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Abstract

We present a novel ABR congestion control algorithm which is adaptive to changing network condi-
tions and robust to network delays. The algorithm is also easy to implement, as it only requires a single
design parameter, and no centralized knowledge about the status of the network. Further, max-min
fairness and queue length stability under MCR and PCR constraints are automatically achieved without
requiring any additional computation or tuning of the parameters.

1 Introduction

Asynchronous Transfer Mode (ATM) technology is intended to support a variety of services and applications.
Performance of an ATM network is fundamentally linked to the ability of the network to provide Quality
of Service (QoS) differentiation for different network applications. For that, a set of five different service

categories are specified by the ATM Forum [1]:

e Constant Bit Rate (CBR): This service category is used by connections that request a static amount
of bandwidth that is continuously available during the connection lifetime. Telephone and television

use this service.

e Variable Bit Rate (VBR): The cell rate is variable and is mainly intended for bursty sources. This

service can be real-time VBR (video conferencing) or nonreal-time VBR (multimedia e-mail).

e Available Bit Rate (ABR): In this service category, the cell rate depends on the availability of the
network. It is basically designed for bursty traffic whose bandwidth range is known roughly. A rate
control mechanism is specified by the ATM Forum. Examples of this service category include browsing

the Web and e-mail.

e Unspecified Bit Rate (UBR): This category uses the leftover network capacity. UBR service does not

specify traffic-related service guarantees. Background file transfer uses this service.
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e Guaranteed Frame Rate (GFR): This service category is intended to support non-real-time applications
requiring a minimum rate guarantee. It does not require adherence to a rate control protocol. An

example application is frame relay interworking.

In principle, any UBR or GFR application can take advantage of the ABR flow control protocol to achieve
a low cell loss ratio. Thus, the network traffic generated by various sources can be thought of as composed
of CBR, VBR and ABR connections only.

When a virtual circuit (VC) is established between a source and a destination, both the customer (source)
and the carrier (switch) must agree on a contract defining the Quality of Service (QoS). The ATM Forum

defines three QoS parameters:

e Cell Delay Variation (CDV): The QoS parameter CDV describes the variability in the pattern of cell

arrivials with reference to the negotiated peak rate.

e Maximum Cell Transfer Delay (maxCTD): The maxCTD for a given connection is specified in terms
of the probability density function of Cell Transfer Delay (CTD). Any cell delivered maxCTD after its

transmission is assumed to be late or lost.

e Cell Loss Ratio (CLR): The Cell Loss Ratio is defined for a connection as:

Lost Cells

LR =
CLR Total Transmitted Cells

All ATM service categories attempt to minimize CLR by reducing network cell losses to an acceptable
level. In CBR and VBR services, a traffic contract specifying the CDV and maxCTD guarantees is negotiated
during the virtual circuit setup phase and is maintained for the duration of the connection. The ABR
service, on the other hand, does not require bounding the delay or the delay variation experienced by a given
connection. Therefore, with CBR and VBR traffic, it is generally not possible for the source to decrease its
rate, even when an intermediate switch becomes congested, because of the QoS guarantees made at VC setup
time. However, ABR sources might adjust their rates to the level of available service at times of congestion.
Thus, ABR traffic can be used to control congestion in the network.

About four years ago, the ATM Forum adopted a rate-based congestion control scheme for the ABR
service [1]. In this scheme, explicit rate control messages are sent from intermediate nodes to the sources
using special cells called Resource Management (RM) cells. The goal of this congestion control mechanism
is to fairly share the bandwidth left over from high-priority traffic (CBR and VBR) among the ABR sources
while making sure that the links throughout the network are fully utilized.

Although the rate-based congestion control schemes are standardized, developing good explicit rate com-
putation algorithms is still an open issue. As the link speeds continue to rise, the delay-bandwidth product
(i.e., the product of the round-trip propagation delay and the link capacity) increases. An issue of impor-
tance that arises in this context is how to deal with action delays, which is the time from the moment control
information is sent to a source, until an action is taken by it, and until subsequently that action affects the

state of the switch that initiated that command.



In designing rate control algorithms, another challenge is posed by the traffic characteristics of the
network. The term connection lifetime refers to the duration of a switched virtual connection (SVC). ABR
sources can only initiate SVC’s, as the permanent virtual connections (PVC) are reserved for CBR and VBR
services [1]. Some SVC’s may have a shorter connection lifetime than the smallest round-trip delay in the
network. Such connections are said to be short-lived. It is hard, if not impossible, to exercise any control over
these type of connections, as by the time the feedback information is received by the sender, the transmission
process is already over. This fact manifests itself in the network traffic as frequent bursts, which makes it
difficult to predict the exact number of ABR sources at a given instant.

In this paper, we introduce a control-based mathematical model that helps us address these design issues.
Our initial modeling assumption is that of a single ATM switch shared by a number of ABR sources. We
assume that the ATM switch design uses output queueing, in which the cells destined to the same output
line are queued on a finite-size output buffer, and are served on a FIFO (First In First Qut) basis at a rate
available to the ABR traffic. We propose a robust adaptive congestion control algorithm, which requires
only the knowledge of the maximum round-trip network delay and the maximum number of simultaneous
connections. We assume that the switch keeps track of the queue length, available service rate, and incoming
cell rate at each one of its output lines. We show that if the gain of the proposed controller is picked
properly, our algorithm achieves max-min fairness along with queue length stability, despite inaccuracies
in the knowledge of actual number of ABR sources and their corresponding round-trip delays. Finally, we
present some simulation results to support and illustrate the approach taken.

Several other types of ABR congestion control designs have been considered. We briefly summarize
these here to compare and contrast them with our approach. The simplest feedback control mechanism is
called rate matching. In rate matching, the node measures the average rate available to ABR sources at
periodic intervals and simply divides a fraction of this capacity equally among the various users. This is
the basic approach used in [2], although several modifications are used in the actual implementation. The
main advantage of this scheme is its simplicity, but it is difficult to control queue length optimally to avoid
buffer overflows. However, this scheme is stable (i.e., the queue length remains bounded in an appropriate
stochastic sense [3]). Queue length information is not used in the basic algorithm, although [2] allows one
to incorporate queue length information in an ad hoc manner. Alternatively, this problem can be viewed
as a feedback control problem where queue length is used for explicit feedback. This approach is used in
[4] - [5] to study this problem using classical control techniques or using a state-space approach. As in rate
matching, the primary goal is not optimality, but simply queue length stability. In these approaches, the
available bandwidth to ABR sources is treated as an unmodeled disturbance. Thus, the algorithms in [4]
- [5] ensure stability in the presence of this disturbance, but do not address the issue of performance. In
a recently published work [6], a closed-loop proportional-derivative controller is proposed, which achieves
max-min fairness plus queue length stability, but the design falls short of addressing the issue of robustness
against uncertainty in delays.

This paper is organized as follows. In the next section, we describe the ATM ABR service in detail. The

mathematical model of an ATM switch is given in Section 3. In Section 4, we present the robust adaptive



algorithm, and the analysis of the algorithm is carried out in Section 5. In Section 6, we present some

simulation results, and the paper ends with the concluding remarks of Section 7.

