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CHAPTER 1

INTR ODUCTION

This w ork concerns regulation of b est-e�ort service tra�c in high-sp eed comm unica-

tion net w orks. Tw o w ell-kno wn examples of suc h con trols are the TCP/IP congestion

con trol on the In ternet, and the regulation of ABR (a v ailable bit rate) tra�c in A TM

(async hronous transfer mo de) net w orks. Both In ternet and A TM net w orks use 
o w con-

trol to ensure that the net w ork resources are divided fairly among comp eting users.

In con trast to the guaran teed bandwidth services, t ypically required b y real-time video

or audio applications, b est-e�ort tra�c has a lo w er priorit y , and it is guaran teed v ery

little a priori . Th us, the bandwidth a v ailable to this t yp e of tra�c can v ary with time

and the designer cannot guaran tee a �xed transmission rate to an y user. F or instance,

on the In ternet, users ha v e no guaran tee that their pac k ets are sen t at a predetermined

rate, while in the ABR service of A TM a minim um data rate is negotiated b efore the

connection setup.

The main purp ose of regulating the b est-e�ort sources is to maximize the utilization

of the total capacit y a v ailable while a v oiding congestion in the net w ork. Congestion

o ccurs when a bu�er at an in termediate no de b et w een source and destination o v er
o ws.
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TCP/IP and A TM net w orks ha v e di�eren t approac hes to congestion con trol. On the

In ternet, TCP has a congestion a v oidance phase whic h when en tered reduces the windo w

size geometrically , th us slo wing do wn the source [1]. In TCP , the congestion is signaled b y

a timeout to the source, and it is the resp onsibilit y of the destination to inform the source

of lost pac k ets; i.e., there is no feedbac k pro vided b y the in termediate no des directly to

the source. A TM ABR service reacts di�eren tly to congestion. Recen tly , the A TM F orum

adopted the rate-based 
o w con trol for con trolling ABR tra�c [2]. Rate-based sc hemes

use feedbac k information from the net w ork to con trol the rate at whic h eac h source can

transmit cells in to the net w ork. This approac h allo ws the in termediate no des to suggest

a data rate to the ABR sources. In this w ork, this framew ork is adopted.

Our mathematical mo del starts with a single b ottlenec k no de shared b y a n um b er of

ABR sources. Although in a real net w ork top ology , sources ma y b e in terconnected in

sev eral w a ys, the single b ottlenec k assumption admits theoretical as w ell as exp erimen tal

justi�cation [3]. W e form ulate this 
o w con trol problem as a sto c hastic team where

the pla y ers are users sharing the b ottlenec k no de. Sources try to adjust their rates in an

uncertain en vironmen t with action dela ys to yield a high utilization of the switc h without

congestion. The approac h tak en in v olv es minimization of an ob jectiv e functional through

whic h most of the design criteria are re
ected.

The mathematical mo del w e adopt here follo ws along the lines of [4], [5] and [6].

In [5], the authors p ose the same rate con trol problem and prop ose t w o sub optimal

certain t y equiv alen t con trollers named Con troller 1 and Con troller 2. These con trollers

ha v e b een studied extensiv ely in [7] through sim ulations and sho wn to p erform w ell

2



under di�eren t real-time scenarios. In this thesis, w e complete the picture b y deriving

the optimal con troller using t w o di�eren t tec hniques. Also, w e compare the p erformance

of the optimal con troller with that of Con troller 1 through sim ulations.

This w ork is organized as follo ws. In the next c hapter, w e describ e the A TM F orum,

whic h is an organization setting standards for the di�eren t t yp es of tra�c through an

A TM net w ork. This allo ws us to b etter understand what design criteria should b e used

in the mathematical mo deling phase. A team theoretic form ulation of the problem is

presen ted in Chapter 3. The optimal solution of this team problem is obtained in the

same c hapter. The study ends with a comparativ e sim ulation study of the prop osed

con troller and Con troller 1 of [7].

3



CHAPTER 2

A TM F OR UM AND ABR SER VICE

2.1 A TM F orum

The A TM F orum [8] is an in ternational nonpro�t organization formed with the ob-

jectiv e of accelerating the use of A TM pro ducts and services through a rapid con v ergence

of in terop erabilit y sp eci�cations. In addition, the F orum promotes industry co op eration

and a w areness.

The A TM F orum consists of a w orldwide T ec hnical Committee, three Mark eting Com-

mittees for North America, Europ e, and Asia-P aci�c, and the User Committee, through

whic h A TM end-users participate.

2.1.1 A TM service arc hitecture

The arc hitecture for services pro vided at the A TM la y er consists of the follo wing �v e

service categories:
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� CBR: constan t bit rate

� rt-VBR: real-time v ariable bit rate

� nrt-VBR: non-real-time v ariable bit rate

� UBR: unsp eci�ed bit rate

� ABR: a v ailable bit rate

The CBR service category is used b y connections that request a static amoun t of band-

width that is con tin uously a v ailable during the connection lifetime. This amoun t of

bandwidth is c haracterized b y p eak cell rate (PCR) v alue. T elephone, video conferencing

use this service.

The VBR service is basically in tended for burst y sources whic h are c haracterized in

terms of PCR, sustainable cell rate (SCR), and maxim um burst size (MBS). Examples

of this service category include �le transfer and e-mail.

The UBR service is in tended for non-real-time applications not requiring constrained

dela y and dela y v ariation. UBR service do es not sp ecify tra�c-related service guaran tees.

In ABR service, the cell rate dep ends on the a v ailabilit y of the net w ork. A 
o w

con trol mec hanism is sp eci�ed b y the A TM F orum for this service category . ABR service

is discussed in detail in the next section.
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2.2 ABR Service

In the ABR service, the source adapts its rate to c hanging net w ork conditions. Infor-

mation ab out the state of the net w ork |suc h as bandwidth a v ailabilit y , state of conges-

tion, and imp ending congestion| is con v ey ed to the source through sp ecial con trol cells

called resource managemen t cells (RM-cells).

2.2.1 Flo w con trol mo del for ABR

ABR 
o w con trol o ccurs b et w een a sending end-system (source) and a receiving end-

system (destination). Sources and destinations are connected via bi-directional connec-

tions. F or a bi-directional ABR connection, eac h connection termination p oin t is b oth a

source and a destination. F or the sak e of simplicit y , only the information 
o w from the

source to the destination with its asso ciated RM-cell 
o ws is considered. The forw ard

direction is the direction from the source to the destination, and the bac kw ard direction

is the direction from the destination to the source. As sho wn in Figure 2.1, for the for-

w ard information 
o w, there is a con trol lo op consisting of t w o RM-cell 
o ws, one in the

forw ard direction and one in the bac kw ard.

A source generates forw ard RM-cells, whic h are turned around b y the destination

and sen t bac k to the source as bac kw ard RM-cells. These bac kw ard RM-cells carry

information pro vided b y the net w ork elemen ts and/or the destination bac k to the source.

A net w ork elemen t ma y do an y of the follo wing:
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S DNE NE NE

end-system end-system

Forward information flow

Control loop assciated with forward information flow

S: Source

D: Destination

NE: Network element

Figure 2.1 Example of a source-to-destination ABR con trol lo op

� Directly insert feedbac k con trol information in to RM-cells when they pass in the

forw ard or bac kw ard direction.

� Indirectly inform the source ab out congestion b y setting the EF CI (explicit feed-

bac k congestion indication) bit in the data cell header of the cells of the forw ard

information 
o w. In this case, the destination will up date the bac kw ard RM-cells

based on this congestion information.

� Generate bac kw ard RM-cells.

2.2.2 ABR service parameters

This section de�nes the parameters whic h are used to implemen t ABR 
o w con trol

on a p er-connection basis.

� PCR: P eak cell rate is the cell rate whic h the source ma y nev er exceed.

� MCR: Minim um cell rate is the rate at whic h the source is alw a ys allo w ed to send.

� ICR: Initial cell rate is the rate at whic h the source should send initially .

7



� RIF: Rate increase factor con trols the amoun t b y whic h the transmission rate ma y

increase.

� Nrm: Nrm is the maxim um n um b er of cells a source ma y send for eac h forw ard

RM-cell.

� Mrm: Mrm con trols allo cation of bandwidth b et w een forw ard RM-cells, bac kw ard

RM-cells, and data cells.

� A CR: Allo w ed cell rate is the curren t rate at whic h a source is allo w ed to send.

� RDF: Rate decrease factor con trols the decrease in the cell transmission rate.

� CRM: Missing RM-cell coun t limits the n um b er of forw ard RM-cells whic h ma y b e

sen t in the absence of bac kw ard RM-cells.

� ADTF: A CR decrease time factor is the time p ermitted b et w een sending RM-cells

b efore the rate is decreased to ICR.

� T rm: T rm pro vides an upp er b ound on the time b et w een forw ard RM-cells for an

activ e source.

� FR TT: Fixed round-trip time is the sum of the �xed and propagation dela ys from

the source to a destination.

� TBE: T ransien t bu�er exp osure is the negotiated n um b er of cells that the net w ork

w ould lik e to limit the source to sending during startup p erio ds, b efore the �rst

RM-cell returns.
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� CDF: Cuto� decrease factor con trols the decrease in A CR asso ciated with CRM.

� TCR: T agged cell rate limits the rate at whic h a source ma y send out-of-rate forw ard

RM-cells.
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CHAPTER 3

A TEAM THEORETIC F ORMULA TION

3.1 In tro duction and Related W ork

In this c hapter, w e form ulate the rate con trol problem of the ABR sources as a

discrete-time sto c hastic team problem with m ultiple decision mak ers (DMs), eac h ha ving

access to di�eren tly dela y ed v ersions of the same information ab out the queue length and

a v ailable service rate.

In order to allo w a tractable mathematical form ulation of this problem, w e assume

that there exists a single b ottlenec k no de whic h pla ys a ma jor role in determining the

p erformance of a n um b er of sources. As the bandwidth a v ailable to the ABR service

category can v ary with time w e adopt an autoregressiv e mo ving a v erage (ARMA) pro cess

to mo del this c hange.

In a ph ysical comm unication net w ork, round-trip times (R TT) b et w een the sources

and the b ottlenec k switc h ma y v ary from one connection to another, whic h p oses a

fundamen tal di�cult y in obtaining go o d congestion con trol p erformance. F rom a con trol-

theoretic standp oin t, if the decisions are to b e made only b y the b ottlenec k no de, the

di�erences in the R TTs can b e view ed as di�eren t action delays for eac h source. In fact,
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it can b e sho wn that this problem is equiv alen t to one where the decisions are made at

the sources, but with information dela y (see [5]).

This action dela y form ulation giv es rise to a p artial ly neste d information pattern

b ecause eac h source simply has a subset of the information a v ailable to the sources

with smaller dela ys. It is w ell ac kno wledged that in sto c hastic teams the information

pattern pla ys an imp ortan t role in the existence as w ell as the deriv ation of optimal team

solutions. The simplest information pattern one can think of is the so-called classic al

one, in whic h all mem b ers of a team receiv e the same information and ha v e p erfect

recall. The next lev el is the p artial ly neste d one, whic h has the prop ert y that if a team

mem b er's information dep ends on the con trol v ariable of some other mem b er, then the

former has access to all the information accessible to the latter. It is w ell kno wn [9]

that a sto c hastic team problem de�ned on a �nite horizon and with a partially nested

information structure can b e transformed to a static team problem (alb eit of a m uc h

higher dimension), with the equiv alence b eing in the sense that the solution of one can

b e obtained from the solution of the other. This equiv alence readily leads to existence

results, suc h as that of the partially nested linear-quadratic-Gaussian team, where the

solution exists, is unique, and is a�ne in the a v ailable information [9]|a result that

follo ws from an existence and uniqueness result for quadratic Gaussian teams [10].

The equiv alence alluded to ab o v e do es not lead, ho w ev er, to an y constructiv e meth-

o ds for obtaining the team-optimal solution for a general partially nested information

structure, nor to closed-form solutions. If the partially nested information is of a sp ecial

t yp e, suc h as the one-step-delay information sharing pattern, then a closed-form solution
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can b e obtained b y recursiv e decomp osition [11], [12]. It also do es not sa y m uc h ab out

the solution of in�nite-horizon team problems with partially nested information.

One w a y to circum v en t this computational di�cult y caused b y dela ys is �rst to solv e

the problem b y ignoring the dela ys. In this case, the problem reduces to a standard

discrete-time linear-quadratic-Gaussian problem, whic h is kno wn to admit a unique lin-

ear solution. Then, one can incorp orate the dela ys in to the con trollers, using the certain t y

equiv alence approac h. An earlier pap er [5] has emplo y ed this metho d to obtain the solu-

tion to the 
o w con trol problem and has presen ted t w o sub optimal certain t y-equiv alen t

con trollers.

Here w e tak e t w o di�eren t courses, b oth of whic h lead to the optimal solution of

the problem. First, w e use a dynamic programming-t yp e approac h to obtain the op-

timal con trols. This deriv ation requires large amoun ts of computation with dozens of

iterativ e sc hemes, but it is illustrativ e in the sense that it demonstrates the essence of

dynamic programming. Needless to sa y , the resulting con trollers are to o cum b ersome to

b e implemen ted in a real net w ork with m ultiple users.

