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Abstract— We consider a linear discrete-time optimal control
problem where the controller has to choose between measure-
ment and control. The controller is restricted in such a way that
at a given time instance, it may either send a control packet
to the actuator, or it can request a measurement packet from
the sensor. We show that under a quadratic cost structure that
does not penalize the control directly, the optimal control is a
linear threshold policy, where the controller decides to measure
or control by comparing its last measurement of the plant state
against a pre-determined threshold.

I. INTRODUCTION

Optimal quadratic control of discrete-time linear systems
has been extensively studied in the literature [1]. In the
standard formulation of the linear quadratic regulator (LQR)
problem, the controller is assumed to be capable of mea-
suring the state and controlling the plant simultaneously. In
this paper, we consider the case where the controller has to
choose between measurement and control. More specifically,
the controller is restricted in such a way that at a given time
instance, it may either send a control packet to the actuator,
or it can request a measurement packet from the sensor.

Constraints of this type arise especially in networked
control system applications. For instance, in controller area
networks (CAN), the controller, sensor, and actuator nodes
are connected over a serial bus, and only a single node can
access it at a given time [2], [3], [4]; also see Figure 1. In
these types of networks, the question is how to best schedule
the measurement and control packets to achieve a desired
system performance [5], [6]. In most industrial applications
where CANs are used, the communication network is allo-
cated before the runtime, and the resulting schedule is not
deviated from. This type of scheduling is called static, and
in the case of fixed intervals between control system events,
the stability may be guaranteed by an appropriate choice of
a communication sequence [7]. Communication sequences
quantify the amount of “attention” that the decision maker
pays to each component of a control system. In [8], the idea
of communication sequencing is used to address the problem
of stabilizing an LTI plant under limited access constraints.
The discrete-time optimal control problem, where the net-
work allows the transmission of one control signal at a time
is considered in [9]. Earlier work in this field include [10],
[11], where the focus is on picking the best measurement
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schedule, when we are constrained in looking at only one of
the data signals available from the sensors at a time.

In this paper, we determine the optimal measurement
and control policy of the controller under a quadratic cost
structure that does not penalize the control directly. We show
that the optimal policy is a linear threshold policy, where the
controller decides to measure or control by comparing its
last measurement of the plant state against a pre-determined
threshold.

The rest of the paper is organized as follows. In Section II,
we formally define the problem, and discuss the difference
between open-loop and closed-loop scheduling policies. The
solution is derived in Section III using a dynamic program-
ming type argument. We present some numerical solutions in
Section IV, and the paper ends with the concluding remarks
of Section V where we also discuss some directions for
future research.

II. PROBLEM STATEMENT

A. Problem definition

Consider the linear scalar plant described by the discrete-
time dynamics

xk+1 = Axk +akuk +wk, k = 0,1, . . . ,N −1 (1)

where xk ∈ R is the state, uk ∈ R is the control, ak ∈ {0,1}
is the decision that represents whether we decide to apply
a control or not, and wk ∈ R is a zero-mean i.i.d. Gaussian
process with finite variance, σ2

w, describing the plant noise.
In (1), N denotes the decision horizon, and the initial state
x0 is of zero mean and is characterized by its probability
distribution Px0 .

The controller is restricted in such a way that at a given
time k, it may either send a control packet to the actuator,
or it can request a measurement packet from the sensor. For
example, the sensor and the actuator may be connected to
the controller via a bus which does not allow simultaneous
transmission of measurement and control packets; see Fig-
ure 1.

Controller SensorActuator

Serial Bus

Fig. 1. Illustration of a Simple Control Bus Configuration.