2 Available Bit Rate Service
2.1 Flow Control Model for ABR

In the ABR service, the source adapts its rate to changing network conditions. As mentioned in the intro-
duction, information about the state of the network, such as bandwidth availability, state of congestion, and
impending congestion, is conveyed to the source through special control cells called RM cells. ABR flow
control occurs between a source and a destination, which are connected via bi-directional links. The forward
direction is the direction from the source to the destination, and the backward direction is the direction from
the destination to the source.

A source generates forward RM cells every Nrm data cells, where Nrm is generally taken to be 32. These
cells travel along the same path as the data cells but are treated specially by the switches along the way

(Fig. 1). The switch may:

e Directly insert feedback control information into RM cells by using the Explicit Rate (ER) field of RM

cells.

e Provide binary feedback by marking the Congestion Indication (CI) or No Increase (NI) bit in the RM

cells.

e Indirectly inform the source about congestion by setting the Explicit Forward Congestion Indication
(EFCI) bit in the data cell header, and rely on the destination to convey congestion information back

to the source by marking the CI bit in the backward RM cells it generates.

e Spontaneously generate backward RM cells and ship them back to the source.
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Figure 1: ABR traffic management model.

Note that Fig. 1 is only a generic representation of the control loop, as there may be more than one switch
between the source and the destination. On the establishment of an ABR connection, the source specifies to
the network both a maximum required bandwidth and a minimum usable bandwidth. These are designated
as peak cell rate (PCR), and the minimum cell rate (MCR), respectively. The MCR may be specified as
zero. The bandwidth available from the network may vary, but should not become less than MCR. Each



ABR source has a current cell rate, allowed cell rate (ACR), which it must modify upon receiving feedback
from the network via RM cells. ACR always falls somewhere between MCR and PCR. When a source sends
out a forward RM cell, it sets the ER field of the RM cell to the rate at which it would currently like to
transmit. As the RM cell passes through the various switches on the way to the destination and back to the
source, those that are congested may reduce the ER. When the source receives the RM cell back, it takes

one of the following actions depending on the settings of the ER field and CI and NI bits.

e When there is no congestion (both CI and NI bits are not set), ACR can be increased (but not above
PCR) by a quantity RIF*PCR, where RIF is the rate increase factor. However, ACR cannot be
increased above the explicit rate specified in the ER field. RIF is negotiated at VC setup phase.

e When a source receives a backward RM cell with CI bit set, it decreases its ACR, (but not below MCR)
by a quantity RDF*PCR, where RDF is the rate decrease factor. However, again ACR of the source
cannot be larger than the explicit rate specified in the ER field. RDF is negotiated in the VC setup
phase.

¢ Finally, when the source receives a backward RM cell with only the NI bit set, it sets its rate to the

minimum of ACR and ER.

This set of functions performed by the source can be summarized as follows:

min {PCR, min {ACR + RIF x PCR,ER}} if CI=0, NI =0
ACR + ¢ max {MCR,min {ACR — RDF x PCR,ER}} ifCI=1
max {MCR, min {ACR,ER}} ifCI=0,NI=1

In explicit rate control RIF = 1, and RDF = 0. This simplifies the source action to
ACR + max {MCR,min {PCR,ER}}

2.2 Performance Criteria

Numerous algorithms have been and are being developed for ATM ABR congestion control. To be able to
study and compare these algorithms on equal grounds, we need to set some performance measures inde-
pendent of the particular algorithm under investigation. The main goal of ABR rate control is to provide
fairness among all VCs with a minimal CLR and maximal utilization of network resources. The latter two of
these objectives can be achieved by regulating the queue length at intermediate switches around a desirable
level. Tracking such a nominal queue length (whose exact value is determined based on QoS requirements)
is desirable in order to avoid losses due to overflow and waste of the buffer capacity due to underflow.
Fairness is an issue that requires more discussion, as it may be hard to visualize what is meant by a
fair allocation in a large network with multiple nodes. The most widely accepted notion of fairness is the
maz-min fairness criterion [7]. Under this criterion, the fair share of a connection contending for a given
link bandwidth should be equal to
a— (u+MCR)

Fair share = MCR,,,
air share CR,, + N — =

1)



Here MCR,,, is MCR of connection m, MCR is the sum of MCRs of active connections, a is the total available
bandwidth for ABR connections on the given link, N is the number of active connections on the link, u is
the sum of bandwidth of connections bottlenecked elsewhere (including those limited by their PCR), and

M™ is the number of such connections.

3 Basic Model of an ATM Switch

Generally, an ATM switch has several input and output lines. The number of input lines is almost always
the same as the number of output lines, because the links are bi-directional. Cells arrive on the input lines
asynchronously, but the switching is done synchronously with the help of a master clock. Each input line
is connected to a common bus, through which the incoming cells are directed to their corresponding output
ports. Most of the commercial ATM switches use output queueing to prevent high cell loss rates. In output
queueing each output line has a finite buffer, where the incoming cells are served on a FIFO (first in, first
out) basis. Associated with each output line, there is an ER controller that suggests a data rate for each
ABR VC.

In what follows we focus on a particular output line of an ATM switch. Other output lines can be treated
in a similar manner. The model we adopt here is a discrete-time model, where a time unit corresponds to
the interval over which the rate available to ABR sources is determined (that is, the interval over which
measurements are made). Further, this measurement interval is assumed to be long enough for the switch
to be able to process several cells —a reasonable assumption if the link speeds are high and packet sizes are
small. This allows us to ignore the cell-level dynamics and model the ABR traffic as a fluid.

Let r(n) denote the total number of cells that arrive in one of the output buffers of an ATM switch in
the interval [n,n + 1), and let a(n) denote the number of cells that depart from this buffer in the same time
interval. Note that a(n) represents the available bandwidth (unused by higher priority traffic, particularly,
CBR and VBR). Denoting the queue length at time n by g(n) we have the evolution

g(n +1) = min {Q, max {0,¢(n) + r(n) — a(n)}} 2)

where () denotes the size of the output buffer.
Let there be a total number of N > 1 connections (sources) switched through the output line under
study, and the number of cells that arrive from source m during time-slot [n,n + 1) be denoted by r,,(n).

Clearly,

In general, 7(n) has two components: 1) The number of cells that arrive from uncontrolled sources, i.e., those
sources which are bottlenecked elsewhere in the network or are limited by their PCR constraints. The ER
controller at this switch has no control over these sources. In other words, the ER field of an uncontrolled
source is either overwritten at some other switch, or is replaced by its PCR value at the source. We denote

this component of r(n) by u(n). 2) The number of cells that arrive from controlled sources, which are



bottlenecked at this switch. The ER fields of RM cells of this type of sources are modified to achieve several
traffic related service guarantees. In addition, we assume that each source, controlled or uncontrolled, has
negotiated a nonnegative MCR with the network, and let MCR,,, denote the MCR of the controlled source
m.