The second approac h w e tak e addresses this computational problem from a di�eren t

angle, and pro vides the optimal solutions in a concise manner. The basic idea is to

in tro duce new v ariables for the past con trols of the DMs that ha v e nonzero information

dela ys. This w a y , the problem can b e con v erted to an equiv alen t discrete-time linear-

quadratic-Gaussian (DLQG) problem. W e sho w that this equiv alen t DLQG problem

admits a unique linear solution, whic h can b e computed b y solving a matrix Riccati

equation.
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In b oth cases, it can b e sho wn that a sep ar ation pr op erty and a c ertainty e quivalenc e

prop ert y hold for the optimal decision strategies.

3.2 Mathematical Mo del

W e consider a set M = f 1 ; : : : ; M g of DMs, whic h are distributed sources in a net w ork

that share a common b ottlenec k no de. In our mo del, the time unit corresp onds to the

round-trip dela y . Let q

n

denote the queue length at the b ottlenec k link, and �

n

denote

the e�ectiv e service rate a v ailable in that link at the b eginning of the n th time slot. Let

r

m

n

denote the e�ectiv e rate of source (or DM) m 2 M during the n th time slot. This

rate ma y actually b e the outcome of an action tak en b y the decision mak er m sev eral

time steps earlier. In our form ulation, w e will not recognize this dela y explicitly , but

instead include a dela y factor in the information a v ailable to eac h DM. As sho wn in [5],

these t w o form ulations are equiv alen t.

No w, in terms of the notation in tro duced, the queue length ev olv es according to

q

n +1

= q

n

+

M

X

m =1

r

m

n

� �

n

; n � 0 (3.1)

The ab o v e equation corresp onds to a linearized v ersion of the actual queue dynamics.

Sp eci�cally , w e ignore the fact that the queue length is restricted to b e p ositiv e. Also,

w e assume no upp er b ound on the queue length. Sim ulations in [5], [6] sho w that these

are v alid assumptions. The service rate �

n

a v ailable to the M sources ma y c hange o v er

time in an unpredictable w a y . W e mo del this b y a p -dimensional stable ARMA pro cess:

�

n

= � + �

n

; �

n

=

p � 1

X

i =0

�

i

�

n � i

+

p � 1

X

i =0

�

i

�

n � i

; n � 0 (3.2)
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where � is the constan t nominal service rate (kno wn to all DMs). The ob jectiv e functional

to b e minimized (collectiv ely b y all M DMs) is

J = lim sup

N !1

1

N

E

(

N

X

n =1

"

( q

n

� Q )

2

+

M

X

m =1

c

2

m

( r

m

n

� a

m

�

n

)

2

#)

(3.3)

where Q is the target queue length,

P

M

m =1

a

m

= 1, and c

m

's are p ositiv e constan ts. The

�rst additiv e term ab o v e represen ts a p enalt y for deviating from a desirable queue length.

The second additiv e term is a measure of the qualit y with whic h the input rate for eac h

source trac ks a giv en fraction of the a v ailable service rate, where c

m

's are w eigh ting

factors that serv e to rank the relativ e imp ortance of eac h term in the summation.

The information a v ailable to DM m at time n is I

n � D

m

, where

I

n

:= f q

0

; q

1

; : : : ; q

n

; �

0

; �

1

; : : : ; �

n

g (3.4)

and D

m

's denote dela ys in the acquisition of queue length and a v ailable service rate

information. Without an y loss of generalit y , w e tak e D

m

's to b e ordered in the follo wing

w a y:

0 � D

1

� D

2

� : : : � D

M

(3.5)

Hence,

r

m

n

= 


m

n

( I

n � D

m

) ; n � 0 ; m 2 M (3.6)

where 


m

n

are some measurable functions, with resp ect to whic h J will b e minimized. F or

con v enience, w e in tro duce the new (appropriately shifted) v ariables

x

n

:= q

n

� Q

u

m

n

:= r

m

n

� a

m

�
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whic h will serv e as the state and con trol, resp ectiv ely . In terms of these newly de�ned

v ariables w e can reform ulate the ab o v e problem in the follo wing w a y . Let f x

n

; n � 0 g

denote a discrete-time sto c hastic pro cess satisfying the scalar di�erence equation

x

n +1

= x

n

+

M

X

m =1

u

m

n

� �

n

; n � 0 (3.7)

where x

0

is a Gaussian random v ariable with kno wn statistics, suc h that E f x

0

g = �

x

0

,

v ar ( x

0

) = �

2

x

0

, and f �

n

; n � 0 g is a p -dimensional ARMA pro cess generated b y

�

n +1

=

p � 1

X

i =0

�

i

�

n � i

+

p � 1

X

i =0

�

i

�

n � i

; n � 0 (3.8)

with v alue of �

0

a priori kno wn (to all DM's), and f �

n

= 0 ; n < 0 g . Here, f ( �

i

; �

i

) ; i =

1 ; : : : ; p g are kno wn parameters and f �

n

; n � 0 g is a zero mean Gaussian i.i.d. sequence

with v ariance �

2

�

, and f �

n

= 0 ; n < 0 g . W e assume that the random v ariable x

0

and the

pro cess f �

n

; n � 0 g are indep enden t. Then, the ob jectiv e functional to b e minimized

can b e rewritten as

J = lim sup

N !1

1

N

E

(

N � 1

X

n =0

"

( x

n +1

)

2

+

M

X

m =1

c

2

m

( u

m

n

� a

m

�

n

)

2

#)

(3.9)

The information a v ailable to DM m at time n b ecomes the �nite set �

n � D

m

, where

�

n

:= f x

0

; x

1

; : : : ; x

n

; �

0

; �

1

; : : : ; �

n

g (3.10)

The decision la w (or strategy) 


m

n

of DM m is then a real Borel-measurable mapping




m

n

: �

n � D

m

! R . Hence,

u

m

n

= 


m

n

( �

n � D

m

) ; n � 0 ; m 2 M (3.11)
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where for con v enience w e assume that

f u

m

n

= 0 ; 0 � n � ( D

m

� 1) g (3.12)

and w e exclude from the cost functional (3.9) the terms that dep end on these v alues of

u

m

n

.

3.3 A Dynamic Programming Approac h

In this section, w e emplo y a dynamic programming-t yp e metho d to determine the

optimal con troller. In order to start from a �nite �nal time, w e �rst consider the �nite

horizon problem with t w o decision mak ers only . Also, for simplicit y w e assume an AR

instead of an ARMA mo del for the a v ailable bandwidth pro cess. This assumption cor-

resp onds to setting �

i

= 0 ; i = 1 ; : : : ; p � 1 in (3.8). The in�nite horizon problem is

considered as the limiting case of the �nite horizon problem.

Note that this metho d is to o cum b ersome to b e applied to �nd the optimal con troller

for more than t w o users. Th us, it is more lik e a b enc hmark example illustrating ho w

dynamic programming can b e applied to obtain the solution of team problems with

nonclassical information structure.

3.3.1 Finite horizon optimal con troller

Consider the t w o-user, N -stage problem where dela y of user 1 is D

1

units and that

of user 2 is D

2

units. De�ne the relativ e dela y of information b et w een the users as

D := D

2

� D

1

(3.13)
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Here, without an y loss of generalit y w e can assume that D

2

> D

1

, and w e do not consider

the trivial case D

2

= D

1

b ecause in this case the problem can b e reduced to a standard

decen tralized optim um con trol problem whose solution can b e found easily . Our ob jectiv e

is to minimize the �nite horizon cost

J

N

= E

8

<

:

N

X

n = D

2

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� a

1

�

n

)

2

+ c

2

2

( u

2 ;n

� a

2

�

n

)

2

i

+

D

2

X

n = D

1

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� �

n

)

2

i

9

=

;

where a

1

+ a

2

= 1 and c

1

, c

2

are p ositiv e w eigh ts.

3.3.1.1 Deriv ation of the con troller

W e use a dynamic programming approac h to obtain the solution to the ab o v e problem.

More precisely , w e start at time N and k eep minimizing the exp ected cost bac kw ards in

time. In determining the con trol actions one can use completion of squares to see ho w

the cost accum ulates. Clearly , for n = N ; N � 1 ; : : : ; N � D + 1, the minimization will

b e o v er a single v ariable, namely u

1 ;n

. The reason for this is that the information �eld of

user 1 at time n will b e equiv alen t to that of user 2 at time n + D . Th us, un til w e reac h

the time N � D , there will b e a sort of transien t minimization pro cess in whic h only the

con trol actions of user 1 will b e determined. A t ev ery step do wn to N � D , after w e

complete the squares in u

1 ;n

and pic k the appropriate con trol, some terms remain whic h

con tribute to the cost of the succeeding step. If w e study the problem carefully , it follo ws

that these terms ha v e a certain structure. T o this end, w e �rst minimize J with resp ect

to u

1 ;N

at stage N . If w e denote the cost to b e minimized at stage n b y J

n

, w e ha v e, for

17



n = N :

J

N

= x

2

N +1

+ c

2

1

( u

1 ;N

� a

1

�

N

)

2

= ( x

N

+ u

1 ;N

+ u

2 ;N

� �

N

)

2

+ c

2

1

( u

1 ;N

� a

1

�

N

)

2

Completion of squares yields

J

N

=

�

1 + c

2

1

�

"

u

1 ;N

+

1

1 + c

2

1

( x

N

+ u

2 ;N

) �

 

1 +

c

2

1

( a

1

� 1)

1 + c

2

1

!

�

N

#

2

+

c

2

1

1 + c

2

1

[ u

2 ;N

+ x

N

+ ( a

1

� 1) �

N

]

2

(3.14)

where u

1 ;N

m ust b e selected suc h that the exp ected v alue of the �rst additiv e term in

(3.14) is minimized. In fact, what w e are in terested in is the term that remains after the

completion of squares b ecause, as w e will see shortly , these terms determine the structure

of the con trollers when a steady state is reac hed. Let R

n

denote these remaining terms

at stage n . Th us the second additiv e term in (3.14) is R

N

. In pic king the con trol u

1 ;N

,

w e do not need to consider the second term in J

N

b ecause it will b e tak en care of at the

next stage. Note that user 1 at time N kno ws the con trol u

2 ;N

b ecause u

1 ;N

has access

to the information �eld of u

2 ;N

. Therefore, the only di�cult y in this minimization arises

from the unkno wns x

N

and �

N

. Since �

n

's are indep enden t random v ariables, the b est

u

1 ;N

can do is to replace �

n

's for n = N ; N � 1 ; : : : ; N � D

1

+ 1, with their b est estimates

conditioned on its o wn information �eld. That is,

^

�

N

1 ;n j N � D

1

= E f �

n

j I

N � D

1

g ; n = N ; N � 1 ; : : : ; N � D

1

+ 1 (3.15)
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The reason for this can b e seen if w e substitute for x

N

from the state equation (3.7). The

result is

J

N

=

�

1 + c

2

1

�

"

u

1 ;N

�

 

1 +

c

2

1

( a

1

� 1)

1 + c

2

1

!

�

N

+

1

1 + c

2

1

0

@

x

N � D

1

+ u

2 ;N

+

D

1

X

n =1

( u

1 ;N � n

+ u

2 ;N � n

� �

N � n

)

1

A

3

5

2

(3.16)

In (3.16) the only unkno wns to u

1 ;N

are �

N

; �

N � 1

; : : : ; �

N � D

1

+1

. W e already kno w that

�

n

's ha v e a linear dynamics giv en b y (3.8). Th us, (3.16) can b e rewritten as

J

N

=

�

1 + c

2

1

�

2

4

u

1 ;N

�

1

1 + c

2

1

D

1

� 1

X

n =1

�

N � n

�

 

1 +

c

2

1

( a

1

� 1)

1 + c

2

1

!

�

N

+

1

1 + c

2

1

0

@

x

N � D

1

+ u

2 ;N

+ �

N � D

1

+

D

1

X

n =1

( u

1 ;N � n

+ u

2 ;N � n

)

1

A

3

5

2

One can use (3.8) to express the �

n

's in terms of �

N � D

1

plus some zero mean random

v ariable with a kno wn v ariance. Th us, the b est decision function u

1 ;N

is solely determined

b y the �rst term in (3.14) with unkno wn states replaced from the state equation (3.7),

and unkno wn �

n

's replaced with their b est estimates giv en b y (3.15). Our task at stage

N ends with stating what R

N

is:

R

N

= 


0

( u

2 ;N

+ �

0 ; 1

x

N

+ ( a

1

� 1) �

N

)

2

(3.17)

where 


0

=

c

2

1

1+ c

2

1

and �

0 ; 1

= 1.