More precisely, at the beginning of each period k the
controller makes a decision as to whether to receive an
observation yk from the sensor, or send a control command uk
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to the actuator. We assume that the observations are noiseless
for ease of derivation, but the noisy observation case can be
treated in a similar manner. The observation equation has the
form:

yk = (1−ak)xk, k = 0,1, . . . ,N −1

The noise process {wk} and the initial state x0 are assumed
to be independent. Let Ik denote the information available
to the controller at time k. We have I0 = /0, and for k =
1,2, . . . ,N −1

Ik = {(1−a0)x0, . . . ,(1−ak−1)xk−1,u
k−1
0 }

Consider the class of policies consisting of a sequence of
pairs of functions π = {(α0,μ0),(α1,μ1), . . . ,(αN−1,μN−1)},
where each function αk maps the information vector into
the control subspace {0,1}, and each function μk maps the
information vector Ik into the control subspace R unless ak =
0. In other words, the policy pair (αk(Ik),μk(Ik)) = (ak,uk)
is restricted to be mapped to either (0,0) or (1,uk), where
uk ∈ R. Such control policies are called admissible. We want
to find an admissible policy π that minimizes the cost:

Jπ = E

{
x2

N +
N−1

∑
k=0

x2
k

}
(2)

subject to the system equation (1). Note that the decision
policy at time k consists of two components ak = αk(Ik), uk =
μk(Ik) with the property that (ak,uk) = (0,0), or (ak,uk) =
(1,uk), uk ∈ R. At time k, ak = 0 or ak = 1, depending on
whether we measure or control, respectively.

B. Open-loop versus closed-loop policies

Each given sequence {ak}N−1
k=0 of 0’s and 1’s corresponds

to a scheduling sequence between the measurement and
control packets. Now, given a particular scheduling sequence
{ak}N−1

k=0 , the optimal control is given by

uk =
{

0 if ak = 0
−AE{xk|Ik} if ak = 1

(3)

since the cost function is separable. The optimal open-loop
cost can then be calculated by an exhaustive search over
all 2N possible scheduling sequences. However, there is
an easier way to obtain the optimum open-loop scheduling
sequence. For this purpose, we first show two properties the
optimal scheduling sequence should satisfy. Note that the
information vector, Ik, evolves according to

Ik+1 =
{ {Ik,xk,(0,0)} if ak = 0

Ik if ak = 1

depending on whether we measure or control at time k.
Lemma 1: At time k = 0, the optimal scheduling sequence

is such that ak = 0.
Proof: Recall that at time 0, I0 = /0. In other words, we

only know the a priori information about x0 at time 0. Using
(3), we see that u0 = 0, regardless of a0. Now, looking at the
evolution of the information state, Ik, we see that

I1 =
{ {x0,(0,0)} if a0 = 0

/0 if a0 = 1

Since the control, u0, is the same for both choices of a0, we
choose to measure at time 0 to increase our knowledge about
the state at time k = 1, i.e. I1.

Lemma 1 simply states that at time k = 0 we should
measure. The next lemma clarifies when we should control.

Lemma 2: Suppose at time k ∈ [1,N −1] we control, i.e.
ak = 1. Then, the cost we obtain by measuring at times k−1
and k +1 is at least as small as the cost obtained from any
other decision policy.

Proof: If ak = 1, the state will evolve according to

xk+1 = A(xk −E{xk|Ik})+wk

xk+2 = A[A(xk −E{xk|Ik})]+ak+1uk+1 +Awk +wk+1

Note that uk+1 is still a function of Ik, since Ik+1 = Ik when
ak = 1. Now, we can either have (ak+1,uk+1) = (0,0), or
ak+1 = 1 and

uk+1 = −AE{xk+1|Ik+1} = −AE{xk+1|Ik}
= −A2E{(xk −E{xk|Ik})|Ik} = 0

Since in both cases we have uk+1 = 0, similar to Lemma 1,
there is no need to control at time k +1.

The proof of why we must measure at time k−1 follows
from a similar argument. If we are given that ak = 1, then
we must have had ak−1 = 0, otherwise we would not have
had ak = 1 in the first place by our previous argument.

Lemma 2 implies that if {ak}N−1
k=0 is the optimal scheduling

sequence, and if for some k = k0, ak0 = 1, then we must have
ak0−1 = ak0+1 = 0. That is, if we control at time k0, we must
have measured at time k0 − 1, and we should measure at
time k0 + 1. A consequence of Lemmas 1 and 2 is that the
optimal control uk must have the form uk = −A2xk−1 for
those k ∈ [1,N−1] we choose to control. Figure 2 illustrates
the possible evolution of the measure (M) or control (C)
sequence for a time horizon of length N.

N−1...