Let there be a total number of M > 1 controlled sources, and the number of cells that arrive from
controlled source m in the interval [n,n + 1) be denoted by r¢, (n). Then, we have the following relation

between r(n), r°(n), and u(n):

r(n) = Y ri(n) + u(n).

Note that the number of controlled sources, M, may not be known to the switch due to the bursty nature
of ABR traffic, but it is reasonable to assume that this number cannot exceed a certain upper bound, M.
To have a feasible problem, we must guarantee that there is enough bandwidth for the controlled sources to

transmit at their minimum cell rates, which requires

M
a(n) —u(n) > Z MCR,, = MCR. (3)

As mentioned in the introduction, it takes time from the moment the ER decision is made by the switch
until an action is taken by a source, and until subsequently that action affects the state of the switch that
initiated the action. Thus, the cell rate of source m at time n, r,,(n), is actually an outcome of an action
taken d,, time units earlier, where d,,, represents the action delay for source m and is taken to be independent

of time n. Thus, we have
rp(n) = MCR,,, + ER(n — d,) 4)

where ER(n) denotes the action of the switch (ER controller) at time n. Without any loss of generality, we

assume that the d,,’s are ordered such that
0<dy <---<dy <d

where d corresponds to the maximum round-trip network delay.

The action delay, d,,, for source m, consists of several components, such as the round-trip propagation
delay, the queuing and processing delays, etc. Although the end-to-end round-trip delay may be known to
the switch as part of the FRTT (Fixed Round-Trip Time) computation performed at VC setup time, we can
still have some error in delay estimates. One source of error is the assumption that the delay is an integer
multiple of the time unit (measurement interval), which may not be true. Further, there is variability in the
delays due to queues in the virtual circuits. Finally, RM cells are generated only every Nrm data cells and
hence, feedback is not instantaneous. Therefore, d,,’s cannot be taken to be known to the switch.

As evident from (1), any calculation of the fair share at the switch requires the knowledge of the number
of controlled connections, M = (N — M*). Due to the bursty nature of ABR traffic, an accurate value of M

may not be known at any time.



Motivated by these observations, we want to develop an ER control algorithm which is robust to uncer-
tainty in action delays, and at the same time adaptive to the number of controlled connections.

We close our account on this section by rewriting the queue dynamics (2) in a more convenient form:

d
g(n +1) = min{ @, max < 0,q(n) + MCR + Z mrER(n — k) + u(n) — a(n)
k=0

where my, denotes the number of controlled sources having &k units of action delay.

4 The Algorithm

In order to focus on the derivation of the robust adaptive algorithm, we assume henceforth that the bandwidth
available for ABR traffic, a, and the incoming cell rate of uncontrolled connections, u, do not change with
time. These assumptions are justified if a(n) and u(n) vary slowly compared to the time constant of the
closed-loop system. As the actual number of controlled sources, M, is not known to the switch, we start our
analysis by proposing a method to estimate this figure. Let us first consider the case when u = 0 (i.e. there
are no uncontrolled connections). Our method relies on a simple observation: If the switch sends out the
same command, say ¢, for (d 4+ 1) time units, at the end of the (d + 1)st step, all of the controlled sources
in the system will be transmitting at rate c. Hence, at the end of the (d + 1)st time step, if we divide the
incoming cell rate, r(n), by ¢, we obtain the number of controlled sources on the link. In order to have a
running estimate, we construct an estimator, M (n), and update it every (d + 1) time units. Note that this
algorithm converges to the exact value of M in only a finite number of steps. Having determined M in this
fashion, the ER controller can set the desired rate to §; and achieve fairness, which in this particular case
also corresponds to max-min fairness.

Now if u is not zero, the above scheme fails to converge to M. However, it still does converge, but to a
different value. In fact, as we will show shortly, in calculating the share of each controlled connection, if one
uses the number to which this algorithm converges, then the resulting bandwidth allocation is max-min fair.

Before proceeding further, we note that the choice of the rate ¢ above is completely arbitrary, because it
does not play any role in the estimation process. Thus, we are free to pick any positive rate for the algorithm
to work.

Let M (n) denote the estimate of M at time n. We propose the following estimator:

r(n(d + 1))
ER((n —1)(d + 1))

Mn@d+1)=Mnd+1)+1)=---=M(n+1)d+1)—1) = (5)

where ER(n) is kept at the same value for an interval of length (d + 1). That is,
ER(n(d+1)) =ER(n(d+1)+1)=---=ER((n+1)({d+1) = 1)
For ease of notation, let us introduce the following subsequences:

¢:(n) := q(n(d + 1)), ERs(n) := ER(n(d + 1)), r.(n) :=r(n(d + 1))



Now the estimator (5) can be written in a more convenient form using these new definitions as

N rs(n)

M;(n) = ER,(n — 1)’ M, (0) = M1

To complete the design of the robust adaptive controller, we need to specify how ERs(n) is updated to

achieve the dual goal of max-min fairness and queue length stability. We propose the following design:

ER,(n) = max ,AL
(n) {0 ()

where () is the target queue length, 8 > 0 is the controller gain to be selected to ensure stability. Here the

— Blgs(n) — Q)} (6)

max function is introduced to ensure that the switch asks the source to transmit at a positive rate in excess
of MCR, as required by the QoS specifications. In (6), the term —3(gs(n) — Q) is introduced to drive the
queue length, g,,, to the desired set point by providing negative feedback in the closed-loop system dynamics.

Note that if g(n) converges to @, ERs(n), converges to the solution of the following equation:

a
u—‘,—MCR ’
M+ R,

ER;(00) = max ¢ 0,

The solution of (7) is given by

ERS(OO):maX{O,a—(u;/—IM—CR)}:a—(u]\—}/:[M—CR)

where the second equality follows from the feasibility condition (3). Hence, if we can show that ¢(n) converges
to @, then by (4), the rate of controlled source m converges to

a— (u+ MCR)

ry,(00) = MCR,,, + ER;(c0) = MCR,,, + U

m

which is the MCR plus max-min fair share of the available bandwidth.

5 Analysis of the Algorithm

In this section, we show that the robust adaptive algorithm converges to the desired set values, if the gain
of the controller, 3, is picked appropriately. We start our analysis by rewriting the queue and the estimator

dynamics in a more explicit form.

d
min ¢ @, max ¢ 0,¢(n) + MCR + kaER(n —k)tu—a
k=0

g(n+1)

a

«+MCR
M + cs(n—1)

ER,(n) = max{0, B (gs(n) — Q)

To arrive at a somewhat simpler formulation, we introduce

_a—(u+MCR)

z(n) :=q(n) = Q, 2o(n) = z5(n) := ¢s(n) = Q, z1(n) :=ER,s(n - 1) i ;



and assume that the saturation nonlinearities of the buffer are not activated for (d + 1) time units. This can
be ensured by picking @ sufficiently large. Also let e := u + MCR for ease of notation. The original system

can be written in terms of the newly introduced variables as follows:

sa(n+1) = min {Q - Qumax {=Q,an(m) + a1 (n) 4 pomax { L€ Ly )

M " Mzi(n)+
a—e eri(n)
1) = - -
an1) = max{ =028 B ) )
where
d B d
Yo = Z(d-}- 1—k)ymg, m= kak
k=0 k=0

and o and v; satisfy 7o + 71 = (d + 1) M. To obtain these state equations one has to look at the evolution
of z(n) for (d + 1) time units, and express z((n + 1)(d + 1)) = x1(n + 1) in terms of z(n(d + 1)) = z1(n) by
recursive substitutions. The details of this calculation can be found in [8].

