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Clarity

I think what you’ll find,

I think what you’ll find is,

Whatever it is we do substantively,

There will be near-perfect clarity

    As to what it is

And it will be known,

And it will be known to the Congress,

And it will be known to you,

Probably before we decide it, 

    But it will be known.

 -D.H. Rumsfeld

 Feb. 28, 2003, Department of Defense briefing

See The poetry of D.H. Rumsfeld, 2003



AssumptionsAssumptions

. Φ is a Markov chain on a polish state space X

. One step transition kernel,

P(x, A) = P{Φ(t+1) ∈ A | Φ(t) = x}, x ∈ X, A ∈ B

. It is ψ-irreducible: For any A ∈ B,

ψ(A) > 0 ⇒
∞∑

t=0

P t(x, A) > 0, x ∈ X

. The assumptions to be imposed will imply that

an invariant distribution π exists,

πP = π



QuestionsQuestions

. When is there a spectral gap?  A discrete spectrum?

What can we learn from eigenfunctions and eigenvalues?

. Can we approximate by a finite state space

Markov chain?  So what?

. Applications to LDP theory, ....



Existence of πExistence of π

These formal operations are justified 
under a Lyapunov drift condition

P1 = 1 ⇒ [I − (P − s ⊗ ν)]1 = s

⇒ 1 = [I − (P − s ⊗ ν)]−1
s

πP = π ⇒ π[I − (P − s ⊗ ν)] = δν (δ = π(s))

⇒ π = δν[I − (P − s ⊗ ν)]−1

P ≥ s ⊗ νStrong aperiodicity: (for simplicity)



f-Norm ergodic theoremf-Norm ergodic theorem

Condition (V3):  For some 

⇒ [I − (P − s ⊗ ν)]V ≥ W − bs

⇒ [I − (P − s ⊗ ν)]−1W ≤ V + b

π exists, with π(W ) < ∞

Ex[f(Φ(t))] → π(f),

whenever f is bounded by W .

V, W : X → [1,∞), b < ∞,

AV
∆
= PV − V ≤ − W + bs , P ≥ s ⊗ ν



V-uniform ergodic theoremV-uniform ergodic theorem

Condition

Recall,

(V4):  For some 

, P ≥ s ⊗ νAV
∆
= PV − V ≤ −δV + bs

V : X → [1,∞), δ > 0, b < ∞

LV
∞ =

{

f : ‖f‖V
∆
= sup

x∈X

|f(x)|

V (x)
< ∞

}

P : LV
∞ → LV

∞ under any of the drift criteria



V-uniform ergodic theoremV-uniform ergodic theorem

[ I − (P − sz ⊗ ν)]−1

|||P t − π|||
∆
= sup

‖f‖V =1

(

‖P tf − π(f)‖VV

)

→ 0

Condition (V4):  For some 

, P ≥ s ⊗ νAV
∆
= PV − V ≤ −δV + bs

V : X → [1,∞), δ > 0, b < ∞

is bounded under (V4) z ∼ 1, z, ∈ C

Recently: Exact LDP asymptotics for sample-path averages

Kontoyiannis & M. ‘03



Drift condition of Donsker & Varadhan

The nonlinear generator is defined by, H(F) = log(PeF ) − F

H(V ) ≤ −W + bs

Condition (DV3):  For some V, W : X → [1,∞), b < ∞,

, P ≥ s ⊗ ν

This is a relaxation of D&V’s conditions

(DV3) implies an exact LDP, in a neighborhood of the mean,
for functions dominated by W

Under a density assumption, the LDP is global, and the
rate function is identified as relative entropy

Kontoyiannis & M. ‘03



Drift condition of Donsker & Varadhan

Condition (DV3):  For some V, W : X → [1,∞), b < ∞,

H(V ) ≤ −W + bs ⇐⇒ PeV ≤ eV −W+bs

Example: The Ornstein-Uhlenbeck process

X(k + 1) = (k + 1)AX(k) + BW k ≥ 0

Assume ΣW > 0 thand, , , e pair (A, B) is controllable,

so that π has a density

∣

∣

∣λi(A)
∣

∣

∣ < 1

V (x) = 1 + δ1‖x‖
2 W (x) = 1 + δ2‖x‖



Finite approximations for P

Q(x, dy) =
n∑

i=1

si(x)νi(dy) , x, y ∈ K.

,

Suppose that P has a continuous density,

P(x, dy) = p(x, y)ψ(dy) , x, y ∈ X

On compact sets we can approximate,

|||P − Q|||v < εDo we have ?

