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OPTIMAL ESTIMATION WITH SCHEDULED MEASUREMENTS*

ORHAN C. IMER t, TAMER BASAR 1t.§

ABSTRACT. We consider the problem of scheduling one of several sensor measurements in a
communication bus for estimation purposes. The sensors prioritize their measurements by
assigning priority numbers to each measurement they make, and the bus access is granted
using a decentralized arbitration mechanism. In the case of two sensors observing independent
discrete, Gaussian, or uniform random variables, we show that the optimum scheduling policy
for each sensor is a threshold policy where the thresholds depend on the a priori distribution of
the sensor measurements.
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INTRODUCTION

In this paper, we investigate the trade-off between sending one of several measurements when
components of a networked control system are connected over a communication network which
does not allow simultaneous transmission of measurement packets. This type of a network
constraint arises in controller area networks (CAN), where multiple sensor nodes are connected
over a serial bus, and only a single node can access it at any given time [7],[10], [13],[15]. In these
types of networks, the question is how to best schedule the measurement packets to achieve a
desired system performance [8], [14].

In most industrial applications, where CANs are used, the communication network is allocated
before the runtime, and the resulting schedule is not deviated from. This type of scheduling is
called static, and in the case of fixed intervals between control system events, the stability may be
guaranteed by an appropriate choice of a communication sequence [6]. Communication sequences
quantify the amount of “attention” that the decision maker pays to each component of a control
system. In [1] the idea of communication sequencing is used to address the problem of stabilizing
an LTI plant under limited access constraints. The discrete-time optimal control problem, where
the network allows the transmission of one control signal at a time is considered in [2]. Earlier
work in this field include [3], [11], where the focus is on picking the best measurement schedule,
when we are constrained in looking at only one of the data signals available from the sensors at
a time.

In our setup, we have multiple sensors observing different components of a state vector.
All sensors are connected via a serial bus to a central monitoring station. The monitoring
station wants to estimate the state of an underlying stochastic process in real time. The sensors
communicate their measurements to the monitoring station by accessing the communication
bus one at a time. The problem is to determine the scheduling conditions for each sensor so
as to minimize the state estimation error at the monitoring station. The sensors make their
decisions decentrally. The decision as to who will access the communication bus is determined
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by an arbitration mechanism in which at the beginning of each decision epoch, each sensor
communicates a priority number to a central arbiter one bit at a time. The arbitration unit
is a binary function that maps the bits it receives from the sensors into 0 or 1. The result of
this map is returned to each sensor, and at the end of the arbitration period, the sensor with
the highest priority gains access to the bus. Thus, the scheduling problem as to who should
access the bus boils down to determining how each sensor should match the set of its potential
observations into a priority number.

We solve this problem for the special case when there are exactly two sensors, and each sensor
observes a random variable independent from the one observed by the other one. We investigate
the three cases when the random variables are discrete, Gaussian, and uniform. Note that, this
is a special case of the general problem, where each sensor observes an i.i.d. random sequence
which is also independent from the one observed by the other sensor. The case when the sensors
observe random processes which are correlated both across time and with each other is an open
problem.

The rest of this paper is organized as follows. In Section 1, we formally define the problem for
the multi-sensor and two-sensor cases. The solution for the special case of two sensors observing
independent random variables is derived in Section 2 for discrete, Gaussian, and uniformly
distributed sensor observations. The paper ends with the concluding remarks of Section 3.

1. PROBLEM DEFINITION

In this section, we formally define the problem of scheduling measurements of several sensors
that are connected via a communication bus to a monitoring station. In a communication bus,
the way in which sensors are granted access is specified by the so-called medium access control
(MAC) layer of the underlying network protocol. Not all MAC layer protocols allow for a design
of implementable scheduling policies for measurement packets. For example, if Ethernet is used
for MAC, due to its random access nature [9], [12], it is not possible to design a measurement
schedule that can be deterministically adhered to by the network.