M M M M M M M

C C C C C C

...

k = N−21 2 30 N−3

Fig. 2. Possible sample paths of the measure (M) - control (C) sequence.

Equipped with these two Lemmas, we now proceed to
show that the best open-loop scheduling sequence is to start
with measuring, M, and control afterwards, and repeat the
same pattern, i.e. MCMCMC . . ..

By Lemma 1, we know that a0 = 0. Also, we know that if
for some k, uk = −A2xk−1, then uk−1 = uk+1 = 0. Therefore,
the state, xk, will evolve according to

xk+1 =
{

Axk +wk if ak = 0
Awk−1 +wk if ak = 1

and the mean-square value of the state will evolve according
to

E{x2
k+1} =

{
A2E{x2

k}+σ2
w if ak = 0

A2σ2
w +σ2

w if ak = 1
(4)

for k ≥ 1. For k = 0, we have x1 = Ax0 + w0 and E{x2
1} =

A2σ2
x0

+σ2
w ,where σ2

x0
is the variance of the initial state x0.
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We can see from (4) that the mean-square cost E{x2
k+1}

is always smaller when ak = 1, since for any k E{x2
k} ≥ σ2

w.
Therefore, we should pick ak = 1, if we can. Note that, the
evolution of the mean-square error (4) relies on the fact that
the scheduling policy is in compliance with Lemmas 1 and 2.
Therefore, the optimum open-loop scheduling policy is to
control as soon as we can, which can only be done after
we measure. Since we measure at time k = 0, we should
control at time k = 1, i.e. a1 = 1. Now, at time k = 2 we
cannot control by Lemma 2, so we measure, i.e. a2 = 0.
Since, we can now control at time k = 3, we set a3 = 1,
and so on. The resulting sequence starts with measure, (M),
and alternates between measure, (M), and control, (C), until
the end of the decision-horizon. Note that the optimum open-
loop scheduling sequence is independent of the time-horizon,
N. Thus, for an infinite horizon problem with the average cost
criterion

J̄ = limsup
N→∞

1
N

E

{
N−1

∑
k=0

x2
k

}
(5)

the solution will remain the same. We can actually calculate
the optimum average open-loop cost corresponding to this
policy as follows. It is clear that with the policy of alternating
measure, (M), and control, (C), that starts with measure, (M),
at time k = 0, the state will evolve according to

xk+1 =
{

Awk−1 +wk if k = 1,3,5, . . .
A2wk−2 +Awk−1 +wk if k = 2,4,6, . . .

and x1 = Ax0 +w0. Now the optimum average cost, J̄∗, can be
calculated by averaging over the sum of mean-square value
of the state:

J̄∗ =
(

1
2
(1+A2)+

1
2
(1+A2 +A4)

)
σ2

w

=
(

1+A2 +
1
2

A4
)

σ2
w

In the next section, we will show that the optimum closed-
loop decision policy can beat this cost by delaying the
decision to measure or control, ak, until time k.

III. DERIVATION OF THE SOLUTION

A. The finite-horizon solution

In order to derive the optimal decision policy, we use a
dynamic programming approach. Starting at time N −1, we
go back in time and find a recursive way to calculate the
cost-to-go functions. Now, it can be seen that the optimum
cost-to-go from time k +1, Jk+1, will be of the form:

Jk+1 =

{
J(0)

k+1 if ak = 0

J(1)
k+1 if ak = 1

where J(0)
k+1, and J(1)

k+1 are given as

J(0)
k+1 = E{(Axk +wk)2|xk}

+min
{

E
{

Γ(0)
k+1(A(Axk +wk)+wk+1)|xk

}
,E

{
Γ(1)

k+1(Awk +wk+1)
}}

J(1)
k+1 = E{(Awk−1 +wk)2}

+E{Λk+1(A(Awk−1 +wk)+wk+1)}
Here, Γ(0)

k+1, Γ(1)
k+1 and Λk+1 are functions that are initialized

as Γ(0)
N−1(u) = Γ(1)

