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Optimal Control with Limited Controls

Orhan C. Imer and Tamer Bagar

Abstract— We consider a linear discrete-time optimal control
problem where the control is limited in terms of the number of
times it can be applied. We assume an additive quadratic perfor-
mance criterion that does not penalize the control directly, and
show that for a scalar plant driven by an independent additive
Gaussian noise the optimal control is piecewise linear based on
some offline computed thresholds on the optimal estimate of
the plant state which can be generated by a Kalman filter.

I. INTRODUCTION

Optimal quadratic control of discrete-time linear systems
has been extensively studied in the literature [1]. In the
standard formulation of the discrete-time linear quadratic
Gaussian (LQG) problem, the controller is assumed to be
unlimited in its actions in terms of the number of times it can
be applied. This assumption, though valid in many scenarios,
is not an accurate model in other scenarios where each
application of control but not the actual value of the control
action is expensive. For example, in most wireless control
applications the controller is power-limited, and therefore can
only transmit a limited number of signals to the actuator [2].
Limited control action may also be justified in the control of
some macro economic quantities, such as exchange rates, or
in controlling inventory levels at a warehouse. Motivated by
these observations, we formulate an optimal control problem
with limited controls where over a decision horizon of length
N, the controller has M time units in which it can act.
We assume a linear discrete-time plant model driven by an
additive Gaussian noise. The controller has access to some
noisy version of the plant state at all decision instances,
but it is limited in its actions. In this paper, we show that
for an additive quadratic performance criterion that does
not penalize the control directly, the optimal control law is
piecewise linear based on some off-line computed thresholds
on the optimal estimate of the plant state. We also show
that the separation of estimation and control holds [3], and
therefore the optimal estimate of the plant state can be
recursively generated by a Kalman filter.

The rest of the paper is organized as follows. In Section II,
we formally define the problem, briefly discuss some of the
potential applications, and establish the difference between
the open-loop and closed-loop scheduling policies. The solu-
tion is derived in Section III using a dynamic programming
type argument. We present some numerical solutions in
Section IV.
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II. PROBLEM STATEMENT
A. Problem Definition

Consider the scalar plant described by the discrete-time
dynamics!

Xyl = Axg+up +wi, k=0,1,...,N—1 (1)

where x; € R is the state, u; € R is the control, and w; € R is
a zero-mean i.i.d. Gaussian process with finite variance, GM%,
describing the plant noise. In (1), N denotes the decision
horizon, and the initial state xo is characterized by its
probability distribution P,,. The controller receives at the

beginning of each period k an observation of the form:
Ve=Xx+w, k=0,1,....N—1

where v, € R is the observation noise modelled as an i.i.d.
Gaussian process with zero mean, and variance 0'3 < oo, The
noise processes {vi} and {wy}, and the initial state xo are
assumed to be independent. Let [; denote the information
available to the controller at time k. We have Iy = yg, and I} =
{y{‘),ul(‘)’l} , k=1,2,...,N—1. Consider the class of policies
consisting of a sequence of functions 7 = { o, i1, ..., UN—1}»
where each function maps the information vector I into the
control space Ci. The sets C; are restricted such that the
control can map [; into C; = R only a limited number of
times. For all other k, C; is the singleton Cy = {0}. Such
control policies are called admissible. We want to find an
admissible policy 7 that minimizes the performance criterion

N-—1
Jr=E{ x}+ 2 x%
k=0
subject to the system equation (1). Note that the restriction
on control sets is equivalent to forcing the control to be zero
for those times during which the control is not allowed to
act. We assume that the control is mapped into the real line
M < N times. Also, we do not include a direct penalty for
control in the cost function, but note that there is an indirect
penalty on control in terms of a limitation in the number of
times it can act.

B. Example Applications

There are several instances where the nature of the control
action is limited in terms of the number of times it can be
exercised. In a networked control systems setting, this may be
due to a power constraint that limits the number of available
transmission opportunities for the wireless controller device

'As we will see shortly, considering a scalar system does not lead to
much loss of conceptual generality.
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for a given decision horizon, see Figure 1. This is similar
to the case in [4], [5], where the wireless sensor is limited
in power and in turn in the number of transmissions it can
make.

RF Channel Noise

RX LR ontroller T Sensor
M N

Fig. 1. Optimal control over an RF channel with limited controls.