The next stage is n = N � 1. Assuming the relativ e dela y of information b et w een

the users is larger than one time unit, w e complete the squares in u

1 ;N � 1

only . The cost

functional to b e minimized is

J

N � 1

= x

2

N

+ c

2

1

( u

1 ;N � 1

� a

1

�

N

)

2

+ R

N

(3.18)
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Completion of squares results in three additiv e terms, and t w o of them are transferred to

the next stage. The �rst additiv e term determines the con trol u

1 ;N � 1

at this stage. As in

the previous step, the b est u

1 ;N � 1

can do is to replace �

n

's for n = N � 1 ; N � 2 ; : : : ; N � D

1

,

with their b est estimates conditioned on its information �eld. These estimates are giv en

b y

^

�

N � 1

1 ;n j N � D

1

� 1

= E f �

n

j I

N � D

1

� 1

g ; n = N � 1 ; N � 2 ; : : : ; N � D

1

(3.19)

and R

N � 1

can b e found to b e

R

N � 1

= 


1

( u

2 ;N

+ �

1 ; 1

x

N � 1

+ �

1 ; 1

u

2 ;N � 1

+ �

1 ; 1

( a

1

� 1) �

N � 1

+ ( a

1

� 1) �

N

)

2

+ 


0

( u

2 ;N � 1

+ �

0 ; 1

x

N � 1

+ ( a

1

� 1) �

N � 1

)

2

W e pro ceed in this manner un til w e reac h the time N � D + 1. F rom this p oin t on, w e

start minimizing J

n

's o v er t w o indep enden t v ariables, namely , u

1 ;n

and u

2 ;n + D

. It is easy

to calculate R

n

's for the so-called transien t part of this minimization pro cess extending

from time N to N � D + 1. F or example, R

N � 2

is

R

N � 2

= 


2

( u

2 ;N

+ �

2 ; 1

x

N � 2

+ �

2 ; 1

u

2 ;N � 2

+ �

2 ; 1

( a

1

� 1) �

N � 2

+ �

2 ; 2

u

2 ;N � 1

+ �

2 ; 2

( a

1

� 1) �

N � 1

+ ( a

1

� 1) �

N

)

2

+ 


1

( u

2 ;N � 1

+ �

1 ; 1

x

N � 2

+ �

1 ; 1

u

2 ;N � 2

+ �

1 ; 1

( a

1

� 1) �

N � 2

+ ( a

1

� 1) �

N � 1

)

2

+ 


0

( u

2 ;N � 2

+ �

0 ; 1

x

N � 2

+ ( a

1

� 1) �

N � 2

)

2

and R

N � 3

equals

R

N � 3

= 


3

( u

2 ;N

+ �

3 ; 1

x

N � 3

+ �

3 ; 1

u

2 ;N � 3

+ �

3 ; 1

( a

1

� 1) �

N � 3
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+ �

3 ; 2

u

2 ;N � 2

+ �

3 ; 2

( a

1

� 1) �

N � 2

+ �

3 ; 3

u

2 ;N � 1

+ �

3 ; 3

( a

1

� 1) �

N � 1

+ ( a

1

� 1) �

N

)

2

+ 


2

( u

2 ;N � 1

+ �

2 ; 1

x

N � 3

+ �

2 ; 1

u

2 ;N � 1

+ �

2 ; 1

( a

1

� 1) �

N � 3

+ �

2 ; 2

u

2 ;N � 2

+ �

2 ; 2

( a

1

� 1) �

N � 2

+ ( a

1

� 1) �

N � 1

)

2

+ 


1

( u

2 ;N � 2

+ �

1 ; 1

x

N � 3

+ �

1 ; 1

u

2 ;N � 3

+ �

1 ; 1

( a

1

� 1) �

N � 3

+ ( a

1

� 1) �

N � 2

)

2

+ 


0

( u

2 ;N � 3

+ �

0 ; 1

x

N � 3

+ ( a

1

� 1) �

N � 3

)

2

Note that R

n

's ha v e a certain structure. One can exploit this structure to recursiv ely

determine the constan ts 


d

's and �

d

's:

�

� 1

= 1 + c

2

1

; �

d

= 1 + c

2

1

+

d

X

n =0 ;D � 2




n

�

2

n; 1

; 


� 1

= 0 ; 


0

=

c

2

1

1 + c

2

1

(3.20)

�

0 ; 1

= 1 ; 


d +1

= 


d

�




2

d

�

2

d; 1

�

d

; d = 0 ; 1 ; : : : ; D � 2 ; D � 2 (3.21)

�

d +1 ; 1

=




d

�

d; 1




d +1

 

1 �

1 + 


0

�

0 ; 1

+ 


1

�

2

1 ; 1

+ : : : + 


d

�

2

d; 1

�

d

!

;

d = 0 ; 1 ; : : : ; D � 2 ; D � 2

�

d +1 ; 2

=




d

�

d; 1




d +1

 

1 �




0

�

0 ; 1

+ 


1

�

2

1 ; 1

+ : : : + 


d

�

2

d; 1

�

d

!

;

d = 1 ; 2 ; : : : ; D � 2 ; D � 3

�

d +1 ; 3

=




d

�

d; 2




d +1

�




d

�

d; 1




d +1

�




1

�

1 ; 1

+ 


2

�

2 ; 1

�

2 ; 2

+ : : : + 


d

�

d; 1

�

d; 2

�

d

�

;

d = 2 ; 3 ; : : : ; D � 2 ; D � 4

.

.

.
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�

d +1 ;k +1

=




d

�

d;k




d +1

�




d

�

d; 1




d +1

�




k � 1

�

k � 1 ; 1

+ 


k

�

k ; 1

�

k ;k

+ : : : + 


d

�

d; 1

�

d;k

�

d

�

;

d = k ; k + 1 ; : : : ; D � 2 ; D � k + 2 ; k = 4 ; : : : ; D � 2

F or n = N ; N � 1 ; : : : ; N � D + 1, the cost functionals w e minimize ha v e the form

J

n

= x

2

n +1

+ c

2

1

( u

1 ;n

� a

1

�

n

)

2

+ R

n +1

(3.22)

with R

N +1

= 0. And the optimal con trol for this time in terv al can b e written as

u

�

1 ;N � d

= � �

0 ;d

�

^x

N � d

1 ;N � d j N � D

1

� d

+ u

2 ;N � d

�

�

d

X

k =1 ;d 6=0

�

k ;d

�

u

2 ;N � d + k

+ ( a

1

� 1)

^

�

N � d

1 ;N � d + k j N � D

1

� d

�

+ ( a

1

� �

0 ;d

( a

1

� 1))

^

�

N � d

1 ;N � d j N � D

1

� d

; d = 0 ; : : : ; D � 1 (3.23)

where

�

0 ;d

=

�

d � 1

� c

2

1

�

d � 1

; d � 0

�

1 ;d

=




0

�

0 ; 1

+ 


1

�

2

1 ; 1

+ : : : + 


d � 1

�

2

d � 1 ; 1

�

d � 1

; d � 1

�

2 ;d

=




1

�

1 ; 1

+ 


2

�

2 ; 1

�

2 ; 2

+ : : : + 


d � 1

�

d � 1 ; 1

�

d � 1 ; 2

�

d � 1

; d � 2

.

.

.

�

k ;d

=




k � 1

�

k � 1 ; 1

+ 


k

�

k ; 1

�

k ;k

+ : : : + 


d � 1

�

d � 1 ; 1

�

d � 1 ;k

�

d � 1

; d � k ;

k = 4 ; : : : ; D � 1

In the ab o v e set of equations,

^

�

l

1 ;n j k

denotes the estimate of source 1 at time l of the v alue

of � at time n based on I

k

. A similar in terpretation holds for ^x

l

1 ;n j k

.

No w, the next step is to calculate the optimal con trol la ws for D

2

+ 1 � n � N � D .

First, w e observ e that the cost functional to b e minimized at an y stage after D steps
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bac k in time is

J

n

= [ x

n

+ u

1 ;n

+ u

2 ;n

� �

n

]

2

+ c

2

1

[ u

1 ;n

� a

1

�

n

]

2

+ c

2

2

[ u

2 ;n + D

� a

2

�

n + D

]

2

+ �

n

[ u

2 ;n + D

+ �

D � 1 ; 1

x

n +1

+ �

D � 1 ; 1

u

2 ;n +1

+ �

D � 1 ; 1

( a

1

� 1) �

n +1

+ �

D � 1 ; 2

u

2 ;n +2

+ �

D � 1 ; 2

( a

1

� 1) �

n +2

+ : : : + �

D � 1 ;D � 1

u

2 ;n + D � 1

+ �

D � 1 ;D � 1

( a

1

� 1) �

n + D � 1

+ ( a

1

� 1) �

n + D

]

2

+ 


D � 2

[ u

2 ;n + D � 1

+ �

D � 2 ; 1

x

n +1

+ �

D � 2 ; 1

u

2 ;n +1

+ �

D � 2 ; 1

( a

1

� 1) �

n +1

+ �

D � 2 ; 2

u

2 ;n +2

+ �

D � 2 ; 2

( a

1

� 1) �

n +2

+ : : : + �

D � 2 ;D � 2

u

2 ;n + D � 2

+ �

D � 2 ;D � 2

( a

1

� 1) �

2 ;n + D � 2

+ ( a

1

� 1) �

n + D � 1

]

2

+ : : : + 


1

[ u

2 ;n +2

+ �

1 ; 1

x

n +1

+ �

1 ; 1

u

2 ;n +1

+ �

1 ; 1

( a

1

� 1) �

n +1

+ ( a

1

� 1) �

n +2

]

2

+ 


0

[ u

2 ;n +1

+ �

0 ; 1

x

n +1

+ ( a

1

� 1) �

n +1

]

2

(3.24)

where

�

N � D

= 


D � 1

(3.25)

A recursiv e form ula to calculate �

n

's can b e found after some algebraic manipulations:

�

n � 1

=

A

1

�

n

+ A

0

B

1

�

n

+ B

0

; n = N � D ; N � D � 1 ; : : : ; D

2

+ 1 (3.26)

where

A

1

=

�




D � 2

+ c

2

2

�

2

D � 1 ;D � 1

�

0

@

1 + c

2

1

+

D

X

k =3 ;D � 3




D � k

�

2

D � k ; 1

1

A
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+ c

2

2




D � 2

( �

D � 1 ; 1

� �

D � 2 ; 1

�

D � 1 ;D � 1

)

2

;

A

0

= c

2

2




D � 2

0

@

1 + c

2

1

+

D

X

k =3 ;D � 3




D � k

�

2

D � k ; 1

1

A

;

B

1

=

0

@

1 + c

2

1

+ c

2

2

�

2

D � 1 ; 1

+

D

X

k =2 ;D � 2




D � k

�

2

D � k ; 1

1

A

;

B

0

= c

2

2

0

@

1 + c

2

1

+

D

X

k =2 ;D � 2




D � k

�

2

D � k ; 1

1

A

(3.27)

Note that all four of these quan tities are p ositiv e. No w, de�ne  

n j D

for a giv en relativ e

dela y D as

 

n j D

:= 1 + c

2

1

+ �

n

�

2

D � 1 ; 1

+ 


D � 2

�

2

D � 2 ; 1

+ : : : + 


0

�

2

0 ; 1

(3.28)

The optimal con trols can b e found b y minimizing (3.24) o v er u

1 ;n

and u

2 ;n + D

. Before

writing do wn the complete solution, let us in tro duce some de�nitions. F or giv en n and

D , let �

k j n;D

b e de�ned b y

�

0 j n;D

:=

�

n

�

D � 1 ; 1

 

n j D

;

�

1 j n;D

:=

�

n

�

D � 1 ; 1

�

D � 1 ;D � 1

+ 


D � 2

�

D � 2 ; 1

 

n j D

;

�

k j n;D

:=

�

n

�

D � 1 ; 1

�

D � 1 ;D � k

+

P

k

j =2

[ 


D � j

�

D � j; 1

�

D � j;D � k

]

 

n j D

+




D � k � 1

�

D � k � 1 ; 1

 

n j D

; k = 2 ; 3 ; : : : ; D � 1 ;

�

D j n;D

:= �

D � 1 j n;D

+

1

 

n j D

and let �

n j D

b e de�ned as

�

n j D

:= c

2

2

+ �

n

�

�

2

n

�

2

D � 1 ; 1

 

n j D

(3.29)

Then, the optim um con trol u

�

2 ;n + D

b ecomes

u

�

2 ;n + D

= �

�

n

�

D � 1 ; 1

�  

n j D

�

0 j n;D

�

D j n;D

�

n j D

�

^x

n + D

2 ;n j n � D

1

+ u

2 ;n

24



+ ( a

1

� 1)

^

�

n + D

2 ;n j n � D

1

�

� ( a

1

� 1)

^

�

n + D

2 ;n + D j n � D

1

�

D � 1

X

k =1 ;D � 1

"

�

n

�

D � 1 ;k

�  

n j D

�

0 j n;D

�

D � k j n;D

�

n j D

( u

2 ;n + k

+ ( a

1

� 1)

^

�

n + D

2 ;n + k j n � D

1

�i

; n = N � D ; : : : ; D

2

+ 1 (3.30)

Similarly , one can write do wn the con trol u

�

1 ;n

as

u

�

1 ;n

= � �

0 j n;D

( u

�

2 ;n + D

+ ( a

1

� 1)

^

�

n

1 ;n + D j n � D

1

) �

D � 1

X

k =1

h

�

k j n;D

( u

2 ;n + D � k

+( a

1

� 1)

^

�

n

1 ;n + D � k j n � D

1

� i

� �

D j n;D

( ^ x

n

1 ;n j n � D

1

+ u

2 ;n

)

+(1 +

c

2

1

( a

1

� 1)

 

n j D

)

^

�

n

1 ;n j n � D

1

; n = N � D ; : : : ; D

2

+ 1 (3.31)

Note that u

�

2 ;n + D

app ears in the expression for u

�

1 ;n

, but this is not necessary , as one can

substitute (3.30) in to (3.31) and ha v e a form ula for u

�

1 ;n

expressed only in terms of its

o wn information v ariables. The calculation of the con trollers for the last D steps of the

problem is omitted, but it can b e carried out without m uc h e�ort.

3.3.1.2 Certain t y equiv alence

The optimal con troller deriv ed ab o v e is certain t y-equiv alen t in the sense that if users

1 and 2 had access to p erfect state information, they w ould simply replace the estimated

v ariables in (3.30) and (3.31) with their actual v alues. In fact, this follo ws from the

construction of the con troller. In the deriv ations, at eac h stage w e replaced the unkno wn

states with their b est estimates conditioned on users' o wn information �elds at that stage.

