. to appear on IEEE Trans. Wireless
Communication.

J. Huang and S. Meyn. Characterization and computation of optimal distributions for
channel coding. In Proceedings of the 87th Annual Conference on Information Sciences
and Systems (CISS), March 2003.

J. Huang, S. P. Meyn, and M. Medard. Error exponents for channel coding and signal
constellation design. In IEEFE International Symposium on Information Theory, 2004.

M. Katz and S. Shamai. On the capacity-achieving distribution of the discrete-time
non-coherent additive white Gaussian noise channel. In IEEFE International Symposium
on Information Theory, page 165, 2002.

M. Katz and S. Shamai. On the capacity-achieving distribution of the discrete-time non-
coherent additive white Gaussian noise channel. In 2002 IEEFE International Symposium
on Information Theory, page 165, 2002.

J.E. Kelley, Jr. The cutting-plane method for solving convex programs. Journal of the
Society for Industrial and Applied Mathematics, 8(4):703-712, 1960.

A. Lapidoth and S.M. Moser. Capacity bounds via duality with applications to multiple-
antenna systems on flat-fading channels. IEEE Trans. Information Theory, 49(10), Oct.
2003.

29



[26]

[27]
[28]

[29]

[30]

[31]

A. Lapidoth and S. Shamai. Fading channels: how perfect need “perfect side informa-
tion” be? IEEE Trans. Inform. Theory, 48(5):1118-1134, 2002.

D.G. Luenberger. Optimization by Vector Space Methods. Wiley, New York, 1969.

T.L. Marzetta and B.M. Hochwald. Capacity of a mobile multiple-antenna communica-
tion link in Rayleigh flat fading. IEEE Trans. Inform. Theory, 45(1):139-157, 1999.

M. Medard. The effect upon channel capacity in wireless communications of perfect and
imperfect knowledge of the channel. IEEE Trans. Inform. Theory, 46(3):933-946, 2000.

R. Palanki. On the capacity-achieving distributions of some fading channels. In Proceed-
ings of 40th Allerton Conference on Communication, Control, and Computing, 2002.

C. Pandit and S. P. Meyn. Robust measurement-based admission control using Markov’s
theory of canonical distributions. Submitted for publication. Preliminary version in the
Proceedings of the Conference on Information Sciences and Systems (CISS), 2003, 2003.

C. Pandit and S. P. Meyn. Extremal distributions and worst-case large-deviation bounds.
Submitted for publication. Preliminary version in the Proceedings of the International
Symposium on Information Theory (ISIT), 2003, 2004.

C. Pandit, S. P. Meyn, and V. V. Veeravalli. Asymptotic robust Neyman-Pearson hy-
pothesis testing based on moment classes. Submitted for publication. Preliminary version
in the Proceedings of the International Symposium on Information Theory (ISIT), 2004,
2005.

J.G Proakis. Digital Communications. McGraw-Hill, New York, 1995.

J.S. Richters. Communication over fading dispersive channels. Technical Report 464,
MIT Res. Lab Electron., Nov. 30, 1967.

S. Shamai and I. Bar-David. The capacity of average and peak-power-limited quadrature
Gaussian channels. IEEE Trans. Inform. Theory, 41(4):1060-1071, 1995.

S. Shamai and S. Verdu. Worst-case power-constrained noise for binary-input channels.
IEEE Trans. Inform. Theory, 38(5):1494-1511, 1992.

C. E. Shannon. A mathematical theory of communication. Bell System Tech. J., 27:379—
423, 623-656, 1948.

J.G. Smith. The information capacity of amplitude and variance-constrained scalar
Gaussian channels. Inform. Contr., 18:203-219, 1971.

S. Verdu. On channel capacity per unit cost. IEEE Trans. Inform. Theory, 36(5):1019—
1030, 1990.

Sriram Vishwanath and Andrea Goldsmith. A duality theory for channel capacity. In
Proceedings of 41th Allerton Conference on Communication, Control, and Computing,
2003.

30