There are two types of nonlinearities in the state equations above. One is the saturation type nonlin-
earities, which are caused by min and max functions. These can be analyzed by considering the so-called
switching curves, which are the set of points in the ;1 — g plane for which the two arguments of the max or
min function are equal. The other type of nonlinearity is of a fractional form introduced by the estimation
scheme. It can be easily verified that the origin is the only equilibrium point of this system. Thus, what we
have here is a two-dimensional nonlinear discrete-time system with an isolated equilibrium point at the ori-
gin. We are mainly interested in the stability of this system. In the next subsection, we first conduct a local
analysis by linearizing the system around the origin, and conclude that the system is locally asymptotically
stable. Then, we carry out a global analysis of the nonlinear system and provide a theorem that estimates

the asymptotic region of stability in the 21 — z¢ plane.

5.1 Local Analysis

Around the origin, the nonlinearities of the first type are not active. Thus the state equations take the form

zo(n+1) = (1= pBv)zo(n) +721(n) + #’fl)(n‘:a i
z1(n+1) #1”(5:—& "

Now if we linearize the nonlinear system described by (10)-(11) around the origin, we obtain

zhn+1) = (L= B)ahn)+ (1 + L) 2i(m)

i(n+1) = —pzb(n)+ —zi(n).

a
The stability of this linearized system depends on the location of the roots of its characteristic equation

,\2+(ﬂ70—1—§),\+<ﬂm+2)=0, (12)

10



and by the Schur-Cohn criterion [9], the roots of equation (12) are inside the unit circle if and only if
e e e
Bu+l<1, [Bro-1-5| <148+, (13)

Note that £ < 1, as the uncontrolled sources use only a fraction of the total available bandwidth, a. To obtain
abound on § which is independent of network parameters, it is sufficient to consider the case (8y0—1-%) < 0.

This choice of 8 is equivalent to 8 < 1:—05, as 7o > 0. In addition, the second inequality of (13) implies 8 > 0,
1

€
a

which, along with the first inequality of (13), further implies 5 < . Combining these three inequalities

71
on 3, we obtain the stability condition
1+¢€ 1-¢
0 < 8 < min { a. —“}
Yo !
Note that we can bound each term on the right-hand side of this inequality from below by
1+ ¢ 14 ¢ 1—¢ 1-¢
a S a , a < a
Yo +m Yo Yo +M M
where the first inequality is tight, since y; may achieve the value 0. Thus, also using the fact that min(a, b) =
“TH’ — 1228 we conclude that if [ is picked such that

2
1 e 1 u+ MCR
0<5< o (175 <@eow () ()

then the nonlinear system (8)-(9) is locally asymptotically stable.

5.2 Global Analysis

Having determined local asymptotic stability, we turn our attention to the original system with saturation

type nonlinearities. For convenience, we recapitulate here the state equations (8)-(9)

min {@ — Q,max {—Q,mo(n) + 1 (1) + 70 maX{—a]\}e’ M;T(lr(L;l)-l— o ﬂ“‘“(")}}}

zo(n + 1)

_ a—e eri(n)
a1 = max{ =028 B ()

A trajectory of this system is defined to be the set of points in the z; — g plane the state equations traverse
starting at an initial point z(0) = (21(0),z¢(0)). And a trajectory of (8)-(9) is said to be stable, if it
converges to the origin.

We first observe that due to the max constraint z; can be no smaller than -4 and zg should lie
between —Q and @ — @ because of the max and min constraints in (9). Thus, the part of 2; — ¢ plane that

is of interest to us is limited to the semi-infinite rectangular region, R, as depicted in Figure 2 below.

Note that any trajectory of (8)-(9) with an initial condition outside R will enter R in only one time
step. Thus, from here on we will assume that x(0) € R. In order to further see the effect of the saturation
nonlinearities, we invoke a switching curve analysis in which the region R is partitioned into smaller regions
by the so-called switching curves, which are formed by the set of points in R for which the two arguments
of a min or max function are equal. We first consider the max function in (9). Setting the two arguments of

this function equal to each other, we obtain the curve
oo — 1 exr1 + a—e
0= ,B Mzxzi+a M

11
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Figure 2: Region R
which we shall call Switching Curve 1, or SC1 for short. SC1 intersects the line z; = —%* at zo = 0, and
it intersects the o axis at % (272). Now, if we let
a—e
< —F=m, (15)
M(@Q-Q)

then SC1 intersects the line 2o = @ — Q at a point z; < 0; see Figure 3.
Depending on what part of SC1 the states are, the state equations (8)-(9) take two different forms. We

now investigate these as two separate cases.

Case 1 15 > ( s “&e): In this case, the second state equation (9) reduces to

B \ Mzi+a
a—e
zi(n+1) = ——r, (16)
and the first state equation (8) becomes
. [= a—e
s+ 1) = min {@ - @ max {-Quan(m) + s ()~ "<} )
The line
a—e
ZTo = —MZ1 + Yo o Q,

which is obtained by setting the two arguments of the max function equal to each other, lies completely

below SC1 for all z; > —2z¢ if Q is picked such that

a—e
Q> R

12



Thus, the max function in (17) always returns its second argument, resulting in the following equation for

(9):

zo(n + 1) = min {@—Q,xg(n)+'ylx1(n) —voa];[e} (18)

Now the switching line for the min nonlinearity in (18) is

a— €

M

To = —MT1+ Y0 -Q+Q

This time, the line is completely above SC1 for all z; > —2-< if @ is chosen as

M
@> o+ () (19)
As a result, the min function in (18) always returns its second argument, and the state equation (9) simplifies
to
zo(n +1) = zo(n) + M1 (n) = - (20)

We denote the region in which the foregoing analysis is valid as R;; see Figure 3. Note that the state

equations (8)-(9) can be written as (20)-(16) in R;.

Case 2 zp < % (Me;iﬂra + “"“’): In this case, the state equations (8)-(9) become

sa(n+1) = min {Q = Qumax {~Quan(m) + a1 (n) 420 (5l = pra(w)) |} (2)

ex1(n)

zi(n+1) = M) +a Bzo(n) (22)

The switching curve for the max nonlinearity in (21) is given by

1 Yoexy )
To = — + iz +
T 1B (Mx1+a Nt e
Let us call this curve SC2. This curve intersects z1 = — ;% line at 2o = —a—}ho (o +m) (%2) - Q) > -Q,

see Figure 3. Unlike Case 1, however, depending on what side of SC2 the states are, we have two sub-cases

to investigate.