Hence, if w e assume that these unkno wn states are kno wn to the users, the b est they

can do is to use this new information in their expressions of con trol. As w e men tioned

earlier, there are man y w a ys in whic h a certain t y-equiv alen t con troller can b e de�ned,
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and eac h suc h con troller leads to a di�eren t v alue for the cost [4], [13]. Of course, among

these di�eren t con trollers (eac h one b eing a particular r epr esentation of the p erfect state

information con troller), the one w e constructed ab o v e has the lo w est p ossible cost due to

its optimalit y .

3.3.2 In�nite horizon optimal con troller

W e no w return to the original in�nite-horizon problem with t w o users. Our ob jectiv e

w as actually to minimize the in�nite-horizon cost

J = lim sup

N !1

1

N

E

8

<

:

N

X

n = D

2

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� a

1

�

n

)

2

+ c

2

2

( u

2 ;n

� a

2

�

n

)

2

i

+

D

2

X

n = D

1

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� �

n

)

2

i

9

=

;

(3.32)

Here w e prefer to write \lim sup " instead of just \lim " b ecause w e do not kno w y et

whether the limit exists. T o b e able to pro v e the existence of the in�nite-horizon optimal

con troller, w e �rst sho w that the con troller dynamics giv en b y (3.25) and (3.26) con v erge

as N tends to 1 . Next, w e use this result to sho w that the optimal �nite-horizon

con troller is stabilizing as N ! 1 . And �nally , w e pro v e that the optim um v alue of

(3.32), denoted b y J

�

, equals the limit of the optim um �nite horizon a v erage cost. Th us,

the linear stationary p olicies whic h are giv en as the limit of the optimal p olicies (3.30)

and (3.31) are optimal for the in�nite-horizon problem.
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3.3.2.1 Con v ergence of con troller dynamics

In an in�nite horizon problem, one usually w an ts to kno w whether the recursiv ely

de�ned sequence (3.26) has a limit p oin t for arbitrary v alues of system parameters. And

if so, w e ha v e to mak e sure that this limit p oin t is unique. In what follo ws w e address

these questions. First of all, note that A

1

; A

0

; B

1

, and B

0

are all p ositiv e constan ts. The

initial condition of (3.26) b eing a p ositiv e constan t, �

n

's remain p ositiv e for all n . T o

in v estigate the existence and uniqueness of the limit w e form ulate the problem as follo ws.

The sequence of p oin ts giv en b y (3.26) is computed in rev erse time b y a form ula of the

form

�

n � 1

= F ( �

n

) ; n = N � D ; N � D � 1 ; : : : ; D

2

+ 1 (3.33)

where

F ( � ) =

A

1

� + A

0

B

1

� + B

0

(3.34)

Note that F is p ositiv e and con tin uous for � � 0, since A

1

; A

0

; B

1

; andB

0

are all p ositiv e.

F or con v enience, as N ! 1 , w e tak e the sequence f �

n

g to b e de�ned in forw ard time as

�

n +1

= F ( �

n

) (3.35)

with the initial v alue �

0

= 


D � 1

. This new de�nition do es not c hange an ything ab out

the existence and uniqueness of the limit. No w, assume that the sequence f �

n

g has at

least one limit p oin t denoted b y �

1

. If so, w e m ust ha v e �

n

's con v erging to this n um b er,

and hence to a solution to the equation:

�

1

=

A

1

�

1

+ A

0

B

1

�

1

+ B

0

(3.36)
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whic h is equiv alen t to the follo wing quadratic equation in �

1

:

B

1

�

2

1

+ ( B

0

� A

1

) �

1

� A

0

= 0 (3.37)

whose discriminan t is

� = ( B

0

� A

1

)

2

+ 4 B

1

A

0

> 0 (3.38)

Th us, w e ha v e t w o real ro ots. The signs of the ro ots are opp osite b ecause their pro duct,

giv en b y �

A

0

B

1

, is negativ e. As a result, w e can conclude that w e ha v e a single p ositiv e

real ro ot of (3.37), designated b y �

+

1

. Note that �

+

1

is a �xe d p oint of (3.34) and is unique

on the in terv al [0 ; 1 ). By the c ontr action mapping the or em [14], this p oin t is indeed the

unique limit of ev ery sequence obtained from (3.35) with an y nonnegativ e starting p oin t

if F is a con traction mapping on [0 ; 1 ) [ f1g . W e pro ceed b y sho wing that F is indeed

a con traction on this closed in terv al. T o this end w e seek a n um b er � < 1, suc h that

j F ( x ) � F ( y ) j � � j x � y j ; 8 x; y � 0 (3.39)

Plugging (3.34) in to (3.39) yields

j x � y j j A

0

B

1

� A

1

B

0

j

( B

1

x + B

0

) ( B

1

y + B

0

)

� � j x � y j (3.40)

Cancelling j x � y j 's and using the facts that the minima of ( B

1

x + B

0

) and ( B

1

y + B

0

)

o v er [0 ; 1 ) o ccur at x = 0 and y = 0 resp ectiv ely , and that B

2

0

is p ositiv e, w e can rewrite

the condition of con traction as

j A

0

B

1

� A

1

B

0

j � B

2

0

< 0 (3.41)
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Next, w e substitute for A

0

; B

0

; A

1

and B

1

from (3.27) and after some algebraic manipu-

lations w e get

2

4

( �

D � 1 ;D � 1

� 1)

0

@




D � 2

�

2

D � 2 ; 1

+ 1 + c

2

1

+

D

X

k =3 ;D � 3




D � k

�

2

D � k ; 1

1

A

� 


D � 2

�

D � 1 ; 1

�

D � 2 ; 1

] �

2

4

�

D � 1 ;D � 1

0

@




D � 2

�

2

D � 2 ; 1

+ 1 + c

2

1

+

D

X

k =3 ;D � 3




D � k

�

2

D � k ; 1

1

A

+

0

@




D � 2

�

2

D � 2 ; 1

+ 1 + c

2

1

+

D

X

k =3 ;D � 3




D � k

�

2

D � k ; 1

1

A

� 


D � 2

�

D � 1 ; 1

�

D � 2 ; 1

] < 0 (3.42)

The �rst m ultiplicativ e term in (3.42) is negativ e b ecause ( �

D � 1 ;D � 1

� 1) < 0 for an y

D , and the second m ultiplicativ e term is p ositiv e b ecause w e ha v e 


D � 2

�

D � 1 ; 1

�

D � 2 ; 1

< 1

b y construction. As a result, the inequalit y in (3.42) is satis�ed for arbitrary v alues

of system parameters, but (3.42) is equiv alen t to (3.39), and th us F is a con traction

mapping. Hence, the con traction mapping theorem applies and the �xed p oin t �

+

1

turns

out to b e the unique limit p oin t of the sequence f �

n

g . The v alue of �

+

1

can b e calculated

as the p ositiv e ro ot of (3.37):

�

+

1

=

( A

1

� B

0

) +

q

( B

0

� A

1

)

2

+ 4 B

1

A

0

2 B

1

(3.43)

No w, the stationary optimal p olicies can b e found b y plugging the limiting v alue of the

sequence f �

n

g in to (3.30) and (3.31). W e will see shortly that these stationary p olicies

indeed constitute the solution of the in�nite-horizon v ersion of the problem, but �rst w e

pro v e another useful result whic h is also used in sho wing the existence of a solution to

the in�nite-horizon problem.
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3.3.2.2 Stabilizing prop ert y of the optimal con troller

In this subsection, w e in v estigate the stabilizing prop ert y of the optimal con troller

and sho w that as N go es to in�nit y , the a v erage cost remains b ounded. An immediate

consequence of this result is that neither the shifted queue dynamics nor the user rates can

blo w up when the optimal con troller is applied. In [4] it w as sho wn that the a v erage cost

is b ounded for t w o sub optimal certain t y-equiv alen t con trollers, referred to as Contr ol ler

1 and Contr ol ler 2 . F or instance, for Con troller 1 w e ha v e

J

�

� lim

N !1

J

N

N

� C

1

(3.44)

where C

1

is the scalar giv en in Section 5 of [4]. The con troller here b eing optimal leads

to an a v erage cost that is no larger. Therefore,

J

�

� lim

N !1

J

N

N

� C

opt

� C

1

(3.45)

whic h pro v es the stabilizabilit y of the optimal con troller. Here w e presen t a more direct

pro of of this fact b y calculating the exact v alue of the cost p er stage. Starting at time

N , un til w e reac h the time N � D , the con trol is giv en b y (3.23), and for an y giv en D the

cost of these �rst D stages, denoted b y L

1

, can b e found b y plugging (3.23) in to (3.22)

and it will dep end on the parameters of the AR pro cess as w ell as the con trol (3.23). It

is clear that L

1

is �nite b ecause w e ha v e only a �nite n um b er of steps un til the time

N � D + 1. W e also note that the optimal con trol la ws for D

2

+ 1 � n � N � D w ere

found b y minimizing J

n

's o v er u

1 ;n

and u

2 ;n + D

. If w e complete J

n

to squares in u

1 ;n

and

u

2 ;n + D

and substitute for the optimal con trols (3.30) and (3.31), the exp ected v alue of the

resulting expression giv es us a cost that w e cannot a v oid due to the dela ys in the system,
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plus some remaining terms that are transferred to the next stage of the minimization

pro cess. These remaining terms are tak en care of in minimizing J

n � 1

. Th us, the cost of

stage n essen tially equals the exp ected v alue of the follo wing quan tit y:




n

=  

n j D

"

u

�

1 ;n

+

D � 1

X

k =1

h

�

k j n;D

( u

2 ;n + D � k

+ ( a

1

� 1) �

n + D � k

)

i

+ �

0 j n;D

�

u

�

2 ;n + D

+ ( a

1

� 1) �

n + D

�

+ �

D j n;D

( x

n

+ u

2 ;n

)

�

 

1 +

c

2

1

( a

1

� 1)

 

n j D

!

�

n

#

2

+ �

n j D

"

u

�

2 ;n + D

+

�

n

�

D � 1 ; 1

�  

n j D

�

0 j n;D

�

D j n;D

�

n j D

( x

n

+ u

2 ;n

+ ( a

1

� 1) �

n

) + ( a

1

� 1) �

n + D

+

D � 1

X

k =1 ;D � 1

"

�

n

�

D � 1 ;k

�  

n j D

�

0 j n;D

�

D � k j n;D

�

n j D

( u

2 ;n + k

+ ( a

1

� 1) �

n + k

)]]

2

If w e substitute for the optimal con trols u

�

1 ;n

and u

�

2 ;n + D

, w e get




n

=  

n j D

h

�

0 j n;D

( a

1

� 1)

�

�

n + D

�

^

�

n

1 ;n + D j n � D

1

�

+ �

D j n;D

�

x

n

� ^x

n

1 ;n j n � D � 1

�

+

D � 1

X

k =1

�

k j n;D

( a

1

� 1) ( �

n + D � k

�

^

�

n

1 ;n + D � k j n � D

1

�

�

 

1 +

c

2

1

( a

1

� 1)

 

n j D

!

�

�

n

�

^

�

n

1 ;n j n � D � 1

�

#

2

+ �

n j D

"

�

n

�

D � 1 ; 1

�  

n j D

�

0 j n;D

�

D j n;D

�

n j D

� �

x

n

� ^x

n + D

2 ;n j n � D

1

�

+ ( a

1

� 1)

�

�

n

�

^

�

n + D

2 ;n j n � D

1

��

+ ( a

1

� 1) ( �

n + D

�

^

�

n + D

2 ;n + D j n � D

1

�

+

D � 1

X

k =1 ;D � 1

�

n

�

D � 1 ;k

�  

n j D

�

0 j n;D

�

D � k j n;D

�

n j D

( a

1

� 1)

�

�

n + k

�

^

�

n + D

2 ;n + k j n � D

1

� i

2
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Hence, to calculate the cost at stage n , �rst w e need to express the terms in v olving

the di�erence b et w een estimated v ariables and their actual v alues in a con v enien t form.