N−1(u) = ΛN−1(u) = u2. Note that the cost-to-
go function, Jk+1, depends on our past actions only through
ak. When ak = 0, J(0)

k+1 contains a term which is the minimum
of two numbers. This minimization is between choosing the
two alternatives, namely measure, (M), or control, (C), at
time k +1. More specifically, the first term in the minimum
is realized if ak+1 = 0, (M), and the second term is realized
if ak+1 = 1, (C). This minimum can be found by the
comparison:

E{Γ(0)
k+1(A(Axk +wk)+wk+1)|xk} ≶ E{Γ(1)

k+1(Awk +wk+1)}
Later, we will show that this comparison gives us a threshold
on the previous state, xk, which has been measured since ak =
0. The threshold, τk, is such that if |xk| ≤ τk the minimum
will be given by the first term, i.e. we should measure (M)
at time k + 1, otherwise the minimum will be given by the
second term, i.e. we should control (C) at time k + 1. The
proof of this fact relies on the fact that as a function of xk,
the conditional expectation E{Γ(0)

k+1(A(Axk +wk)+wk+1)|xk}
achieves its global minimum at xk = 0. Also note that if
ak = 1, the previous state, xk, must have been of the form
xk = Awk + wk−1, which is independent of the past states,
xk−1

0 . Therefore, when ak = 1, the expectations do not involve
any conditioning on the past. We proceed by finding the
functional recursions Γ(0)

k+1, Γ(1)
k+1, and Λk+1 must satisfy.

First, we write Jk as

Jk =

{
J(0)

k if ak−1 = 0

J(1)
k if ak−1 = 1

After some algebra, we can obtain J(0)
k and J(1)

k in terms of

Γ(0)
k+1, Γ(1)

k+1, and Λk+1 as follows:

J(0)
k = E{(Axk−1 +wk−1)2|xk−1}

+min{E{(A(Axk−1 +wk−1)+wk)2|xk−1}
+

∫
|xk|≤τk

E{Γ(0)
k+1(A(Axk +wk)+wk+1)|xk}

×e
− (xk−Axk−1)2

2σ2
w√

2πσ2
w

dxk

+
∫
|xk|>τk

E{Γ(1)
k+1(Awk +wk+1)}e

− (xk−Axk−1)2

2σ2
w√

2πσ2
w

dxk

,E{(Awk−1 +wk)2}
+E{Λk+1(A(Awk−1 +wk)+wk+1)}}
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J(1)
k = E{(Awk−2 +wk−1)2}

+
∫ +∞

−∞
E{(Axk +wk)2|xk} e

− x2
k

2(1+A2)σ2
w√

2π(1+A2)σ2
w

dxk

+E{Γ(0)
k+1(A(Axk +wk)+wk+1)|xk}

× e
− x2

k
2(1+A2)σ2

w√
2π(1+A2)σ2

w

dxk

+E{Γ(1)
k+1(Awk +wk+1)} e

− x2
k

2(1+A2)σ2
w√

2π(1+A2)σ2
w

dxk

Let

Γ̄(0)
k+1(xk) := Ewk+1,xk+1{Γ(0)

k+1(Axk+1 +wk+1)|xk}
Γ̄(1)

k+1 := Ewk,wk+1{Γ(1)
k+1(Awk +wk+1)}

Λ̄k+1 := Ewk−1,wk,wk+1{Λk+1(A(Awk−1 +wk)
+wk+1)}

where xk+1 ∼ N(Axk,σ2
w) in the definition of Γ̄(0)

k+1. Then,

Γ̄(0)
k (xk−1), Γ̄(1)

k , and Λ̄k can be written as

Γ̄(0)
k (xk−1) = Exk,wk{(Axk +wk)2|xk−1}

+
∫
|xk|≤τk

Γ̄(0)
k+1(xk)

e
− (xk−Axk−1)2

2σ2
w√

2πσ2
w

dxk

+
∫
|xk|>τk

Γ̄(1)
k+1

e
− (xk−Axk−1)2

2σ2
w√

2πσ2
w

dxk

where xk in the first term is xk ∼ N(Axk−1,σ2
w).