There are MAC layer protocols, however, that allow for dynamic arbitration of packets with
different priorities. DeviceNET [5] is one such example, where the MAC layer protocol is of type
CSMA /BA (carrier sense multiple access with bit-wise arbitration). In CSMA /BA, each packet
has an identifier field, which controls the bus arbitration. DeviceNET makes use of wired-OR
bus to connect all the nodes. When a sensor node has to send a message, it first calculates the
message ID, which may be based on the priority of the message. The ID of each message must
be unique. Then, each node writes the ID on the bus, one bit at a time, starting with the most
significant bit. After writing each bit, each node waits long enough for signals to propagate
along the bus, then it reads the bus. If a node had written a 0 but reads a 1, it means that
another node has a message with higher priority. If so, this node drops out of contention. In
the end, there is only one winner and it can use the bus.

1.1. Multi-sensor case. Let there be 2V sensors connected via a communication bus of De-
viceNET type. Each sensor £ makes a measurement xjp, which we model as a random vari-
able with range X, and a finite second moment.! The monitoring station wants to estimate
xr, k=1,...,2Y, so as to minimize the average distortion between the random variables xy,
and their estimates Zx. In case of random variables with continuous density functions, we choose
the distortion criterion as the mean-square error:

oN

e=F Z(:Bk — ii'k)z

k=1

1We do not index the random variables ) with a time index, but the solution derived here for the static
one-shot problem can be easily applied to solve the case when each sensor observes an i.i.d. random sequence.
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For discrete random variables we choose the probability of error distortion criterion:

e=1-F {]@k:xk,kzl,...,zN}
where Ig denotes the indicator function of the set S.

We assume that the random variables {zj} are independent. Each sensor, after observing
the realized value of the random variable xj, comes up with an N-bit priority number that is
indicative of the importance of its current observation.

We also assume that 2" measurements can be scheduled to be transmitted to the monitoring
station. To avoid the triviality, we let M < N.

The arbitration between the sensors is carried out sequentially, where each sensor starts by
writing the most significant bit of its priority number onto the bus. We assume that the bus
acts as an arbiter by mapping the 2V sensor bits written on it to either 0 or 1. Note that this is
a static mapping that is determined a priori. The bus may, for example, take the exclusive-or
(EX-OR) of the 2V bits written on it. The result of the mapping is returned to each sensor,
and then the whole process is repeated. In the end, each sensor will have written and read N
bits onto and from the bus. The map of each sensor’s priority number as to what it has read
uniquely determines who will access the bus first. This procedure is then repeated 2™ times
to determine all sensors that will gain access to the bus. In each repetition of the procedure,
the sensor that gained access to the bus in the previous arbitration period is excluded from
competing again. Also, at every other repetition of the process, the total number of bits written
on the bus by each sensor is decreased by 1.

Thus, given this arbitration procedure, the problem becomes one of mapping each sensor’s
range space X onto a binary partition so as to minimize the average distortion between the sensor
measurements and their estimates. Note that for each given partition, and arbitration mapping,
the best estimate of the monitoring station is given by the maximum a posteriori (MAP) estimate
or the conditional expectation of the random variables depending on the distortion criterion.

In the next section, we consider the special case of the general problem formulated above, in
which N =1, and M = 0. So, there are two sensors, and one of them will gain access to the
bus. The priority number of each sensor is just 1-bit, and the arbitration phase has only one
iteration.

1.2. Two-sensor case. Let 1 and x5 be two independent random variables that are observed
by sensors 1 and 2, respectively; also see Figure 1.

Monitoring
Station Sensor 1 Sensor 2

Serial Bus

Bus Arbiter

FiGURE 1. Illustration of a simple sensor bus configuration.

In the arbitration phase, each sensor comes up with a priority number, 0 or 1, depending
on its current observation. Suppose the bus arbitration is carried out by an EX-OR function.
Then, for each possible priority bit, 0 or 1, each sensor may potentially read back a 0 or 1. See
Table 1 for a listing of all possible combinations for sensors 1 and 2 priority numbers p; and po,
and what the bus will return in each case to both sensors. In Table 1, p; denotes the bus output
and is determined by taking the EX-OR of the priority bits, p; and po.