F ollo wing along the lines of Section 5 of [4], one can sho w that the exp ected v alue of 


n

can equiv alen tly b e written as

E f 


n

g = '

n

E

n

�

2

o

= '

n

�

2

�

(3.46)

where '

n

is the sequence obtained from 


n

b y using the fact that the estimation errors

are linear in f �

n

g 's whic h are i.i.d. with v ariance �

2

�

. F or a more detailed reasoning

b ehind this idea see [4], Section 5. No w, as n tends to D

2

+ 1 while N tends to 1 , w e

kno w that �

n

's con v erge to the unique n um b er �

+

1

. T o in v estigate the limiting b eha vior

of '

n

, w e need to consider that of �

l j n;D

; l = 0 ; : : : ; D ,  

n j D

and �

n j D

, b ecause '

n

for eac h

n is just a con tin uous function of these sequences. Hence, if one can sho w that these

three sequences con v erge, then b y con tin uit y '

n

's will con v erge as w ell. T o this end, w e

�rst recall that

 

n j D

= 1 + c

2

1

+ �

n

�

2

D � 1 ; 1

+ 


D � 2

�

2

D � 2 ; 1

+ : : : + 


0

�

2

0 ; 1

(3.47)

�

0 j n;D

:=

�

n

�

D � 1 ; 1

 

n j D

�

1 j n;D

:=

�

n

�

D � 1 ; 1

�

D � 1 ;D � 1

+ 


D � 2

�

D � 2 ; 1

 

n j D

�

k j n;D

:=

�

n

�

D � 1 ; 1

�

D � 1 ;D � k

+

P

k

j =2

[ 


D � j

�

D � j; 1

�

D � j;D � k

]

 

n j D

+




D � k � 1

�

D � k � 1 ; 1

 

n j D

; k = 2 ; 3 ; : : : ; D � 1

�

D j n;D

:= �

D � 1 j n;D

+

1

 

n j D

(3.48)
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and

�

n j D

= c

2

2

+ �

n

�

�

2

n

�

2

D � 1 ; 1

 

n j D

(3.49)

T aking the limit of b oth sides of (3.47), (3.48), and (3.49) w e see that

 

1j D

= 1 + c

2

1

+ �

+

1

�

2

D � 1 ; 1

+ 


D � 2

�

2

D � 2 ; 1

+ : : : + 


0

�

2

0 ; 1

; (3.50)

�

0 j1 ;D

:=

�

+

1

�

D � 1 ; 1

 

1j D

;

�

1 j1 ;D

:=

�

+

1

�

D � 1 ; 1

�

D � 1 ;D � 1

+ 


D � 2

�

D � 2 ; 1

 

1j D

;

�

k j1 ;D

:=

�

+

1

�

D � 1 ; 1

�

D � 1 ;D � k

+

P

k

j =2

[ 


D � j

�

D � j; 1

�

D � j;D � k

]

 

1j D

+




D � k � 1

�

D � k � 1 ; 1

 

1j D

; k = 2 ; 3 ; : : : ; D � 1 ;

�

D j1 ;D

:= �

D � 1 j1 ;D

+

1

 

1j D

and

�

1j D

= c

2

2

+ �

+

1

�

�

+

2

1

�

2

D � 1 ; 1

 

1j D

(3.51)

Since all three limits exist, the sequence f '

n

g con v erges to a real n um b er, sa y , '

1

. Using

this result w e can write the cost J

N

as

J

N

=

N � D

X

n = D

1

+1

E f 


n

g + L

1

= L

1

+ �

2

�

N � D

X

n = D

1

+1

'

n

(3.52)

Hence, the a v erage cost as N ! 1 is equal to

lim

N !1

J

N

N

= lim

N !1

1

N

0

@

L

1

+ �

2

�

N � D

X

n = D

1

+1

'

n

1

A

(3.53)

W e can actually ev aluate this limit b y using the follo wing fact.

33



F act: Let f a

n

g b e a con v ergen t sequence with limit a , and let m < 1 b e an arbitrary

scalar. Then, the in�nite sum

lim

N !1

1

N

N

X

n = m

a

n

(3.54)

con v erges to the real n um b er a .

Therefore, w e m ust ha v e

lim

N !1

J

N

N

= �

2

�

'

1

(3.55)

whic h pro v es that the a v erage cost is b ounded if the limit of the �nite-horizon optimal

con troller is applied to the system. This do es not necessarily mean that this limiting

stationary con troller minimizes the a v erage in�nite horizon cost. In the next subsection,

ho w ev er, w e will sho w that this is indeed the case.

3.3.2.3 In�nite horizon con troller

Ha ving sho wn that the con troller dynamics con v erge and the limiting case of the �nite-

horizon optimal con troller is stabilizing, in this section w e pro v e a stronger result, whic h

enables us to calculate the in�nite-horizon optimal con troller as the limit of the �nite-

horizon one. Let M b e a p ositiv e in teger and let � = f �

D

1

+1

; �

D

1

+2

; : : : ; �

M

; �

M +1

; : : : g

b e an y admissible p olicy where eac h �

m

consists of t w o elemen ts: u

1 ;m

and u

2 ;m + D

. W e

shall denote the optimal p olicy (3.30)-(3.31) b y �

�

=

n

�

�

D

1

+1

; �

�

D

1

+2

; : : : ; �

�

M

; �

�

M +1

; : : :

o

.

Without an y loss of generalit y , w e assume that M is suc h that the transien t part of the

dynamic programming is o v er. First, recall from Section 3.3.1 that

min

u

1 ;M

;u

2 ;M + D

E f S

M

+ H

M

g = E f 


M

g + H

M � 1

(3.56)
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where

S

n

:= x

2

n +1

+ c

2

1

[ u

1 ;n

� a

1

�

n

]

2

+ c

2

2

[ u

2 ;n + D

� a

2

�

n + D

]

2

(3.57)

and

H

n

:= �

n

[ u

2 ;n + D

+ �

D � 1 ; 1

x

n +1

+ �

D � 1 ; 1

u

2 ;n +1

+ �

D � 1 ; 1

( a

1

� 1) �

n +1

+ �

D � 1 ; 2

u

2 ;n +2

+ �

D � 1 ; 2

( a

1

� 1) �

n +2

+ : : : + �

D � 1 ;D � 1

u

2 ;n + D � 1

+ �

D � 1 ;D � 1

( a

1

� 1) �

n + D � 1

+ ( a

1

� 1) �

n + D

]

2

+ 


D � 2

[ u

2 ;n + D � 1

+ �

D � 2 ; 1

x

n +1

+ �

D � 2 ; 1

u

2 ;n +1

+ �

D � 2 ; 1

( a

1

� 1) �

n +1

+ �

D � 2 ; 2

u

2 ;n +2

+ �

D � 2 ; 2

( a

1

� 1) �

n +2

+ : : : + �

D � 2 ;D � 2

u

2 ;n + D � 2

+ �

D � 2 ;D � 2

( a

1

� 1) �

2 ;n + D � 2

+ ( a

1

� 1) �

n + D � 1

]

2

+ : : : + 


1

[ u

2 ;n +2

+ �

1 ; 1

x

n +1

+ �

1 ; 1

u

2 ;n +1

+ �

1 ; 1

( a

1

� 1) �

n +1

+ ( a

1

� 1) �

n +2

]

2

+ 


0

[ u

2 ;n +1

+ �

0 ; 1

x

n +1

+ ( a

1

� 1) �

n +1

]

2

Using (3.46), w e can rewrite (3.56) as

min

u

1 ;M

;u

2 ;M + D

E f S

M

+ H

M

g = �

2

�

'

M

+ H

M � 1

(3.58)

A t this p oin t, for con v enience, w e in tro duce a mapping T

�

n

( � ) whic h simply ev aluates

the exp ected v alue of its argumen t when the con trol p olicy is giv en b y �

n

. F rom (3.58),

w e ha v e

T

�

M

( S

M

+ H

M

) � �

2

�

'

M

+ H

M � 1

(3.59)
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By applying T

�

M � 1

to b oth sides of (3.59) w e see that

T

�

M � 1

( T

�

M

( S

M

+ H

M

) + S

M � 1

) � T

�

M � 1

�

�

2

�

'

M

+ H

M � 1

+ S

M � 1

�

= �

2

�

'

M

+ T

�

M � 1

( H

M � 1

+ S

M � 1

)

� �

2

�

( '

M

+ '

M � 1

) + H

M � 2

where the �rst inequalit y follo ws from a simple principle of optimalit y argumen t. Pro-

ceeding in the same manner, w e �nally obtain

T

�

D

1

+1

�

T

�

D

1

+2

( : : : ( T

�

M

( S

M

+ H

M

) + : : : ) + S

D

1

+2

) + S

D

1

+1

�

� �

2

�

M

X

n = D

1

+1

'

n

(3.60)

with equalit y if eac h �

n

, n = D

1

+ 1 ; D

1

+ 2 ; : : : ; M , equals �

�

n

. The left-hand side of (3.60)

is equal to the M -stage cost corresp onding to the p olicy � = f �

D

1

+1

; �

D

1

+2

; : : : ; �

M

g . In

other w ords,

T

�

D

1

+1

�

T

�

D

1

+2

( : : : ( T

�

M

( S

M

+ H

M

) + : : : ) + S

D

1

+2

) + S

D

1

+1

�

= E

8

<

:

M

X

n = D

2

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� a

1

�

n

)

2

+ c

2

2

( u

2 ;n

� a

2

�

n

)

2

i

+

D

2

X

n = D

1

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� �

n

)

2

i

�

�

�

�

�

�

�

9

=

;

One can use this relation in (3.60) to get

E

8

<

:

M

X

n = D

2

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� a

1

�

n

)

2

+ c

2

2

( u

2 ;n

� a

2

�

n

)

2

i

+

D

2

X

n = D

1

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� �

n

)

2

i

�

�

�

�

�

�

�

9

=

;

� �

2

�

M

X

n = D

1

+1

'

n

(3.61)
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If w e divide b oth sides of (3.61) b y M and tak e the limit as M go es to 1 , w e obtain the

inequalit y

lim

M !1

1

M

E

8

<

:

M

X

n = D

2

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� a

1

�

n

)

2

+ c

2

2

( u

2 ;n

� a

2

�

n

)

2

i

+

D

2

X

n = D

1

+1

h

x

2

n +1

+ c

2

1

( u

1 ;n

� �

n

)

2

i

�

�

�

�

�

�

�

9

=

;

� lim

M !1

1

M

�

2

�

M

X

n = D

1

+1

'

n

= �

2

�

'

1

with equalit y if � = �

�

. Th us, the in�nite horizon cost J is lo w er-b ounded b y the

real n um b er �

2

�

'

1

, and this b ound can b e ac hiev ed if the p olicy is that of the limit of

the optimal �nite-horizon con troller. Hence, w e established the result that the in�nite

horizon optimal con troller can b e obtained as the limit of the �nite-horizon con troller.

3.4 A More Direct Approac h

In this section w e presen t the optimal solution for the most general case b y making

a simple observ ation. W e shall see that the problem can b e transformed in to a higher-

dimensional LQG team with a simple tric k in v olving state augmen tation.

3.4.1 State augmen tation

W e start b y taking a closer lo ok at the information pattern (3.10). F rom (3.11) it

easily follo ws that

u

1

n + D

1

= 


1

n + D

1

( �

n

)

u

2

n + D

2

= 


2

n + D

2

( �

n

)
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.

.

.

u

M

n + D

M

= 


M

n + D

M

( �

n

) (3.62)

where �

n

= f x

0

; x

1

; : : : ; x

n

; �

0

; �

1

; : : : ; �

n

g . Next, for ease of notation, w e de�ne new

con trol v ariables via

v

m

n

:= u

m

n + D

m

= 


m

n + D

m

( �

n

) ; n � 0 ; m 2 M (3.63)

Note that the cost functional (3.9) can b e equiv alen tly written as

J = lim sup

N !1

1

N

E

(

N � 1

X

n =0

"

( x

n +1

)

2

+

M

X

m =1

c

2

m

�

u

m

n + D

m

� a

m

�

n + D

m

�

2

# )

(3.64)

where w e ha v e made use of (3.12). In terms of the newly in tro duced v ariables, (3.64)

b ecomes

J = lim sup

N !1

1

N

E

(

N � 1

X

n =0

"

( x

n +1

)

2

+

M

X

m =1

c

2

m

( v

m

n

� a

m

�

n + D

m

)

2

# )

(3.65)

Let D � f D

1

; : : : ; D

M

g designate the set of DMs with nonzero and distinct informa-

tion dela ys. W e denote the cardinalit y of this set b y D . Then, b et w een the elemen ts of

D w e ha v e the strict ordering

d

1

< d

2

< � � � < d

D

(3.66)

Let M

d

� M b e the index set M

d

= f 1 ; : : : ; D g and denote the set of DMs ha ving

d

m

units of information dela y b y M

d

m

, for m 2 M

d

. W e pro ceed b y bringing in some

additional v ariables whic h will enable us to form ulate the problem in state-space form.

Let x

0

n

represen t the original state as generated b y (3.7), and let us in tro duce the new

states for the DMs with nonzero information dela y , in the follo wing w a y:

x

1

n

:=

D

X

k =1

X

m 2M

d

k

u

m

n

;
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x

1+ d

l

n

:=

D

X

k = l +1

X

m 2M

d

k

u

m

n + d

l

; l 2 M

d

n f D g

Note that d

D

= D

M

. Let M

0

denote the set of decision mak ers ha ving zero information

dela y . Then, (3.7) can b e rewritten as

x

0

n +1

= x

0

n

+

X

m 2M

0

v

m

n

+ x

1

n

� �

n

(3.67)

The rest of the state equations can b e written as

x

d

l

n +1

=

X

m 2M

d

l

v

m

n

+ x

1+ d

l

n

; l 2 M

d

n f D g ;

x

d

D

n +1

=

X

m 2M

d

D

v

m

n

and

x

l

n +1

= x

l +1

n

; l = f 1 ; : : : ; d

D

g n D (3.68)

Next, w e substitute these newly de�ned states in to the cost functional whic h yields

J = lim sup

N !1

1

N

E

8

>

<

>

:

N � 1

X

n =0

2

6

4

0

@

x

0

n

+

X

m 2M

0

v

m

n

+ x

1

n

� �

n

1

A

2

+

M

X

m =1

c

2

m

( v

m

n

� a

m

�

n + D

m

)

2

# )

(3.69)

Finally , w e complete the picture b y writing the ARMA mo del of (3.8) in state-space

form. T o this end, let L := max f p; ( D

M

+ 1) g and de�ne the states as

~x

k

n +1

= ~x

k +1

n

; k = 1 ; : : : ; ( L � 1) ; p � 2 ;

~x

L

n +1

=

p � 1

X

i =0

�

i

~x

p � i

n

+ w

n

where ~x

L

n

:= �

n + D

M

, and w

n

is the sequence giv en b y

w

n

:=

p � 1

X

i =0

�

i

�

n + D

M

� i

(3.70)
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W e recall from (3.8) that f �

n

; n � 0 g is a zero mean Gaussian i.i.d. sequence with

v ariance �

�

2

. Hence, f w

n

; n � 0 g is a zero mean pro cess with the auto correlation function

R

w

n

= �

�

2

p � 1

X

i =0

h

i

h

i + n

; j n j � p � 1 (3.71)

where

h

n

:=

p � 1

X

i =0

�

i

�

n � i

(3.72)

3.4.2 An equiv alen t problem

No w, w e are in a p osition to write the state-space equations in the matrix form for the

equiv alen t discrete-time system. T o this end, let S

M

= ( D

M

+ 1) and r := ( S

M

+ L ) , and

let x denote an r -dimensional discrete-time sto c hastic pro cess satisfying the di�erence

equation

x

n +1

= A x

n

+ B v

n

+ w

n

; n � 0 (3.73)

where the v ectors x

n

, v

n

, and w

n

are de�ned as x

n

:=

�

x

0

n

x

1

n

� � � x

D

M

n

~x

1

n

~x

2

n

� � � ~x

L

n

�

T

,

v

n

:=

�

v

1

n

v

2

n

� � � v

M

n

�

T

, w

n

:= (0 � � � 0 w

n

)

T

, and the A matrix can b e partitioned as

follo ws:

A =

2

6

6

6

4

A

11

A

12

0

L � S

M

A

22

3

7

7

7

5

r � r

(3.74)

where A

11

and A

22

are square matrices of dimension ( S

M

� S

M

) and ( L � L ), resp ectiv ely .