Γ̄(1)
k = E{(Awk−1 +wk)2}+ Λ̄k+1

Λ̄k = E{(Axk +wk)2}

+
∫
|xk|≤τk

Γ̄(0)
k+1(xk)

e
− x2

k
2(1+A2)σ2

w√
2π(1+A2)σ2

w

dxk

+
∫
|xk|>τk

Γ̄(1)
k+1

e
− x2

k
2(1+A2)σ2

w√
2π(1+A2)σ2

w

dxk

where xk in the first term is xk ∼ N(0,(1+A2)σ2
w).

Simplifying, we obtain

Γ̄(0)
k (xk−1) = A4x2

k−1 +(1+A2)σ2
w

+
∫
|xk|≤τk

Γ̄(0)
k+1(xk)

e
− x2

k
2(1+A2)σ2

w√
2π(1+A2)σ2

w

dxk

+
∫
|xk|>τk

Γ̄(1)
k+1

e
− x2

k
2(1+A2)σ2

w√
2π(1+A2)σ2

w

dxk

Γ̄(1)
k = (1+A2)σ2

w + Λ̄k+1

Λ̄k = A4σ2
w +(1+A2)σ2

w

+
∫
|xk|≤τk

Γ̄(0)
k+1(xk)

e
− x2

k
2(1+A2)σ2

w√
2π(1+A2)σ2

w

dxk

+
∫
|xk|>τk

Γ̄(1)
k+1

e
− x2

k
2(1+A2)σ2

w√
2π(1+A2)σ2

w

dxk

Note that the cost-to-go from time k, Jk, can be written as

Jk =

{
A2x2

k−1 +σ2
w +min

{
Γ̄(0)

k (xk−1), Γ̄
(1)
k

}
,ak−1 = 0

A2σ2
w +σ2

w + Λ̄k ,ak−1 = 1

Thus, the decision to choose ak = 0 or ak = 1, can be
determined by checking Γ̄(0)

k (xk−1) ≶ Γ̄(1)
k , which gives a

threshold, τk−1, on the value of the state, xk−1, which we have
access to since ak−1 = 0. The threshold, τk−1, determines
whether we should measure or control at time k depending
on the value of the measurement, xk−1. More specifically,

ak =
{

0 if |xk−1| ≤ τk−1

1 if |xk−1| > τk−1

The existence of such a threshold is the consequence of
the fact that the function Δ(0)

k (xk−1) := Γ̄(0)
k (xk−1)− Γ̄(1)

k is
even, and it achieves its unique global minimum at xk−1 = 0.
Later, we will show inductively that Δ(0)

k (xk−1)’s have these
properties for all k ≤ N − 1. Furthermore, we will show
that the minimum value of Δ(0)

k (xk−1), which is achieved

at xk−1 = 0, has the property that Δ(0)
k (0) ≤ 0. Therefore,

there exists a threshold, τk > 0, which is characterized by the
solution of the nonlinear equation Δ(0)

k (±τk) = 0. For ease

of notation, let us also introduce a new sequence Δ(1)
k :=

Λ̄k − Γ̄(1)
k . Using the recursions for Γ̄(0)

k (xk−1), Γ̄(1)
k , and Λ̄k,

we can derive the recursive relations Δ(0)
k (xk−1) and Δ(1)

k must
satisfy as follows:

Δ(0)
k (xk−1) = A4x2

k−1 −Δ(1)
k+1

+
∫
|xk|≤τk

Δ(0)
k+1(xk)

e
− (xk−Axk−1)2

2σ2
w√

2πσ2
w

dxk

Δ(1)
k = A4σ2

w −Δ(1)
k+1

+
∫
|xk|≤τk

Δ(0)
k+1(xk)

e
− x2

k
2(1+A2)σ2

w√
2(1+A2)πσ2

w

dxk

along with the boundary conditions

Δ(0)
N−1(xN−2) = A4x2

N−2

Δ(1)
N−1 = A4σ2

w

τN−2 = 0

This leads to the following theorem whose proof can be
found in [2].

Theorem 1: Let N ≥ 2 be given. For 0 ≤ k ≤ N − 1, the
sequence of functions Δ(0)

k (u) are even, differentiable with a
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unique critical point at u = 0, i.e.