The last column in Table 1 shows who will access the bus for transmission. Access is granted by
a fixed mapping, a(p1, p2), that both sensors agree upon a priori. The arbitration map, a(p1, p2),
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TABLE 1. List of possible priority numbers of sensors 1 and 2, and the corre-
sponding bus output.

Pipy \ P2pby \ access
00|00 0,z
01|11 ] 1,2
11101 | 1,2
10| 10| 0,21

simply maps each combination of priority bits p; and po into 0 or 1, allowing respectively sensor
1 or 2 access the bus. Note that the exclusive-or map of priority bits, which is returned to each
sensor by the bus, allows both sensors to unambiguously determine who will access the bus. In
the above example, sensor 1 knows it can access the channel when it writes a 0 and reads a 0, or
when it writes a 1 and reads a 0. Furthermore, sensor 1 knows that sensor 2 must have written
a 0 when it writes and reads a 0, and sensor 2 must have written a 1 when it writes a 1 and
reads a 0. Similarly, when sensor 2 gains access to the channel, it can obtain a 1-bit information
about sensor 1.2

Therefore, the problem of scheduling one of the two random variables can be thought of as
sensor k dividing the set of potential values the random variable zj, can take into two sets. When
the random variable x;, becomes available, sensor k should send pi = 0 or 1 depending on what
set the realized value of x;, falls into.

This partitioning by both random variables into their individual sets will in turn partition
the x1-z2 plane into four possible types of sets corresponding to the combinations 00, 01, 10,
and 11. In each of these sets, the sensor that should gain access to the bus is determined by the
arbitration map, a(pi, p2). When the monitoring station receives the transmitted signal, it will
not only determine the value of the random variable observed by the sensor that gained access
to the bus, but also potentially a 1-bit information about the other sensor’s measurement. This
information will be generated by the monitoring station knowing the value of the arbitration
function a(pi,p2), as well as one of the priority numbers p; or ps. If the arbitration function is
such that for a fixed value of p; (or p2), a(p1,p2) is not the same for different values of ps (or
p1), then knowing p; (or p2) and a(p1, p2) will uniquely determine po (or p;). Basically, we want
a(p1,p2) to be invertible in the sense that knowing a(p1,p2) and one of its arguments should
uniquely determine the other argument.

The search for an optimal partitioning of sample spaces of random variables is in general a
difficult problem when the random variables have continuous density functions. Thus, in the
case when the sensor observations xj are Gaussian or uniformly distributed, we simplify the
search for an optimal solution by restricting ourselves to a class of partitions where each sensor
can divide its range space into at most three simple intervals. This can be accomplished by
sensor k picking two thresholds

-0 < Tl(k) < 7’2(k) < +4oo, k=1,2

The choice of these thresholds by each sensor will in turn divide the z1-x2 plane into at most nine
boxes. In each box, either sensor 1 or sensor 2 will gain access to the bus, which is determined
by our choice of the arbitration function. In Sections 2.2 and 2.3, we give the solution of this
optimization problem in two special cases, which we found by exhaustive search over all possible
arbitration maps, and a parameterized optimization over the thresholds, Tl(k) < TQ(k), k=1,2,
for each fixed choice of an arbitration function.

When the random variables are discrete, we can solve the problem of optimally partitioning
each sensor’s set of outcomes. The solution to this case is given in Section 2.1.

2As we will see next, this is not always the case, and is determined by the invertibility of the arbitration
function.
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2. SOLUTION OF THE TWO-SENSOR CASE

2.1. Discrete random variables case. Let 1 and x2 be independent discrete random vari-
ables with probability distributions pgl) = Plz, = ml(l)] and p(2) = Plxzy = mz(?) |, respectively.

i
Without any loss of generality, we can assume that the probabilities pgk), k = 1,2 are ordered in

such a way that

o> 0>

Suppose the goal is to minimize the probability of error distortion criterion:
e = P[i’l 7& .’L‘l,{i‘z 7& xg]

Given a particular partitioning of the range spaces of the random variables x;, and an arbitration

function a(py,p2), the optimal estimate of the random variable that is not transmitted to the

monitoring station is given by its MAP estimate. Thus, to minimize the probability of error

each sensor should distinguish its most likely outcome from all the other outcomes. In fact, it

ca(n)be shown that the optimal scheduling policy of sensor k is to partition the set of outcomes,
k

m; ~, into two sets: a singleton with the most likely outcome, i.e. {mgk)}, and a set with all the

other outcomes, i.e. {mgk),i > 2}. With this partitioning the transmission policy of each sensor

is as follows:
Di>o.
) i>2.