Case 2a 1o > —ﬁ ( Mo qa Tz + Q): In this case, the max function in (21) yields its second

argument resulting in the following equation for z¢(n):

zo(n + 1) = min {@ - Q,zo(n) + mz1(n) + 70 (% - ﬂwo(n)) } (23)
Now, comparing the arguments of the min function, we obtain the switching curve SC3
Zo = _1—1ﬂ70 (]\]Efﬁa +mz +Q —@)
It can be seen that if
Zo < — : ( Toem +’711‘1+Q—§>7
1—0Bv \Mz1+a

13



then (21) can be simplified to

exi(n)
Mzi(n) +a

zo(n + 1) = zo(n) + n171(n) + Y0 ( 5330(”))

(24)

The region corresponding to this set of inequalities is denoted by R3 in Figure 3. If, on the other hand,

1 Yoer1 —>
2o > — +n+Q-Q),
L (Mm1+a na+@-Q
(21) reduces to
1 (n + ].) = @ - Q

with the corresponding region R4 shown in Figure 3.

Case 2b xo < — 17},10 ( Moaa T+ Q): In this case, the equation for z¢(n) becomes

zo(n+1) =min {Q - Q,-Q} = Q.

The region of the z1 — zo plane for which (26) is valid is indicated by Ry in Figure 3.

Xo
e
|
/1
| R
|
[ sc1 4
|
|
| 5
' 0
|
|
| sc3
|
|
|
-\ sc2
2

Figure 3: Switching curves and different regions of R
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In summary, the semi-infinite rectangular region, R, of the ;1 — x¢ plane, can be partitioned into four
regions provided that @) and 8 are picked such that

a—e

ot (475) < @ <@ (27)
a—e 1
M 0-q

The region boundaries along with the valid state equations in each region are given below for convenience.

0< B <

(28)

e Region 1 (R1)

Boundaries:
o Q-Q
- 1 ex1 a—e
0 = B\ Mz, +a M
a—e
r > - i
State Equations:
a—e
zo(n+1) = xzo(n)+vz1(n) — i
a—e
z1(n+1) = -— i
e Region 2 (R2)
Boundaries:
1 Yoex1
T + 71 +
0 1-57% (M$1+a nn Q)
o > —Q
a—e
T > - M
State Equations:
zo(n+1) = —-Q
ex1(n)
1) = _
zi(n+1) Mzi(n)+a Bro(n)
e Region 3 (R3)
Boundaries:
1 Yoexy —
o < -— +mr + & —
0 1-57% (M5U1+a ma+Q Q)
o < Q-Q
2o < 1 exr1 n a—e
0 B\Mz+a M
zo > —Q
1 Yoeri
> + 7z +
oo = 1— By (Ma:1+a na Q)
a—e
T > - i

15



State Equations:

soln +1) = (1= F)an(m) + () + 72T
ri(n+1) = #:;:_a — Bxo(n)
e Region 4 (R4)
Boundaries:
Ty < Q - Q
w2 o (s e eg)
State Equations:
Zo (n + 1) = Q -
zi(n+1) = #T(L)n)-ﬂl ~ Baoln)

We first look at the nonlinear system (8)-(9) in a subset D of region Rs. Instead of the state equations

given earlier for R3, let us consider the following auxiliary (nominal) system z(n + 1) = f(z(n)) given by

zo(n+1) = (1—pBy)zo(n) +mzi(n)+ #ﬁ)@a (29)
nn+1) = #&"La (30)

where f : D — R2. The original system in D can be thought of as a perturbation of this nominal system by a
function g() in the form g(z) = [0 — Bzo]T, i.e. z(n+1) = f(z(n))+g(z(n)) := f,(x(n)). We will first show
that the nominal system is exponentially stable on D. This fact will enable us to find a Lyapunov function
V' (x) for this system. Next, we will show that this Lyapunov function can be used for the perturbed system,
fp(z(n)), and we will conclude that the original system is exponentially stable in a predictable subset of D

provided that 8 is sufficiently small. We start our analysis with three Lemmas.

Lemma 1: Let D = {z € R?: |zo| < 1o, |71| <71} N R3 for some 0 < 1y < 00, and 0 < 1 < %~.

Suppose £(0) € D. Then the nominal system described by (29)-(30) has a unique equilibrium point at the
origin.

Proof: Let f(z) = [fo(z) fi(z)]". The function f(z) = Mo, is a contraction on |z1| < ry. Therefore,

|z1| < 71 = |fi(2z1)| < |z1] < r1. Thus, if |21 (0)| < 71, then |z1(n)| < r1, Vn. We set zo(n+1) = zo(n) = z§,

and z1(n + 1) = z1(n) = x5 to find all equilibrium points of the nonlinear system z(n + 1) = f(x(n)). This

yields
e e e ’Y()C.Z"f
= (1— e
Ty (1= Bv)zs + i + Mzt +a
o _eai
o Mz$ +a

16



The second equation has two solutions z{ = 0 and z§ = %;*. However, since r; < %%, and |z1(n)| < r1, Vn,

we must have 7 < *;;%. Thus, 2§ = % cannot be a solution. This leaves us with the unique solution

x5 = 0 for the second equation. Substituting this into the first equation, we obtain
x5 =(1-pv)zs =>25=0

Hence, the system (29)-(30) has a unique equilibrium point, (0,0), on D. <

Lemma 2: Let D = {z € R?: |zo| < 1o, |z1| <71} N R3 for some 0 < 1y < oo, and 0 < ry < 4°.

Suppose B is picked such that

. a—el a—e 1
°<B<mm{ @ 0 M @—Q} (1)

where Q satisfies (27). Then, the nominal system described by equations (29)-(30) is exponentially stable on
D.
Proof: Equation (30) can be explicitly solved for |21(0)| < r1 to give

z1(0)(1 — 0)o™
7z1(0)(1 —6™) + (1 —9)

z1(n) =

where § = £ < 1, and 7 = 2. Using this expression, we can bound |z1(n)| from above as

|21 (n)| < |z (0)j" if21(0) 20
LIS [=2010=00" 5, 0) <0

1—0—mrq

Thus,

1-6
< - n
|z1(n)| < max{l, Fy p— } |21 (0)|6

Since the second term of the max function is always larger than the first one, we have

1-6 .,
o1(n)] < T4 —clm1 (O)18", Va(0) € D

Now that we have an explicit solution for z1(n), we can substitute this into equation (29) and obtain the

solution for zg(n). Let & = 1 — B0, and pick 8 such that

0<ﬂ<min{7i a—e_l } (32)

Here the min function is introduced to make the choice of 8 in compliance with our previous bound (28).