∂Δ(0)
k (u)
∂u

∣∣∣∣∣
u=0

= 0

Furthermore, we have

∂Δ(0)
k (u)
∂u

> 0, if u > 0

∂Δ(0)
k (u)
∂u

< 0, if u < 0

Thus, Δ(0)
k (u) achieves its global minimum at the critical

point u = 0. Also, the minimum value of Δ(0)
k (u) achieved at

u = 0 is non-positive, i.e. Δ(0)
k (0) ≤ 0.

In order to illustrate the way the recursions Δ(0)
k (xk−1), Δ(1)

k
can be used to determine the thresholds, τk, we find τN−3.
Since τN−2 = 0, we do not need to carry out any integration.
We simply have

Δ(0)
N−2(xN−3) = A4x2

N−3 −A4σ2
w = A4(x2

N−3 −σ2
w)

Δ(1)
N−2 = A4σ2

w −A4σ2
w = 0

The threshold, τN−3, can be determined from the positive
solution of Δ(0)

N−2(τN−3) = 0, which is given by τN−3 = σw.
The remaining thresholds can be calculated recursively by
using numerical integration. In Section IV, we present some
simulation results where we calculate the thresholds as we
vary various parameters.

To summarize, the optimal closed-loop decision policy is
a threshold policy in the sense that at time k, we decide
to measure or control based on our measurement at the
previous time instance, k−1. The choice at time k between
measurement and control can only be made when at time
k−1 we have measured, since otherwise we must measure
at time k. Furthermore, at time k = 0, we must start with
measuring by Lemma 1. If we need to choose between
measurement and control, we compare the measurement xk−1

against a threshold value, τk−1, which can be determined
offline by the recursive methodology outlined in this section.
Algorithmically, we can describe the optimal decision policy
as follows.

At time k = 0, start by measuring (M), i.e. a0 = 0. Starting
with k = 1, do the following:

1) Lookup the threshold τk−1 corresponding to the current
stage from the table.

2) Apply the measurement/control policy

(ak,uk)=

⎧⎨⎩
(0,0) ,ak−1 = 0, |xk−1| ≤ τk−1

(1,−A2xk−1) ,ak−1 = 0, |xk−1| > τk−1

(0,0) ,ak−1 = 1

3) Update k = k+1, and go to the first step unless k = N.

B. The limiting solution

In this section, we investigate the limiting behavior of the
thresholds, τk, as the number of stages in the problem, N,
becomes arbitrarily large. Note that, in this case the cost

function (2) must be replaced with the average cost function
(5) to avoid an infinite cost as N → ∞.

Finding an analytical expression for the limit of the
sequence {τk} is difficult. As we show in the next section,
the convergence of τk to its limit is not monotonic, which
makes the analytical calculation of the limit as a function of
A, and σ2

w very difficult. In the next section, we will calculate
this limit for some select values of A and σ2

w, and discuss
how it changes as these parameters are varied.

The purpose of this section is to show sort of a negative
result in the sense that the limit of the sequence {τk},
if it exists, cannot be zero. This is important, because
otherwise, for an infinite-horizon problem with the average
cost criterion, the optimal closed-loop scheduling sequence
in the limit would have coincided with the optimal open-loop
scheduling sequence, where essentially τk = 0, for all k. We
have the following proposition whose proof can be found in
[2].

Proposition 1: Suppose the limit

τ∞ = lim
k→∞

τk

exists. Then, τ∞ �= 0.

IV. NUMERICAL SOLUTIONS

In this section, we use numerical integration and Matlab
to calculate the recursions of Δ(0)

k (xk−1) and Δ(1)
k , with the

aim of determining the sequence of thresholds {τk}. We
investigate how the threshold sequence behaves as the plant
parameter, A, and the noise variance, σ2

w, are varied. As we
mentioned before, the threshold sequence converges to some
value τ∞ regardless of how large or small A and σ2

w are. The
plant parameter, A, affects the rate of convergence while the
noise variance σ2

w affects the limiting value of the thresholds.
As A gets larger the convergence becomes slower, and the
convergence is faster as A → 0. For a fixed A, the limiting
value of the threshold, τ∞, scales linearly with the standard
deviation of the noise process, σw.