Either Sensor 1 or Sensor 2 should transmit when x; = mgl) and zo = m§2).

(2)

Sensor 1 should transmit when zo = m;” and z1 =

(1)

Sensor 2 should transmit when 1 =m;’ and z3 =

m,
m?

Sensor 1 should transmit when x; = m(l),i > 2 and xo = ml(-z),i > 2if pgl)(l - p§2)) <

i <

(1= pi).

Sensor 2 should transmit when xy = m§1),i > 2 and xo = mz(?),i > 2if pgl)(l — p§2)) >
@ _ @

py (1—pi’).

Note that, with this transmission and arbitration policy the monitoring station can determine

both sensor measurements if
m£2),i
® 1o = mgz)’ T = mgl),i > 1.

e either x1 = mél), To = mZ@),i >2o0r x9 = mg), T = mgl),i > 1.

> 1.

2.2. Gaussian random variables case. Let x1 and xo be independent Gaussian with zero-
mean and variances agl, 022, respectively. In the class of two-threshold partitions, the solution
of the scheduling optimization problem is determined by the ratio of the standard deviations
Iz

pi=
Oy

We have three cases depending on what the value of p is. If

1
lg S P S B (1)
ly
then the optimal solution for each sensor is to divide the real line into two sets around zero.

In other words, sensor k should set pr = 0 or 1 depending on the sign of its observation. This
essentially corresponds to setting

7'1(k) = TQ(k) =0, k=12

Then, if we use any invertible arbitration function to decide on who should access the bus,
the monitoring station, upon receiving one of the random variables, will be able to uniquely
determine the sign of the other random variable that has not been transmitted. Hence, we can
basically have either one of the following two policies:
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p { {$1>0,$2>0} OR{x1<0,w2<0}:>TX$1
1

{xl <07a:2 >0} OR {1’1 > 0,$2 <0} = TX 9

P, — {$1>0,$2>0} OR{%‘1<0,1’2<0}:>TX$2
2 7 1 {z1 <0,22 >0} OR {x1 > 0,23 < 0} = TX

where TX stands for transmit. The decision regions describing the policy P; is depicted in
Figure 2. A similar figure can be drawn for the policy Ps.

3

transmit x,, transmit x,

-1+ 4

transmit x, transmit x,

!
w

FIGURE 2. Decision regions for [, < p < ll
g
In (1) above, [, is the solution of the nonlinear equation

1 1
P+ (=-=
212 _1p

= 251 =2()) + (22(g) 1) — —EeF

and is approximately equal to l4 ~ 0.5955.

We should expect this symmetric solution for the case when both random variables have equal
variance, but it is interesting to note that the solution remains the same even when p # 1, i.e.
Oz, 7 Oz,, Up until a certain threshold.

When the ratio p exceeds i, the optimal solution changes its symmetric structure. Now, the
sensor that is observing the random variable with the larger variance, 1, dominates most of
the observation space. Sensor 1 partitions the x; axis into three intervals, one around zero from
—0g, t0 +04,, and the other two, (—00, —04,) and (+04,,00). Sensor 2, on the other hand,
does not do any partitioning of its own observation space. This partitioning of the x1-x2 plane
corresponds to the following selection of the thresholds:

(1) (1) (2) _

—Ty =Tg = 0gy, Ty = _00)7—2(2) = +00
With this partitioning of the observation space, the optimal transmission policy is of the form
{21 > 404y, —00 < 23 < +00} = TX 71

P=< {x1 < —04,,—00 <23 < 00} = TX 27
{=04y, <1 < +04,, —00 < 23 < 00} = TX x9
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which can be realized with a number of arbitration functions. In Figure 3, we show the
decision regions in the x;-x2 plane described by the policy P when o,, = 1.