Also let s(n) denote the sequence

Yoexi(n)

s(n) =nr1(n) + Mzr(n) +a’

which goes asymptotically to zero as n — oo, since z1(n) — 0. With these definitions, the difference equation

for zo(n) becomes

zo(n + 1) = axo(n) + s(n),

17



which admits the solution

n—1

zo(n) = a"x0(0) + Z a1k 5(k)

k=0
Clearly, |s(k)| < m1|z1 (k)| +~o|z1(k +1)|, since both 79 and 7, are nonnegative. Now, zo(n) can be bounded

from above as follows:

1_9 _1n71 0 k
< n A ) v
2| < fm(O)a” + (1 + B10) ;e Zﬁ<a) 21(0)

1-6 a"—¢"
< fzo(O]a” + (1 +670) = -l 0]

0—nri a—0
where we require % < 1, which is guaranteed with the following choice of 3:

a—e 1l

Yo

0<B<

Combining this with (32), and the fact that

. {1 a—el} a—el
min { —, — 3 = —
Yo a Y a "

we obtain the bound

—el a-— 1
0<ﬂ<min{a ¢ a-e }

% M Q-Q

Hence, we conclude that if 3 is picked according to (31), we have

1-6 1 1-6 1
< n no__ n
lzo(n)] < [2o(0)|@™ + (11 +'970)1_0_ma_9|$1(0)|a (m +970)1_0_ma_0|$1(0)|9
1-46
< - - n
lz1(n)] < 1_0_7TT1|$1(0)|9

for all z(0) € D. <
Lemma 3: Let D = {z € R?: |zo| < 1o, |z1| <71} N R3 for some 0 < 1y < oo, and 0 < ry < 4°.

Then, |z1(n)| can be lower bounded on D so that

1-46
>7 n
fo1(n)] > 75l (0)16

Proof: We use the explicit solution of z1(n) to obtain

z1(0)|(1—-6)0™ .
|21 (n)| > { QI i 2, (0) > 0
“ [z (0" if 21(0) <0

Thus,
1-6
> : - n
|z1(n)| > m1n{1,1_9+7rr1}|$1(0)|0
s imm)| > — 0 |2(0)6", Va(0) € D
! - 1-0+mrn ! ’

and hence the result. ¢
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Next, using these three Lemmas we show that there exists a Lyapunov function V' (z) on D for the nominal
system (29)-(30) satisfying some norm bounds. We state this as a theorem.

Theorem 1: Let D = {z € R?: |zo| < 1o, |71| <71} N R3 for some 0 < 1y < 00, and 0 < 1y < %=.
Suppose B is picked as in (81). Then there exists a Lyapunov function V : D — R for the system (29)-(30)

that satisfies the inequalities:

Culzi| < V(z) < Collzlx (33)
AV(z) :==V(f(z)) = V(z) < —Dsl|z|h (34)
for some positive constants C11,C2, and D3, where || - || denotes the Iy norm.

Proof: Let ¢(n,z) denote the solution of the system at time n starting at z at time zero; that is,

#(0,z) = z. Let

N-1 N-1
V@)=Y lém,2)lh = D [Ido(n,z)| + |1 (n, 2)]] (35)
n=0 n=0

where N is a positive integer to be chosen later. Due to the exponentially decaying bounds on the trajectories

as given in Lemma 2, we have

N-—-1
V(z) = > [l¢o(n,z)| + |¢1(n, )]
n=0
N-—-1
1-6 1 1-6
< n TL_ n n
< Z{)[wa + (1 +6%0) 5=l 0)+71_0_7W1|x1|0]
B l—aN| I+ 1- (. +670) 1 (1-oN 1-6" 1—0N| |
T Ao T g (T T\ 1= T 10 1—-6 | '™
= Cyolzg| + Co1lz1]
< max{Cs, Car} (|zo| + [z1])
= Caolz|lx
where
1—a¥
Coo = l-«
1-6 1 1—-a¥ 1-6VN 1-—6N
O = T (71+070)a—0<1—a N 1—9) 1—9]
and

Cy = max {Ca,Co1 } (36)
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Similarly, due to the exponentially decaying lower bound on the trajectory of z; by Lemma 3, we have

N-1
Vig) = > [ldo(n,2)| +|61(n,2)]]

n=0

N-1
Z Z|¢1(TL,.’L‘)|

n=0

N-1

1-6
> —_ o
- 7;01—04-71'7‘1"%.1'
_ 1-6 1—0N|x|
T 1-0+my 161
= Cl1|$1|
where
1-6 1-6VN

Ci (37)

T 1-6+mr 1-6
Next, we look at AV (z) =V (f(z)) — V(z):

N-1 N-1
AV(z) = Y lIg(n, f@)lh = D ld(m, =)l
n=0 n=0

N-1 N-1
= Y létn+1,2)h = > llén,z)lh
n=0 n=0

= oV, 2l = ll¢0, 2)llx
= oV, 2)lls = izl

Using Lemma 2 we obtain

1-6 1-6
AV(.’L’) S |$0|04N + (’Yl +6’Yo) 1—9_ P 0|$1| (aN - eN) + mkﬂllel\l - |.73'0| - |.'13'1|
1-6 1
< —1-aV - 1-— 0 N _gN o
< —[1—-a"] |z T — (n+ 70)(1_0(04 ) + |1 |
= —Dsg|zo| — D3y |21
< —min{Ds3g, D31} (|@o| + |z1])
= —Dsllz|h
where
D30 = l—aN
B 1-— N N N
D31 1 ]_—0—7TT1 (’yl+0fyo)a_0(a 0 )+9
and
_D3 = min {D30,D31} (38)

Note that, both C11 and Cy are positive YN > 1. On the other hand, even though D3g > 0 forall N > 1, D3,

may not be positive for N small. However, for N sufficiently large, D3; becomes positive as well, yielding
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D3 > 0. Hence, we pick N large enough to make D3; positive. In other words, we require

1-46 1 N AN N
-7 - 1
Ty pp— [(71+070)a_0(a oY) +6 ] <
1 N N N 1-60—-7r
@(71—#070)@_9(04 ) + oV < 1o
1 N 1 N 1—0—7‘[”(‘1
®(71+9’Yo)a_006 +[1 (71+970)a_0]9 <

Let A= 21t%0 and B = 1=0=""1 Note that B < 1. Then, we have

AoV +(1-A)¥N < B
On the other hand,
Ao + (1 — A)8Y < A (max{a, 01" + (1 — A) (max{a,0})" = Ao + (1 — A)a =a

since £ < 1. Thus, if " < B, then Aa™ + (1 — A)§" < B, which implies D3; > 0. Therefore, we choose
N such that

N
1 1 InB
N<B=<(2) N>
B o Ina

In terms of the original variables this inequality becomes

In (71_19:;”"1)
N>———-—=
In(1 - Bv)
Hence, the function defined by

N-1
Viz) = llg(n, )l
n=0

with N satisfying (39) is indeed a Lyapunov function for the nonlinear system (29)-(30), and it satisfies
(33)-(34) with positive constants C11, Cs, and D3 given by (37), (36), and (38), respectively. <&

Now, consider the perturbed system z(n + 1) = f(z(n)) + g(z(n)), where g(z) = [0 — ﬂmo]T. We want
to use the Lyapunov function for the nominal system as a Lyapunov function candidate for the perturbed
system, and show that for sufficiently small perturbations the system remains asymptotically stable in some
predictable region around the origin. We start our analysis by noting that ||g(z)||1 = B|zo|. Thus, we are
dealing with a linear perturbation vanishing at the origin. The next Lemma shows that it is possible to use
the Lyapunov function we constructed for the nominal system as a Lyapunov function for the perturbed

system provided that 8 is sufficiently small.