Moreo v er, A

11

is an upp er triangular matrix with diagonal en tries (1 0 � � � 0). In fact,
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A

11

has the follo wing structure:

A

11

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

1 1 0 � � 0

0 0 1 � � 0

0 0 0 � � �

� � � � � 0

0 0 � � � 1

0 0 � � � 0

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

S

M

� S

M

(3.75)

It is easier to in v estigate the structure of A

22

b ecause it corresp onds to the extended

dynamics of the ARMA pro cess. So, for A

22

w e ha v e

A

22

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

0 1 0 0 � � � � � � 0

0 0 1 0 � � � � � � 0

� � � �

� � � 1 0 0

� � � 0 1 0 � � � 0

� � � 0 0 1 0 � � 0

� � � � � � �

� � � � � � �

� � � � � � 0

0 0 � 0 0 0 1

0 0 � 0 �

p � 1

�

p � 2

� � � �

1

�

0

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

L � L

(3.76)
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B can also b e partitioned in the follo wing w a y:

B =

2

6

6

6

4

b

0

L � M

3

7

7

7

5

r � M

(3.77)

where b is an ( S

M

� M ) -dimensional matrix giv en b y

b =

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

b

1

1

b

0

1

b

2

�

�

�

b

S

M

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

S

M

� M

(3.78)

Let m

k

denote the cardinalit y of M

k

, for k 2 M

d

[ f 0 g , and de�ne

S

k

:=

k � 1

X

i =0

m

i

(3.79)

Then, b

1

1

= (1 � � � 1)

1 � m

0

, b

0

1

= (0 � � � 0)

1 � ( M � m

0

)

, and b

d

k

= (0 � � � 0 1 � � � 1 0 � � � 0)

1 � M

, for

k = 1 ; : : : ; M , where there are m

k

1's b et w een the S

k

th and ( S

k +1

� 1)th lo cations, and

b

k

= (0 0 � � � 0)

1 � M

for the rest of the ro ws. Next, w e rewrite the cost functional (3.69)

in terms of the newly in tro duced v ariables as

J = lim sup

N !1

1

N

E

8

>

<

>

:

N � 1

X

n =0

2

6

4

0

@

x

0

n

+

X

m 2M

0

v

m

n

+ x

1

n

� ~x

L � D

M

n

1

A

2

+

M

X

m =1

c

2

m

�

v

m

n

� a

m

~x

L � D

M

+ D

m

n

�

2

# )

(3.80)

whic h in v olv es cross terms b et w een the system states and con trol. One can get rid of

these terms b y making a suitable transformation that will also a�ect the state equation
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(3.73). But b efore doing this, let us bring the cost functional in to the standard form.

Expanding the squares in (3.80) w e get

J = lim sup

N !1

1

N

E

8

>

<

>

:

N � 1

X

n =0

2

6

4

�

x

0

n

�

2

+

0

@

X

m 2M

0

v

m

n

1

A

2

+

�

x

1

n

�

2

+

�

~x

L � D

M

n

�

2

+2 x

0

n

X

m 2M

0

v

m

n

+ 2 x

0

n

x

1

n

� 2 x

0

n

~x

L � D

M

n

+2 x

1

n

X

m 2M

0

v

m

n

� 2 ~ x

L � D

M

n

X

m 2M

0

v

m

n

� 2 x

1

n

~x

L � D

M

n

+

M

X

m =1

c

2

m

�

( v

m

n

)

2

+ a

2

m

�

~x

L � D

M

+ D

m

n

�

2

� 2 a

m

v

m

n

~x

L � D

M

+ D

m

n

�

# )

whic h can b e equiv alen tly written as

J = lim sup

N !1

1

N

E

(

N � 1

X

n =0

h

x

T

n

Q x

n

+ v

T

n

R v

n

+ 2 x

T

n

Q

2

v

n

i

)

(3.81)

where Q � 0, R > 0, and Q

2

are appropriate dimensional matrices. No w, w e de�ne the

new

�

A and

�

Q matrices to absorb the cross term in (3.81) in to the state equations. De�ne

�

A := A � B R

� 1

Q

T

2

;

�

Q := Q � Q

2

R

� 1

Q

T

2

(3.82)

Observ e that

�

Q is p ositiv e semide�nite since Q � 0, and R

� 1

is p ositiv e de�nite. No w,

with these new de�nitions, the state equations b ecome

x

n +1

=

�

A x

n

+ B r

n

+ w

n

; n � 0 (3.83)

where r

n

is our new con trol v ector giv en b y

r

n

:= R

� 1

Q

T

2

x

n

+ v

n

(3.84)

and the p erformance index can b e written as follo ws:

J = lim sup

N !1

1

N

E

(

N � 1

X

n =0

h

x

T

n

�

Q x

n

+ r

T

n

R r

n

i

)

(3.85)
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Hence, the quadratic optimal con trol of the system giv en b y (3.73) with the cost

functional (3.81) is equiv alen t to the quadratic optimal con trol of the system giv en b y

(3.83) with the cost functional giv en b y (3.85), pro vided that w e retain the information

structure of the original problem (3.10). After �nding the optimal con trol v ector r

n

, w e

need to use (3.84) to transform it bac k in to the original con trol v ariable.

W e pro ceed b y in v estigating the structure of

�

A , whic h will enable us to �nd the

lo cation of the op en-lo op p oles. F rom (3.81), it is not hard to observ e that R is a

diagonal matrix giv en b y

R =

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

1 + c

2

1

0 � � � 0

0 � �

� 1 + c

2

m

0

�

� c

2

m

0

+1

�

� � 0

0 � � � 0 c

2

M

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

M � M

(3.86)

and R

� 1

can b e easily computed to b e

R

� 1

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

1

1+ c

2

1

0 � � � 0

0 � �

�

1

1+ c

2

m

0

�

�

1

c

2

m

0

+1

�

� � 0

0 � � � 0

1

c

2

M

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

M � M

(3.87)
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No w w e ev aluate the matrix B R

� 1

Q

T

2

. First, w e note that due to the sp ecial structure

of B and R

� 1

the pro duct B R

� 1

has the follo wing form:

B R

� 1

=

2

6

6

6

4

( B R

� 1

)

11

( B R

� 1

)

12

0

L � M

3

7

7

7

5

r � M

(3.88)

where

�

B R

� 1

�

11

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

1

1+ c

2

1

� � �

1

1+ c

2

m

0

0 � � � 0

� �

� �

� �

0 � � � 0

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

S

M

� m

0

(3.89)

P ostm ultiplying (3.89) b y Q

T

2

results in the follo wing matrix:

B R

� 1

Q

T

2

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

P

m 2M

0

1

1+ c

2

m

� � � � �

0 0 � � � �

� � � �

� � � �

� � � �

0 0 � � � 0

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

r � r

(3.90)

whic h is clearly upp er-triangular, and further it can b e partitioned in the same w a y as

A . Th us,

�

A is giv en b y

�

A =

2

6

6

6

4

�

A

11

�

A

12

0

L � S

M

�

A

22

3

7

7

7

5

r � r

(3.91)
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where

�

A

11

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

1 �

P

m 2M

0

1

1+ c

2

m

� � � � �

0 0 � � � �

� � � � �

� � � �

� � �

0 0 � � � 0

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

S

M

� S

M

(3.92)

and the diagonal en tries of

�

A

22

are the same as A

22

. Note that the eigen v alues of

�

A are

giv en b y those of

�

A

11

and

�

A

22

. Hence, w e observ e that

�

A is stable if the eigen v alues of

�

A

11

and

�

A

22

are inside the unit circle, but eigen v alues of

�

A

11

are simply giv en b y

�

1

= 1 �

X

m 2M

0

1

1 + c

2

m

; �

2

= 0 (3.93)

with m ultiplicities 1 and D

M

, resp ectiv ely . Clearly , �

2

is inside the unit circle; ho w ev er,

�

1

ma y or ma y not b e inside the unit circle dep ending on the v alues of f c

m

; m 2 M

0

g .

On the other hand, the eigen v alues of

�

A

22

are inside the unit circle if the ARMA pro cess

is stable. One can indeed pro v e the follo wing result whic h will b e needed in the sequel.

Lemma 3.1: Let

�

C b e the square ro ot of the state-w eigh ting matrix, so that

�

Q =

�

C

T

�

C � 0. Supp ose that the ARMA pro cess driving the system is stable. Then,

�

�

A ; B

�

is stabilizable and

�

�

A;

�

C

�

is detectable.

Pr o of: If j �

1

j < 1, then all eigen v alues of

�

A will b e inside the unit circle, and hence the

discrete-time system describ ed b y (3.83) will b e op en-lo op stable, whic h w ould imply the

conclusion of the Lemma directly . So, without an y loss of generalit y , w e can assume that

j �

1

j � 1. No w, if w e can sho w that this unstable mo de of the system is con trollable, then
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w e will ha v e stabilizabilit y . Note that, since

�

A

22

is already con trollable b y h yp othesis,

w e can equiv alen tly c hec k the stabilizabilit y of the pair

�

�

A

11

; b

�

, where b w as de�ned b y

(3.78). W e apply the Hautus-Rosen bro c k test and ev aluate

h

�I �

�

A

11

j b

i

with � = �

1

,

whic h giv es

h

�

1

I �

�

A

11

j b

i

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

0 � � � � � b

1

1

b

0

1

0 1 �

P

m 2M

0

1

1+ c

2

m

� � � � b

2

� � � � � �

� � � � �

� � � �

0 0 � � � 1 �

P

m 2M

0

1

1+ c

2

m

b

S

M

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

(3.94)

where the �rst m

0

columns of b equal (1 0 � � � 0)

T

. By in terc hanging the columns 1 and

( S

M

+ 1) of the ab o v e matrix, w e can form a nonsingular matrix of dimension ( S

M

� S

M

)

pro vided that m

0

6= 0. If on the other hand m

0

= 0, w e ha v e �

1

= 1. In this case, using

elemen tary ro w op erations one can bring the ab o v e matrix in to the follo wing form:

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

0 � � � � � 1 0 � � � 0

0 1 � � � � b

2

� � � � � �

� � � � �

� � � �

0 0 � � � 1 b

S

M

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

S

M

� ( S

M

+ M )

(3.95)
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No w, w e can again in terc hange columns 1 and ( S

M

+ 1) to form a nonsingular submatrix

of dimension ( S

M

� S

M

). Hence, for all p ossible cases w e ha v e

r ank

h

�

1

I �

�

A

11

j b

i

� S

M

(3.96)

whic h sho ws that

�

�

A

11

; b

�

is stabilizable. This result along with the stabilit y of

�

A

22

pro v es the stabilizabilit y of the pair

�

�

A; B

�

.

Next, w e c hec k the detectabilit y of the pair

�

�

A ;

�

C

�

. Using an argumen t similar to

the one ab o v e , it can b e sho wn that it is enough to ensure the detectabilit y of the pair

�

�

A

11

; �c

�

, where �c is the submatrix formed b y taking the �rst S

M

columns of

�

C . It can b e

further sho wn that

�

C is an r -dimensional ro w v ector and its �rst en try is nonzero. No w,

w e ev aluate

2

6

6

6

4

�I �

�

A

11

�c

3

7

7

7

5

( S

M

+1) � S

M

(3.97)

at � = �

1

and get

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

0 � � � � �

0 1 �

P

m 2M

0

1

1+ c

2

m

� � � �

� � � � �

� � � �

� � �

0 0 � � � 1 �

P

m 2M

0

1

1+ c

2

m

�c

1

� � � � �

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

( S

M

+1) � S

M

(3.98)

where �c

1

6= 0. In terc hanging the ro ws 1 and ( S

M

+ 1) results in a nonsingular submatrix

of dimension ( S

M

� S

M

). Th us, the rank of the ab o v e matrix is at least S

M

, whic h
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means that the unstable mo de of

�

A is indeed observ able. So, w e can conclude that the

pair

�

�

A;

�

C

�

is detectable, as claimed.