Can we assume that Q is a transition kernel?

p(x, y) ≈
n∑

i=1

si(x)pi(y)

(for simplicity)



Finite approximations for P

|||P − Q|||v < ε

Yes!

we have

 We CAN assume that Q is a transition kernel

Suppose that V, W : X → [1,∞) are continuous with

compact sublevel sets.

Suppose there exists b < ∞, satisfying (DV3):

H(V )
∆
=  log(PeV ) − V ≤ −W + b

Then, for any ε > 0, there exists r ≥ 1 and a finite

approximation on

K = {x : W (x) ≤ r}.

= O(ε)

(for simplicity)

sup
t≥1

|||P t − Qt|||v



Dynamics for Q Q(x, dy) =
n∑

i=1

si(x)νi(dy)

P{Ψ(1) ∈ A | I(0) = i} = νi{A},  

A realization of the Markov chain Ψ under Q :

Process is a randomized function of a chain I on  {1, . . . , n}

Ψ(0) = x s(x) = [s1(x), . . . , sn(x)]T

P{I(0) = i} = si(x)

P{I(1) = j | Ψ(0), Ψ(1)} = sj(Ψ(1))

A ∈ B, i = 1, . . . , n



Dynamics for Q Q(x, dy) =
n∑

i=1

si(x)νi(dy)

The process I(k) is a Markov chain on {1, . . . , n}

Its transition law:

P{I(k) = j | I(k−1) = i} = νi(sj) , i, j ∈ {1, . . . , n}

The finite chain serves as a sufficient statistic

P{Ψ(k) ∈ A | I(k−1) = i,Ψ(0),. . . ,Ψ(k−1)} = νi(A)

 Anything that is true for I is also true for Ψ

Conclusion:  

and, with a bit more effort, true for Φ



Spectral theory for Q  Spectral theory for Q  

Q has ≤ n eigenfunctions {h1, . . . , hn} ⊂ span {s1, . . . , sn}

≤ n eigenmeasures {µ1, . . . , µn} ⊂ span {ν1, . . . , νn}

P has a finite spectrum within the region

Bε = {z ∈ C : |z| ≥ ε},

and eigenvectors are approximated by those of Q

In particular,
P t → 1⊗ π

Qt → 1⊗ $

with ‖π − $‖v = O(ε).



Metastability &

Px

{

exp

(

β(Texit − T )

)

| Texit > T

}

= +

Exit time        Texit

The exit time from a positive set     is 
approximately exponentially distributed:

MGF for exponential rv

Quasi steady-state on 

x

E [f(Φ(T)) | Texit > T ] = π̌(f)  +

E(x, T )

x E(x, T )

S+

S+

S+ = connected component of {h > 0}

E(x, T ) = O

(

v(x)h(x)−1e−cT
)

Huisinga M. Schuette ‘03

In continuous time,

PP tthh == ee−−ΓΓtthh

Γ > 0, h is the second eigenfunction

Γ

Γ − β

S+



LDP Theory for Q Q(x, dy) =
n

∑

i=1

si(x)νi(dy)

Fo

Convex dual gives exact LDP bounds

r any F ∈ LW
∞ satisfying ‖F‖W < δ, consider the

positive matrix,

D(i, j) = νi(e
F sj)

n
∑

i,j=1

si(x)D
T(i, j) = E

[

exp

( T
∑

t=1

F(Ψ(t))

)]

Ψ(0) = x

Representation of moment generating function:

ΛQ(F) = lim
1

T
log

(

Ex

[

exp

( T
∑

i=1

F(Ψ(i))

)])

, x ∈ X

Miller ‘61



LDP Theory for P

For any F ∈ LW
∞ satisfying ‖F‖W < δ ΛQ(F) ≈ ΛP (F)

For non-lattice functions, any c > π(F), and all x ∈ X,

Px

{n−1
∑

t=0

F(Φ(t)) ≥ nc

}

∼
f̌a(x)

a
√

2πnσ2
a

e−nJ(c), n → ∞,

a ∈ R is chosenwhere such that d
da

Λ(aF) = c,

f̌a(x) is an eigenfunction for If P

σ2
a = d2

da2 Λ(aF)

J(c)  

a

The exponent       may be identified as relative 
entropy  ( it is also the dual of Λ )
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Kontoyiannis & M. ‘03



The three-well potentialThe three-well potential

x

-5 5

5

U(x)

The Smoluchowski equation

dX = −1

γ
∇U(X) dt +

σ

γ
dW

V (x) = eηU(x) solves (DV3)

Invariant distribution with density

where κ = 2γ/σ2 is the inverse temperaturetemp e

p(x) = γe−κU(x)





Residual life distributionsResidual life distributions
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