Lemma 4: Let D = {z € R?: |zo| < 7o, |21] <71} N R3 for some 0 < 19 < 00, and 0 < 1y < %°.
Suppose B is picked such that

—el a- 1 1-—
0 < 8 < min aze’ a-e¢ e
a

Y M Q-Q’ 120 \?[1_6¥ 1 ea l—aN _ 1-gN
©-q (1—0—7”’1) [1—0 +ﬂ('71+ (aj?uny) < —a  1-0 )]
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where N is as in (39), and Q is as in (27). Then, there exists a Lyapunov function V : D — R for the
perturbed system x(n + 1) = fp(x(n)) that satisfies the inequalities:

Cuilz1| < V(z) < Coflz|ly (41)
AVp(z) = V(fp(x)) = V() < —Cslzs (42)

for some positive constants C11,C>, and Cs.

Proof: Let V(z) be given as in (35). In Theorem 1, we have established that
Cuilzy| < V(z) < Coflz]lx

where Ci1 and C, are given by (37) and (36), respectively. Now, let us consider AV, (z) = V(f,(z)) — V(z).
We have

AVy(@) = V(f(@) + 9() = V() = NZ ||1—Z||¢nx||1
-y > oo s + 8“’2’;“ o) - Z 96,2
< z_j D, - Z o, )1l 0040,2) J(“’) 1
< N_ 202 | o,
_ N_ 8"5 n,7) | o (43)

for some z € D. The second line follows from the intermediate value theorem, since ¢(n,x) is differentiable

on the open set D C R?. We proceed with the calculation of H 8¢(" 2) E and show that

<L, VxeD
1

|5

for some L > 0. We have

go(zo,1,m) = o mo+ Y " Fs(k)

1‘1(1 - 0)0”
mx1(l—0")+ (1-6)

¢1(zo,21,n) =

where
_ Yoey (k)
and
.Z‘l(]. — 0)0’“

721 (1 —0F) + (1 — 8)
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Using these expressions, we calculate the partials of ¢g and ¢ on D as

o _ .
8%‘0
o¢ ! 1-6 2 Yoea
0 n—1—kpgk - 0
_7 = 0 " +
Ox Za (7r.’l? 1—6F) + 1—0) Maz1(1—0)0F 2
1 =0 1 )+(1-6) (m(kgm)(lig) + a)
o1
P
91 _ 1-6 ’ o
ory  \mz (1—6")+(1-9)
On the other hand, we have
0¢(n, x) _ { 0o 0¢1| |00 0¢1 }
—_— = max< |— — 1, | = —_
or 1 Oxo Oxg |’ |Ox1 or1

< maxdan, (—120 i g7 4 |y + — 0% a” — o
- ’ 1-60—mr m (G—MT1)2 a—~0

1-46 > Yoea a™ — 0"
= —_ o" =1L
(1—(9—7TT1) +<71+(G—M’[‘1)2> a—H]
1-6 2 Yoea
— +——F | >1
(1_0_7”‘1> (71 (G—MT1)2

—1
a™ — 6" %
5 — Zakanflfk > a™
k=0

since

and

o —

. . 8¢ (n,z)
Using this bound on H B

in (43) we obtain
1

N-1 10 2
AVy(z) < AV(z)+p Z (m)
n=0

Yoea a™ — 6"
0" + + x
Yoea

1-6 \’[1-6 Mty (1-a¥ 1-6Y
h AV($)+B(1—9—7TT1> [1—0 + a—0 (1—a a 1—9) [l

1-6 21 _gN ’71+(j;’\;“)2 1—a¥ 1-6N
- N a r1 _
< 1-a B(l—ﬁ—wm) [1_04- a—0 (1—a 1—0) |0
1-46 1 N _ gNY 4 gN
T 00 g (e =0 40
= —C3q|wo| — Ca1|m1]
< —min{C3o, C31 }(|wo| + |Z1])

= =Cslz||

where

1-0 \?[1-68 M+ (1-a 1-0V
- 11— N _ a [ _
Cao “ ﬂ(l—e—m> ll—ﬁ L—— (1—a 1—0)

1-46

C = 1-—
31 1-0—7r

[(71 + 670) aia (a™ —6N) +9N]
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and
03 = min{C30, 031}

We note that C1; and Cs are positive as in Theorem 1. Now, C3; = D3;, and hence the choice of N as
in (39) guarantees that C3; > 0. Finally, if 8 is selected according to (40), C3o becomes positive as well,

resulting in C'3 > 0. Hence, we conclude that the function

N-1
Vie) = llg(n,2)lh
n=0

is a Lyapunov function for the perturbed system satisfying the inequalities of (41)-(42). <

The fact that we can find a Lyapunov function satisfying (41)-(42) enables us to conclude that the
perturbed system z(n+1) = f,(z(n)) is asymptotically stable in some neighborhood of the origin. The next
theorem estimates this region of asymptotic convergence.

Theorem 2: Let D = {z € R? : |o| < ro, |z1| < r1} N R3, and Dy = {x €D: g8zl + |21 < g—;p},
where 0 < rg < 00, 0 <11 < 472, and p < 1. Suppose [ is picked as in (40). Then, the perturbed system

s+ 1) = (L= Brhan(n) + (o) + 2T (44)
nn+1) = e o) (45)

is asymptotically stable on Dy C D. Furthermore, trajectories of the system starting at ©(0) € Dy stay in D.
Proof: Let Q, be the set

Qp = {.CL' eD: V(.CL') < Cllp}

where V() is as in Lemma 4. The set Q, contains Dy since if € Dy, then

Can

C
|zo| + |z1] < 1, = Caolzo| + Ca1]z1| < Cr1p
Co Ca

= V(.’L‘) < Cup

= z€Q,

On the other hand, Q, is a subset of D by definition. Thus
_ ) () Cu 2. —
Doy=3z€D: ——|wo|+|21| < 5—pp CQ C{z €R?: |xo| <70, |T1| <T1} =D
Ca Ca1

For any z(0) € Q,, the solution starting at x(0) at time zero stays in Q,. This follows from the fact that
AV (z) is negative on D—{0}; hence V' (z) is decreasing on the trajectory. Now, if we assume z(0) € Dy C Q,,
then the solution still stays in €2,. Since (), is a subset of D, the solution clearly stays in D. For the rest of

the proof we will assume that z(0) € Dg. By (42) we have
AVp(z) = V(fp(2)) = V(z) < —Cslzh

Also by using inequality (41) we get

V(z)
C>

V(z) < Collzlly = [/l >

24



Thus

AVp(z) = V(fp(2)) = V(2)

I
|
£
8

Since V(fp(z)) = V(z(n + 1)), we obtain

V(e +1)) < (1 - %) V(z(n)

2

Let y(n) be generated by the following difference equation:

yn+1) = (1 - %) y(m), y(0) = V(2(0)) (46)

Clearly, V(z(n)) < y(n), Vn > 0. The solution of (46) is given by

Thus
V) < Veo) (1-2)
= Culai()] < [Cafea(0)] + Carlr )] (1- £2)
(-8
S < p(1-2) (47)

Now, for the convergence of the right-hand side of (47), we require C3 < Cs, which is indeed the case. As a

result, z1(n) — 0, as n — oo, but if z1(n) = 0, then we are left with the system
zo(n +1) = (1 = Br0)zo(n)

which is stable with the choice of 8 as in (40). Hence, we conclude that the perturbed system (44)-(45) is
asymptotically stable on Dy, and if (0) € Do, then z(n) € D, Vn > 0. ©

Remark 1: Theorem 2 basically helps us find a subregion of Rz on which the nonlinear system (8)-(9)
is stable. If z(0) € Dy, Theorem 2 guarantees that the trajectory of the system cannot escape D. The
region D = {z € R? : |zg| < ro, |z1| < r1} N R3 lies in R3, and its size can be adjusted by varying ro and ;.
Figure 4 illustrates one choice of the regions D and Dy in Rs.