No w w e return to �nding the con trol la w r

n

, whic h will minimize the p erformance

index giv en b y (3.85). If the noise term w

n

in (3.83) w as uncorrelated, the solution

of this problem w ould follo w from the standard DLQG problem with imp erfect state

information. T o see this more clearly , and also to dev elop an insigh t in to the more general

problem with correlated noise, w e �rst solv e the problem where the noise is Gaussian and

white. Actually , this corresp onds to remo ving the mo ving a v erage (MA) term from the

ARMA pro cess (3.8), and replacing it b y a zero mean Gaussian i.i.d. sequence with �nite

v ariance, suc h as f �

n

; n � 0 g . So, for the case when noise is uncorrelated, w e ha v e the

AR pro cess ev olving according to

�

n +1

=

p � 1

X

i =0

�

i

�

n � i

+ �

n

; n � 0 (3.99)

In this case, w

n

simply b ecomes the v ector w = (0 � � � 0 �

n

)

T

r � 1

, while the

�

A , B ,

�

Q and

R matrices in (3.83) and (3.85) remain unc hanged. By applying the standard results of

DLQG theory w e arriv e at the follo wing result [17].

Theorem 3.1: Consider the discr ete-time sto chastic de cision pr oblem formulate d in

Se ction 2 . L et the ARMA pr o c ess dynamics b e r eplac e d by a stable AR pr o c ess. Then,

1) The pr oblem admits the unique solution

u

�

n

= G
^

x

n

(3.100)

wher e

u

�

n

:=

�

u

1

�

n + D

1

u

2

�

n + D

2

� � � u

M

�

n + D

M

�

T
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^
x

n

:=

�

x

n

; x

1

n

x

2

n

� � � x

D

n

; �

n � L + D

M

+1

� � � �

n

;

p � 1

X

i =0

�

i

�

n � i

� � �

p � 1

X

i =0

�

i

�

n + D

M

� i

1

A

T

; (3.101)

G := �

h

R + B

T

K B

i

� 1

h

B

T

K A + Q

T

2

i

with

x

1+ d

l

n

=

D

X

k = l +1

X

m 2M

d

k

u

m

�

n + q + d

l

; q = 0 ; : : : ; ( d

l +1

� d

l

� 1) ; l 2 M

d

n f D g (3.102)

and K is the unique p ositive semide�nite symmetric solution of the algebr aic R ic c ati

e quation

K =

h

A � B R

� 1

Q

T

2

i

T

�

K � K B

�

R + B

T

K B

�

� 1

B

T

K

�

h

A � B R

� 1

Q

T

2

i

+ Q � Q

2

R

� 1

Q

T

2

(3.103)

2) The gain matrix G c an b e p artitione d as

G =

h

G

1

M � S

M

G

2

M � L

i

M � r

(3.104)

wher e entries of G

1

ar e indep endent of the dynamics of the AR pr o c ess. Henc e, the gains

multiplying x

n

and p ast inputs of the de cision makers ar e not a�e cte d by a change in the

dynamics of the AR pr o c ess.

3) The close d-lo op dynamics of the system ar e asymptotic al ly stable.

Pr o of: P art 1 of the pro of is a direct application of the DLQG theory with imp erfect

state measuremen ts (see [17] for example). The existence of a unique p ositiv e semide�nite

K matrix is guaran teed b y Lemma 3.1. The estimated state v ector
^

x

n

= E f x

n

j �

n

g has

the form giv en in (3.101) b ecause only the future states of the AR pro cess need to b e

predicted based on what is observ ed up to time n . The notation used to denote the
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conditional exp ectation of
^

x

n

includes singular conditional probabilit y distributions as

w ell, with E f x

0

n

j �

n

g , for example, standing simply for x

0

n

. This estimation problem has

a simple solution, whic h replaces the sequence f �

n

; n � 0 g with its b est estimate, namely

zero.

The second part of the pro of is giv en in the App endix. And the last part of the

theorem follo ws from the �niteness of the in�nite-horizon cost under the con trol giv en in

P art 1 of the theorem.

Remark 3.1: Note that the sto c hastic team decision problem with arbitrary infor-

mation dela ys and an AR pro cess for the noise dynamics p ossesses b oth the c ertainty

e quivalenc e and sep ar ation prop erties. Th us, the solution presen ted ab o v e reduces to the

solution of the problem with no information dela ys, if w e tak e f D

m

= 0 ; m 2 Mg . In

other w ords, the optimal con trol of Theorem 1 is a represen tation of the optimal strategy

of the no-dela y problem along the optimal tra jectories.

No w, w e turn bac k to the case where noise is correlated. W e will sho w that a result

similar to Theorem 1 still holds if the largest information dela y in the system, D

M

, is

su�cien tly large. More sp eci�cally , w e will require D

M

� ( p � 1) , where p denotes the

order of the ARMA pro cess. W e will further sho w that the solution is of the same form,

ev en if D

M

< ( p � 1), but the con troller is harder to implemen t computationally .

W e start our analysis b y noting that the dynamics of the noise pro cess can b e incor-

p orated in to the system dynamics b y enlarging the state-space. De�ne

y

1

n

:= �

n + D

M

� p +1
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y

2

n

:= �

n + D

M

� p +2

.

.

.

y

p � 1

n

:= �

n + D

M

� 1

Next, w e augmen t the state v ector in the follo wing w a y:

z

n

:=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

x

n

y

1

n

.

.

.

y

p � 1

n

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

( r + p � 1) � 1

(3.105)

Then, the system dynamics b ecome

z

n +1

=

~

A z

n

+

~

B r

n

+

~

C �

n + D

M

; n � 0 (3.106)

where

~

A :=

2

6

6

6

4

�

A

~

A

12

0

( p � 1) � r

~

A

22

3

7

7

7

5

( r + p � 1) � ( r + p � 1)

(3.107)

~

A

12
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2

6

6

6
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6

6

6
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6

6
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0 � � � 0

.

.

.

.

.

.

0 � � � 0

�

p � 1

� � � �

1

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

r � ( p � 1)

(3.108)
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( p � 1) � ( p � 1)

(3.109)
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( r + p � 1) � M

(3.110)
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(3.111)

Before pro ceeding an y further w e note that (3.106) is driv en b y a Gaussian white noise

sequence. In terms of z

n

the cost functional (3.85) b ecomes

J = lim sup

N !1

1

N

E

(

N � 1

X

n =0

h

z

T

n

~

Q z

n

+ r

T

n

R r

n

i

)

(3.112)
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where

~

Q :=

2

6

6

6

4

�

Q 0

0 0

3

7

7

7

5

( r + p � 1) � ( r + p � 1)

(3.113)

Hence, minimizing (3.85) o v er r

n

sub ject to (3.83) is equiv alen t to minimizing (3.112)

o v er r

n

sub ject to (3.106) pro vided that w e retain the information structure of the original

problem in b oth cases. But a solution to the latter problem can b e found without m uc h

di�cult y . Hence, w e ha v e the follo wing theorem for the correlated noise case.

Theorem 3.2: Assume that the ARMA pr o c ess describ e d by (3.8) has stable dynam-

ics. Then, the discr ete-time sto chastic de cision pr oblem formulate d in Se ction 3.2 admits

the unique solution

u

�

n

=

�

G

1

� R

� 1

Q

T

2

�

^
x

n

+ G

2

^
y

n

(3.114)

wher e

u

�

n

:=

�

u

1

�

n + D

1

u

2

�

n + D

2

� � � u

M

�

n + D
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T

^
x
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x

n

; x
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x
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� � � x
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; �

n � L + D
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� � � �
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n +1

j �
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0

g � � � E f �
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M
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0

g )

T

(3.115)

^
y
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:= ( E f �

n + D

M
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j �

n

0
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n + D
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wher e �

n

0

:= f �

n

; �

n � 1

; � � � ; �

0

g , and K is the unique p ositive semide�nite symmetric solu-

tion of the algebr aic R ic c ati e quation

K =

~

A

T

�

K � K

~

B
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R +
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B
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K

~

B

�

� 1

~

B

T

K

�

~
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~

Q (3.116)
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F urthermor e, the close d-lo op system obtaine d by applying the fe e db ack c ontr ol law u

�

n

is asymptotic al ly stable.

Pr o of: The pro of uses a standard result in DLQG theory with imp erfect state mea-

suremen ts and no measuremen t noise. It is clear that the problem of minimizing (3.112)

o v er r

n

sub ject to (3.106) admits the unique solution giv en b y

r

�

n

= GE f z

n

j �

n

g (3.117)

where �

n

is the information a v ailable at time n [17]. In our case, �

n

is nothing but

�

n

=

n

x

0

n

� � � x

D

n

~x

1

n

� � � ~x

L � D

M

o

(3.118)

Note that in (3.117) w e again use E f z

n

j �

n

g for notational con v enience, and not to

denote the actual conditional mean when the conditional distributions are singular. F or

comp onen ts of z

n

whic h are not measured p erfectly , this is the true conditional mean.

No w the v ector E f z

n

j I

n

g equals

E f z

n
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h
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o
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� 1
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g � � � E f �

n + D

M

� p +1
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g ]

T

(3.119)

In terms of the original v ariables, (3.119) simply b ecomes

E f z

n

j �

n

g =

2

6

6

6

4

^
x

n

^
y

n

3

7

7

7

5

(3.120)

since as far as the conditional exp ectations in (3.119) are concerned, ha ving access to �

n

is equiv alen t to kno wing �

n

0

.

55



The existence and uniqueness of the solution follo w from Lemma 3.1 and from the

fact that the additional eigen v alues of

~

A come from

~

A

22

, whic h is a stable matrix itself

(observ e that all eigen v alues of

~

A

22

are zero). Finally , the con troller is stabilizing b ecause

the a v erage in�nite-horizon cost is �nite [17].

Corollary 3.1: If the order of the ARMA pro cess is suc h that p � ( D

M

+ 1), then

Equations (3.114) and (3.115) can b e further simpli�ed to

u

�

n

=

�

G

1

� R

� 1

Q

T

2

�

^
x

n

(3.121)

where G

1

and
^

x

n

are de�ned in the same w a y as in (3.115).

Pr o of: This is a consequence of the fact that
^

y

n

= 0 when D

M

� ( p � 1) . T o see

this more clearly , note that �

n

0

and f �

n + D

M

� p + k

; k = 1 ; � � � ; ( p � 1) g are uncorrelated if

D

M

� ( p � 1); th us the exp ectations in
^

y

n

all v anish in this case.

Remark 3.2: The con troller of Theorem 3.2 has the separation prop ert y of linear

systems b ecause the estimator p ortion of the con trol is an optimal solution of the problem

of estimating the state z

n

assuming con trol is absen t, while the actuator p ortion is an op-

timal solution of the decision problem assuming p erfect state information. F urthermore,

the prop osed con troller is certain t y-equiv alen t in the sense that it is a represen tation of

the optimal strategy of the p erfect information con troller.

Remark 3.3: The conditional exp ectations f E f �

n +1

j �

n

0

g ; � � � ; E f �

n + D

M

j �

n

0

gg can

b e found iterativ ely using the follo wing algorithms, whic h can b e v eri�ed b y induction.

De�ne

^

�

n +1 j n

:= E f �

n +1

j �

n

0

g ;

^

�

n � i j n

:= E f �

n � i

j �

n

0

g ; i = 0 ; 1 ; : : : (3.122)
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Then, w e ha v e

^

�

n +1 j n

=

p � 1

X

i =0

�

i

�

n � i

+

p � 1

X
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�

n � i j n
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�

n + d j n

=

d � 2

X

i =0

�

i

^

�

n + d � 1 � i j n

+

p � 1

X

i = d � 1

�

i

�

n + d � 1 � i

+

p � 1

X

i = d

�

i

^

�

n + d � 1 � i j n

; d � 2 (3.123)

where

^

�

n � 1 j n

=

1

�

0

2

4

�

n

�

p � 1

X

i =0

�

i

�

n � 1 � i

�

p � 1

X
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�

i
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�

n � 1 � i j n � i

3

5

(3.124)

and for an y giv en k � 2,

^

�

n � k j n

=

^

�

n � k j n � l

; l = 1 ; 2 ; : : : (3.125)

Note that the iterations ab o v e can b e used to calculate
^

y

n

as w ell.
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CHAPTER 4

SIMULA TIONS

A sim ulator that mimics the b eha vior of an A TM net w ork has b een dev elop ed to

sim ulate the con trol algorithm of Chapter 3. As men tioned in the preceding c hapter, t w o

other certain t y-equiv alen t con trollers, namely Con troller 1 and Con troller 2, had b een

previously prop osed in [5] to solv e the same 
o w con trol problem. A sim ulation study

of these con trol algorithms has b een conducted in [7] using a sim ulator whic h uses the

CSIM sim ulation pac k age. T o b e able to compare the optimal con troller with Con trollers

1 and 2, w e use the same sim ulator with a few mo di�cations and additions. F or details

of the sim ulator the reader is referred to [7].

4.1 Description of the Sim ulation En vironmen t

4.1.1 Source mo dels and sim ulation con�gurations

The sim ulator uses MPEG enco ded video traces to sim ulate the data originating from

VBR sources. Tw o di�eren t t yp es of VBR sources are considered: on/o� and p ersisten t.

On/o� sources mo del burst y tra�c, whic h emit cells in to the net w ork with a certain
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probabilit y . On the other hand, p ersisten t sources send data with probabilit y one, but

at v arying rates. ABR sources are p ersisten t, to o.

The sim ulator has b een dev elop ed in C language using the CSIM17 library , with whic h

the user can create pro cess-orien ted, discrete-ev en t sim ulation mo dels [15]. CSIM can

b e used to mo del single-serv er queues. In our mo del, w e ha v e m ultiple no des connected

in series. Eac h no de represen ts a switc h in the net w ork. A switc h is not necessarily a

b ottlenec k no de. A t eac h no de w e ha v e t w o di�eren t queues, one for the ABR tra�c and

one for the VBR. The reason for ha ving t w o separate queues is that the VBR service has

a higher priorit y . In other w ords, the ABR queue is not serv ed unless the VBR queue is

empt y .