In Figure 3 we demonstrate how the sequence of thresh-
olds converges for a fixed value of A, as σw is varied. The
limiting values in Figure 3 are multiples of τ∞(A = 1) ≈
0.7767. That is

σw = 1 ⇒ τ∞ = τ∞(A = 1)
σw = 2 ⇒ τ∞ = 2× τ∞(A = 1)
σw = 3 ⇒ τ∞ = 3× τ∞(A = 1)

This pattern is repeated for other, but fixed values of A. Note
that, in the first iteration τ1 = σw, as predicted by our example
calculation in Section III.

Also note that the convergence is not monotonic, which
turns out to be the case regardless of what A or σ2

w is. We next
fix the noise variance σ2

w = 1, and vary the plant parameter A.
Figure 4 illustrates how the convergence rate of τk is affected
by the variation of the plant constant A. In Figure 4, A is
varied from 0.5 to 2. Note the decrease in convergence rate
as A is increased. Also, observe that the limiting value of the
threshold, τ∞, is insensitive to the plant parameter A.
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Fig. 3. Convergence of thresholds, τk, for A = 1, and σw = 1,2,3.
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Fig. 4. Convergence of thresholds, τk, for σ2
w = 1, and A = 0.5,1,2.

We also investigate the extreme cases, as A → 0, and
A → ∞. Increasing A indefinitely makes the convergence rate
infinitely small, but τk still converges. Making A smaller, on
the other hand, makes τk converge faster. For σ2

w = 1, in the
limit as A → 0, τ∞ goes to approximately 0.7894. Therefore,
if σ2

w = 1, for the entire range of plant parameters, A, the
limiting value of threshold, τ∞, lies in the interval [0,1].

Having derived the optimal values of the thresholds for
various plants, we next turn our attention to comparing the
optimal average cost that can be achieved with a closed-
loop control with the optimal open-loop cost. Recall from
Section II-B that the optimal open-loop scheduling policy is
to start with measuring, and alternate between measure (M)
and control (C) indefinitely. As derived in Section II-B, this
policy results in an average cost:

J̄∗OL =
(

1+A2 +
1
2

A4
)

σ2
w (6)

Now, if we implement the optimal closed-loop controller,
we expect the average cost to be smaller, but exactly how
much smaller? Can we in effect quantify the gain achieved by
optimal closed-loop scheduling of measurement and control
packets? For this purpose, we basically run several instances
of the plant process with optimal open-loop and closed-
loop controls, and calculate the sample-path average of the
performance criterion. We set A = 1 and σ2

w = 1, and average
the sample path costs over 100 instances of the plant process.
The results are tabulated in Table I, where J̄∗CL is the long-run

TABLE I

COMPARISON OF AVERAGE SAMPLE-PATH COSTS.

A σw J̄∗CL J̄∗OL(e) J̄∗OL(t) %

0.5 1 1.2753 1.2827 1.2813 0.5790
1 2 9.6073 9.9822 10.000 3.7556
1 1 2.4040 2.5015 2.5000 3.8946
2 1 12.0999 13.0001 13.0000 6.9246
4 1 137.3523 144.8553 145 5.1797

average optimal closed-loop cost, J̄∗OL(e) denotes the long-run
average open-loop cost, J̄∗OL(t) is the theoretical value of the
open-loop cost obtained from (6), and % column indicates
the percentage improvement in the long-run average cost of
the closed-loop control over the open-loop one. As can bee
seen from Table I, the percentage decrease in the average
cost in going from the open-loop scheduling to closed-loop
scheduling is in the range 0.5−7%. This may not seem like a
huge improvement; however, note that the amount of online
computation we need to do to achieve this gain is minimal.
For large N, since the threshold sequences, {τk}, converge,
all we need to do is compare the last measured value of the
state against a constant threshold, τ∞.

V. CONCLUSIONS

In this paper, we introduced the optimal control prob-
lem with scheduled measurements and controls, where the
controller has to choose between controlling the state now
and bringing it closer to the desired set point, and making
a measurement to improve its estimate of the next state. We
showed that the solution of this problem is a linear threshold
policy, where the controller decides to measure or control by
comparing its last measurement of the plant state against a
pre-determined threshold.
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