3

P transmit x, transmit x,, transmit x, -

-3 -2 -1 0 1 2 3

FI1GURE 3. Decision regions for p > i, O, = 1.

Note that, when the monitoring station receives a transmission from x1, this will not reveal
anything about x9, but when it receives a transmission from xg, this will tell him that |z1| < o,,.

The solution when the ratio p becomes smaller than [, is similar, with the roles of z1 and x2
interchanged. This case is illustrated in Figure 4 when o5, = 1.

3

transmit x,

SN0 transmit x, -

-2r transmit x,

FIGURE 4. Decision regions for p <14, 0, = 1.

Note that the solution is completely symmetric in z; and z. Also, as 0., — 0, the set over
which we transmit zo (i.e., {|z1| < 04y, —00 < 3 < +00}) becomes arbitrarily small. However,
it is interesting to note that for a fixed value of 0,,, no matter how large o, is, we still transmit
T9 in a set with nonzero measure.

2.3. Uniform random variables case. We next present the solution to the uniform random
variable case. Let x1 and zs be zero-mean, independent, and uniformly distributed on the
intervals [—v/30,, +Vv/304,], and [—v/30,,, +V/30.,], respectively.
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The solution here turns out to be very similar to the Gaussian case. Let again
p=2n
Oy

We have three cases depending on what the value of p is. If

1
lh<p<+
Ly
where [, & 0.4184, the optimal solution for sensor k is to divide the interval [—\/gaxk, +\/§ka]
into two symmetric sets around zero, and the exact same analysis as in the Gaussian case follows.
Figure 5 shows the decision regions in this case when o, = 0y, = 1.

15r q

transmit x,, transmit x

051 q

transmit x, transmit x,,

-15f E

-15 -1 -0.5 0 0.5

.
=
o

FIGURE 5. Decision regions for I, < p < i, 04 = 04, = 1.

When the ratio p exceeds i, the optimal solution changes its symmetric structure just like
in the Gaussian case. However, unlike the Gaussian case, now the sensor that is observing
the random variable with the larger variance z; can divide the interval [—v/30,, +v/30,,] into
three intervals in infinitely many ways as long as the length of the interval where x; will not
transmit is fixed at 20,,. Sensor 2, on the other hand, does not do any partitioning of its own
observation space. This partitioning of the z1-x2 plane corresponds to the following selection of
the thresholds:

|7-2(1) - 7_1(1)| = 204, 7_1(2) = _\/501‘2’ 7_2(2) = +\/§UI2

This partitioning is illustrated in Figure 6 when o,, = 3, 05, = 1.

Finally, like in the Gaussian case, the solution when the ratio p becomes smaller than [, is
similar, with the roles of x1 and 9 interchanged. Figure 7 illustrates the partitioning of the
x1-x2 plane in this case.

3. CONCLUSIONS

In this paper, we introduced the problem of decentralized scheduling of random variables
with an arbitration mechanism for estimation purposes. We note that the problem resembles
the multiple access channel problem of network information theory [4], but with additional
constraints due to the arbitration mechanism. When there are only two random observations
that needs to be scheduled, we showed that a simple solution can be obtained for the discrete
random variables case. When the random variables have continuous density functions a threshold
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T T
— > —
151 i
- -—
i 4
0.5r 4
x> o transmit x, transmit x,, transmit x 4
-0.51 E
=y i
-15F E
-0, +0,
xz xz
I I I I I I I I I
-5 -4 -3 -2 -1 0 1 2 3 4 5

transmit x,

[SalN transmit x, l T -

transmit x,

FIGURE 7. Decision regions for p <1, 05, =1, 04, = 3.

solution can be obtained by restricting the search space, and solving a parametric optimization
problem.

We note that the results in this paper complement those in [13] where optimal control of a
discrete time linear system with scheduled measurements and controls is discussed. In [13] the
controller is connected with a sensor and an actuator over a serial bus, and it has to tradeoff
between receiving a measurement signal from the sensor and sending a control signal to the
actuator. This leads to a scheduling between measurement and control signals, as opposed to a
scheduling of measurement signals as in this paper.
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