T o ev aluate the p erformance of the con trol algorithm, w e consider a \parking lot"

con�guration as adv ertised b y the A TM F orum. This in v olv es a n um b er of no des con-

nected in series. Sp eci�cally , w e use a four-no de con�guration with �v e di�eren t t yp es

of VBR sources as sho wn in Figure 4.1. In the �gure, the sources SV1 and SV5 are of

on/o� t yp e, while the rest of the VBR sources are p ersisten t.

As for the ABR sources, w e consider t w o di�eren t mo dels. The �rst is the so-called

fairness mo del whic h will allo w us to ev aluate the fairness of our algorithm when there

is only one b ottlenec k no de. W e will use ABR sources with di�eren t dela ys (see Figure

4.2) whic h are b ottlenec k ed at the third no de. The propagation dela y from one switc h

to another is 1.6 time units. Since the dela ys used in the con trol algorithms are in tegers,

w e tak e the nearest in tegers to the actual dela ys.
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 SV1  DV1

 SV2  DV2

 SV3  DV3

 SV4  DV4

 SV5

 DV5 SW1  SW2  SW3  SW4

SV1:-asterix

-terminatior

-two on/off sources

SV2:-soccer SV3:-bond SV4:-lambs

-simpsons

SV5:-startwars

-ATP

-two on/off sources

Figure 4.1 F our-no de con�guration: VBR sources

 SW1  SW2  SW3  SW4

 SA2

 DA2

 SA3  DA3

 DA1

 SA1

SAi: source ABRi

DAi: destination ABRi

: bottleneck node

Figure 4.2 F airness con�guration: ABR sources
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 SW1  SW2  SW3  SW4

 SA4 SA1

 DA1 SA2

 SA3  DA3

 DA4

 DA2

SAi: source ABRi

DAi: destination ABRi

: bottleneck node

Figure 4.3 Max-min fairness con�guration: ABR sources

The second mo del w e use is the max-min fairness mo del , whic h is depicted in Figure

4.3. Here w e ha v e four ABR sources. Three of them are naturally b ottlenec k ed at the

third no de. The fourth source will then use the remaining capacit y at the second switc h,

whic h then b ecomes b ottlenec k ed. The net w ork ev en tually ends up with t w o b ottlenec k

no des. F or further information on sim ulation con�gurations see [7].

4.1.2 AR pro cess and adaptation of a

m

's

F rom the preceding c hapter w e kno w that the a v ailable service rate is mo deled as

an AR pro cess of degree p . T uning the parameters of the AR pro cess and �nding the

b est p ossible v alue of p to �t the mo del to data is a c hallenging task in general. Sev eral

metho ds exist to calculate the parameters of the AR pro cess once p is sp eci�ed. The

sim ulator uses a �xed v alue of p = 8, whic h is a compromise b et w een go o d data �tting and

computational complexit y . F or this v alue of p the AR pro cess parameters are estimated

ev ery 200 time units using the Y ule-W alk er algorithm [16], [7].
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W e kno w that a

m

's are to b e pic k ed b y the designer to pro vide fairness. F or their

actual computation one needs to c hec k if the source is underloading, whic h means that

the source uses less bandwidth than its predetermined fair share, 1 = M th of the a v ailable

bandwidth. If a source is underloading, then there is idle capacit y that needs to b e used

for high utilization. This can b e ac hiev ed b y fairly redistributing the un used p ortion

of the a v ailable bandwidth among the comp eting sources, whic h can b e easily done b y

adapting a

m

's as follo ws:

for m = 1 : M f

if ( m 2 U nder l oad ) a ( m ) =

C C R ( m )

�

else a ( m ) =

� �

P

i 2 U nder load

C C R ( i )

( M � number U nder l oading ) � �

g

where U nder l oad is the set of underloading sources and number U nder l oading is the

n um b er of those sources.

4.1.3 T uning the parameters

In the sim ulations the follo wing parameter v alues are used:

� Time unit: time required to serv e 5000 cells.

� T arget queue length Q = 700.

� W eigh ts c

m

= 1 ; 8 m .

� Link length: 1000 km.
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� Link sp eed: sp eed of ligh t ( c = 3 � 10

8

m/s).

� I C R = 300 for eac h source.

� M C R = 0 for eac h source.

� R I F = 1 and R D F = 0 so that the sources can immediately emit at the ER

con tained in the bac kw ard RM-cell.

� RM-cells are emitted ev ery 32 cells.

4.2 Sim ulation Results

In sim ulations, the con trol algorithm is implemen ted using RM cells, and the cell

rates are in cells p er time unit.

4.2.1 F airness

W e �rst consider the parking lot con�guration (Figur4.2) and study the fairness of

our design when there is a single b ottlenec k no de (SW3). In this scenario, fairness

is the capabilit y of the algorithm to fairly distribute its a v ailable capacit y among the

di�eren t users despite the presence of dela ys. The mean a v ailable bandwidth at this

switc h is around 4500 cells p er time unit. W e recall that sources ABR1, ABR2, and

ABR3 ha v e dela ys of 6, 3, and 0, resp ectiv ely . The sim ulations sho w that the optimal

con troller ac hiev es fairness b y fairly distributing the a v ailable bandwidth b et w een the
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Figure 4.4 F airness con�guration: source rates (optimal con troller)

sources (Figure 4.4). Note also that the queue at SW3 is regulated around 700 as desired

(Figure 4.5).

F or comparison, w e also include the sim ulation results when w e use Con troller 1

instead of the optimal one. As can b e seen from Figures 4.6 and 4.7, the p erformances of

the con trollers are comparable. Since the p erformance of Con troller 2 is similar to that

of Con troller 1, it is not included here. The in terested reader is referred to [7].

4.2.2 Max-min fairness

The mo del w e use for max-min fairness is depicted in Figure 4.3. The mean a v ailable

capacities for this case are around 4870, 4720, 4480, and 4860 cells p er time unit for
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Figure 4.5 F airness con�guration: queue lengths (optimal con troller)
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Figure 4.6 F airness con�guration: source rates (con troller 1)
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Figure 4.7 F airness con�guration: queue lengths (con troller 1)

switc hes 1 ; 2 ; 3, and 4, resp ectiv ely . The main b ottlenec k no de is SW3, as in the previous

mo del. There are three sources |ABR1, ABR3, and ABR4| b ottlenec k ed at this no de;

hence, they m ust eac h transmit 1500 cells p er time unit. Since ABR1 cannot use its fair

share of 2300 at SW1, ABR2 m ust use the lefto v er capacit y and transmit at a rate of

around 3200 cells p er time unit. Ho w ev er, in our algorithm w e set the w eigh ts, a

m

's, of

eac h user to the exact fair share, 1 = M , and the drop observ ed in the queue length at

switc h 2 is not enough to increase the rate of ABR2 b y this amoun t.

As men tioned b efore, w e need to adapt a

m

's so that the max-min fairness is ac hiev ed.

This requires iden ti�cation of the underloading sources and application of the adaptation

algorithm, as describ ed in the previous section. Once a

m

's are adapted, the switc h then

computes the source rates using these new w eigh ts.
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Figure 4.8 Max-min fairness con�guration: source rates (optimal con troller)

The sim ulations done with the adaptiv e w eigh t algorithm indicate that max-min

fairness is indeed ac hiev ed (Figures 4.8 and 4.9).

F or comparison w e again include the sim ulation results conducted using Con troller 1

in Figures 4.10 and 4.11.
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Figure 4.9 Max-min fairness con�guration: queue lengths (optimal con troller)
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Figure 4.10 Max-min fairness con�guration: source rates (con troller 1)
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Figure 4.11 Max-min fairness con�guration: queue lengths (con troller 1)
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CHAPTER 5

CONCLUSIONS

In this study , w e ha v e designed a con troller for regulating the ABR tra�c in A TM

net w orks. The design approac h w e ha v e tak en led to a sto c hastic team problem with

a partially nested information pattern. As a b y-pro duct w e also obtained the optimal

solution of this team problem. The complexit y of the solution basically dep ends on the

dimension of the Riccati equation, whic h increases linearly with the largest information

dela y in the system.

W e sim ulated the optimal con troller in an arti�cial net w ork en vironmen t created us-

ing the discrete-ev en t sim ulator pac k age CSIM. The prop osed con troller p erformed fairly

w ell under v arious design criteria set b y the A TM F orum, suc h as basic fairness and max-

min fairness while at the same time ac hieving high bandwidth utilization. Comparing

the p erformance of the optimal con troller to the previously published con trollers of [7]

do es not yield a straigh t answ er. Since the certain t y equiv alen t con trollers of [7] (Con-

trollers 1 and 2) are sub optimal, under the same op erating conditions they giv e larger

v alues of the total cost when compared to the optimal con troller. Ho w ev er, based on just

this observ ation w e cannot conclude that the optimal con troller p erforms b etter, b ecause
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there are other factors to b e considered. As for pro viding fairness, b oth Con troller 1

and the optimal con troller seem to do a go o d job, neither one b eing the sup erior. F rom

a computational standp oin t, the optimal con troller is harder to calculate in a dynamic

net w ork en vironmen t as one needs to up date the system matrices as the system param-

eters c hange, and ev ery time a c hange o ccurs in an y one of the system matrices the

solution of the Riccati equation has to b e recalculated. On the con trary , the gain matrix

of Con troller 1, and lik ewise Con troller 2, can b e precomputed and stored in the system

memory , and then used throughout the sim ulations. On the other hand, Con trollers 1

and 2, require estimation of queue length and a v ailable service rate, whereas the optimal

con troller do es not need that.

In sim ulations w e also demonstrated that the optimal con troller p erforms b etter than

a con troller whic h do es not tak e the dela ys in to accoun t. The framew ork allo ws the

sources to ha v e arbitrary (but �xed) dela ys in acquisition of queue length and a v ailable

service rate information. In an actual comm unication net w ork, ho w ev er, it ma y not b e

realistic to assume that the round-trip dela y remains constan t throughout a connection.

Hence, the robustness of the prop osed algorithm to the v ariation in dela ys should b e

in v estigated if the con troller is to b e used in a real net w ork.

F uture researc h needs to b e directed to w ards impro ving the p erformance of the pro-

p osed con troller. Among man y issues to b e lo ok ed in to, robustness to dela ys and system

parameters seems to b e the most imminen t.
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APPENDIX

PR OOF OF P AR T 2 OF THEOREM 2

Under the h yp othesis of Theorem 1 w e sho w that the gain matrix can b e partitioned

as

G =

h

G

1

M � S

M

G

2

M � L

i

M � r

( .1)

where en tries of G

1

are indep enden t of f ( �

i

; �

i

) ; i = 1 ; : : : ; p g . W e start our analysis b y

partitioning K as follo ws:

K =

2

6

6

6

4

K

11

S

M

� S

M

K

12

S

M

� L

K

21

L � S

M

K

22

L � L

3

7

7

7

5

r � r

( .2)

Next, w e use G = �

h

R + B

T

K B

i

� 1

h

B

T

K A + Q

T

2

i

to �nd the structure of G . After

some straigh tforw ard manipulations it can b e sho wn that G is in the form giv en in ( .1),

where en tries of G

1

dep end only on the en tries of K

11

. Th us, it remains us to sho w that

K

11

is indep enden t of f ( �

i

; �

i

) ; i = 1 ; : : : ; p g .

Note that the matrix Riccati equation (3.103) can b e equiv alen tly written as

K =

�

Q +

�

A

T

K

h

I + B R

� 1

B

T

K

i

� 1

�

A ( .3)
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where B R

� 1

B

T

is

B R

� 1

B

T

=

2

6

6

6

4

�

S

M

� S

M

0

S

M

� L

0

L � S

M

0

L � L

3

7

7

7

5

r � r

( .4)

Here, en tries of � dep end only on f c

m

; m 2 Mg . W e can use this result to �nd the form

of the term inside the square brac k ets in ( .3). Carrying out the m ultiplication, w e get

h

I + B R

� 1

B

T

K

i

=

2

6

6

6

4

�

11

S

M

� S

M

�

12

S

M

� L

0

L � S

M

I

L � L

3

7

7

7

5

r � r

( .5)

where �

11

:= I + � K

11

and �

12

:= � K

12

. Note that �

11

do es not in v olv e an y term that

dep ends on f ( �

i

; �

i

) ; i = 1 ; : : : ; p g . Next w e �nd the in v erse of ( .5) as

h

I + B R

� 1

B

T

K

i

� 1

=

2

6

6

6

4

( �

11
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( .6)

P ostm ultiplying this matrix b y

�

A yields

h

I + B R

� 1

B

T

K

i

� 1

�

A =
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6

6
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Finally , w e prem ultiply this expression b y

�

A

T

K to get

�

A

T

K

h

I + B R

� 1

B

T

K

i

� 1

�

A =
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6

6

6
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�

A
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K
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( .8)

If

�

Q is partitioned in the same w a y as

�

A , the Riccati equation for K

11

reduces to the

follo wing simple equation:

K

11

=

�

Q

11

+

�

A

11

K

11

�

�

11

�

� 1

�

A

11

( .9)
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where

�

Q

11

is indep enden t of f ( �

i

; �

i

) ; i = 1 ; : : : ; p g , b ecause the en tries of

�

Q do not

dep end on these v ariables. Hence, ( .9) completely describ es the dynamics of K

11

, and

since it is free from the parameters of the ARMA pro cess, the statemen t of the theorem

follo ws.
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