Now that we have determined that there exists a subset of Rz on which (8)-(9) is stable, we ask what
happens if we start outside this stable region. We have already established that trajectories starting outside
region R (see Figure 2) converge to R in only one step. Similarly, it can be shown that any trajectory
starting in R4 enters either R; or R3 only after a finite number of time units. To see this, recall that the

following version of the state equations is valid in Ry:

zo(n+1) = Q@-Q
ex1(n)

zn+1) = Mzi(n) +a — Bzo(n)
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Figure 4: Regions D and Dy in R3
Thus, if 2(0) € Ry, then z(1) = @ — Q > 0. Now since the function f(z) = Jota I8 a contraction in z,

z1(n) will decrease until it hits region Rz or R; depending on its initial value. Following a similar argument,
it can be shown that any trajectory starting in Ry enters Ry or R3, after only a finite number of steps. And
finally, trajectories starting in Ry reach Rz in a finite time. Thus, wherever we start in 1 — z¢ plane, we
end up in region R3. Now the question is if we ever leave R3 again. The foregoing Lyapunov analysis falls
short of answering this question, however it establishes that there exists a subset of R3 which is invariant.
Extending this region of asymptotic stability to cover the entire region of R3 is not immediate, and requires
further research. As we show in the next section, simulations conducted with the algorithm strongly suggest
that this is indeed the case.

Remark 2: In the foregoing analysis we have established a number of results regarding the convergence
of the nonlinear system (8)-(9). These can be immediately linked to the original algorithm for ER congestion
control, as the original variables are just shifted versions of zy and x;. Thus, the convergence of g and x;
to the origin immediately implies convergence of the queue length, g(n), to the desired set point @, as well
as the convergence of the source rates to their max-min fair share of the available bandwidth.

Remark 3: Both local and global analyses suggest that the controller gain § should be picked small
to guarantee this convergence. How small § needs to be is precisely given by (14) and (40) in local and
global cases, respectively. From simulations we have found that a rough guideline for choosing j is to make

it inversely proportional to the maximum network delay, d, maximum number of controlled connections, M,
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and ratio of the available bandwidth to the bandwidth available to the controlled connections, i.e.

6 Simulations
6.1 Simulation of the Nonlinear Algorithm

In this section, we illustrate the global convergence of the nonlinear algorithm. Figure 5 shows trajectories

of (8)-(9) starting in different regions of the state space. For the simulation example we took
a=20,u=1, MCR=1, M =3, d=3, Q = 100, Q = 200

and picked 8 = 0.05 consistent with (14) and (40). We run the algorithm with the following initial conditions

each in different regions:

Region 1: z;(0) = —6, x0(0) =50
Region 2: 2;(0) =
Region 3: z1(0) = 10, zo(0) = —50
Region 4: z1(0) = 25, (0) = 50

The simulation run length is 100 time units. Note that the algorithm converges to the origin irrespective of

the initial conditions.

6.2 Network Simulation: Single Link Case

We have simulated the robust adaptive ER congestion control algorithm on a hypothetical link, with a
constant available bandwidth a, a constant rate of uncontrolled sources, u, and a slowly varying number of
controlled connections, M(n). For the simulation example, we assume that all controlled connections have

the same MCR. The following parameter values are used in the simulation:
MCR,, =100, d =5, M =5, v =400, Q = 1500, Q@ = 3000, a = 1500,

All rates are in cells/time unit. The controller gain is picked f = 0.015 in accordance with the theory
developed. Note that the rate of the uncontrolled connections is unknown to the switch.

As mentioned before, the exact number of controlled connections may not be known due to the bursty
nature of the ABR traffic. We model this uncertainty as a random walk with boundaries at 1 and M and a
step size of 1. We initially start with M (0) = 3 connections, and update this figure every T()\) time units,
where T'()) is an exponential random variable with mean ;. We take A = 0.005. A typical sample-path
of M(n) is depicted in Figure 6. Each user comes with a network delay, d,, < d, which we assume to
be unknown to the switch. We would like to demonstrate that our robust adaptive algorithm provides a
max-min fair bandwidth allocation with a stable queue length despite the changing network conditions.

As can be seen from Figure 7, the link queue length is regulated around the desired value of @ = 1500 cells.

The overshoots in Figure 7 occur when the value of M(n) changes. They are inevitable when the amount

of change in the number of controlled connections is comparable to the maximum number of connections,
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Figure 6: A typical sample-path behavior of the number of controlled connections

which is the case in this simulation example. As the number of connections increase, the transitions in the
queue dynamics become smoother. In order to see that our design achieves max-min fairness as well, we first
calculate the max-min fair share of the available bandwidth according to (1). As the number of controlled
connections varies over time, this share varies, too. We want the output of the ER controller, ER(n), to be
equal to this fair share at all time. In Figure 8 we plot ER(n). The flat portions of this graph corresponds
to the fair share of the available bandwidth, as can be verified by direct calculation.

Finally, we note that the design parameter 5 can be chosen to tradeoff between the rate of convergence
and the magnitude of overshoots. A smaller value of 3 results in a smaller overshoot, but a larger settling

time.

7 Conclusions

In this paper, we have presented a robust adaptive congestion control algorithm for ABR service in ATM
networks, and have shown that it performs well under various criteria, such as max-min fairness, PCR and
MCR constraints, while at the same time achieving a high utilization of the available bandwidth. Despite
unknown network delays and varying number of ABR connections, our design achieves a max-min fair
bandwidth allocation among the ABR sources bottlenecked on a given link. In addition, the algorithm
stabilizes the queue length around a desired set point, ), resulting in an efficient use of network resources.

The algorithm we propose here does not suffer from computational complexity, because there is a single
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design parameter, namely £, to be tuned, and to determine the explicit rate, ER, the switch has to perform
only two divisions, one multiplication, and two additions per output line, every (d+ 1) time units. Moreover,
the information needed to perform these calculations, {rs(n),gs(n),a(n)}, is locally available to the switch.
This feature makes it possible to implement the algorithm in a decentralized fashion.

Further study needs to be done in simulating the robust adaptive algorithm in a real network environment

to see how well it reacts to network latencies, as well as to evaluate its performance under various scenarios.
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