Limited control action may also be justified in the control
of some macro economic quantities, or in controlling inven-
tory levels at a warehouse. For instance, when regulating
the value of a financial instrument, an institution, such as a
central bank, may only act a limited number of times for a
given decision horizon. The financial instrument that we are
trying to regulate might be the exchange rate of a particular
currency, and we may want to stabilize this rate around an
equilibrium value for a certain period of time. The regulatory
commission that is in charge of this stabilization may meet
regularly, but due to several reasons, it may only act in a
limited number of those meetings. In inventory control, the
stock level of a particular merchandise needs to be regulated
at some desirable level. The inventory manager who is in
charge of keeping the stock at the desired level may be
limited in terms of the number of orders it can make to
restock the warehouse.

C. Open-loop versus Closed-loop Scheduling Policies

In this section, we would like to draw attention to
the difference between open-loop and closed-loop control
scheduling policies. Note that for a given pair of numbers
(M,N), if we want to determine M out of N times during
which we should apply control a priori, the best times to
apply control would be the first M time units, and the control
during those times would be of the form

[0 if M<k<N-1
T\ —AE{qlL) if 0<k<M-—1

where the conditional expectation of the state can be recur-
sively generated by a Kalman filter. The control is linear
in the conditional expectation of the state, because the cost
function is quadratic in x;, and there is no direct cost on
control. Now it can be verified that among all open-loop
schedules for the controller, the one that leads to the smallest
average cost is the one where we apply control during
the first M time units. The term open-loop refers to the
determination of the controller schedule as it relates to what
time units it should act. When it does act, the control action
itself depends on the current estimate of the state in a closed-
loop fashion. In the next section, we determine both the
schedule and the actions of the controller in a closed-loop
fashion.

III. DERIVATION OF THE SOLUTION

In order to derive the solution we let s denote the number
of control actions left, and ¢ denote the number of decision

instances left. Given M and N, going backward in time, ¢
increases from t = 1 to t = N, while s takes values on the
interval max{0,M — (N — 1)} <s < min{z,M}. Thus, for a
given t, N, and M such that 1 <M < N, the maximal interval
in which s can take values is given by 0 <s <t. We derive
the solution by a dynamic programming argument starting
with # = 1, and going back in time, or forward in ¢ to t =
N. For each ¢, we consider the potential values s can take.
Note that given that we are at the decision stage (s,t), we
may go from here to either stage (s — 1,7 —1) or (s,z—1)
depending on whether we decide to act at stage (s,¢) or not.
By a similar argument, we can see that we must have arrived
at stage (s,¢) either from stage (s,z+1), or (s+ 1,4+ 1).
Now, starting with t = 1, we see that 0 < s < 1. When s =0,
we must have u(g ;) =0, as (0,1) can only lead to (0,0).
We can calculate the optimal cost to go from stage (0,1)
as Jo,1) = K(071)E{x,2\,71 A1} + o2, where Ko1) = 1+A%
When s =1, (1,1) can only lead to (0,0) with the control
Uiy = —AE{xy_1|y) '}, and the associated cost-to-go

Jany = E{xy_1lyy "}

FAE] (vt~ Efova ) 1)
+o, +A’E{(xw—1 — E{xn_1 |Y8/_1})2 o '}

Before proceeding with the next stage, observe that the term
E{(xn—1 — E{xn— |y8’71})2 lyd~'} is independent of past
controls. This is due to the linearity of both the system and
measurement equation. We state this fact as a lemma whose
proof can be found in [4].

Lemma 1: For every k € [0,N — 1], x — E{x¢|I} is inde-
pendent of the control policy being used.
Therefore, we can write the cost to go from (1,1) as

Jagy = E{xzle—l\ygil}‘FAZGz%—uNA +0,

where the error covariance 61%/ is defined by

—1|N=1
Oti 1 = E{ (e — E{ulyt 206"}
We next let =2, which implies that 0 <s <2. When s =0,

(0,2) can only lead to (0, 1), resulting in the control u ) =
0, and the associated cost

T2y = Koo E{xx_2l) >} +Ko,1)0n + Oy

where K(g2) = 14+A*K(q1)- When s = 1, on the other hand,
(1,2) may lead to (1,1) or (0,1) depending on whether we
apply a control or not. The optimal policy when we do apply
control can be found by minimizing the quadratic cost-to-go
function and is still linear. We have “E??Z) =0 and ”8?2) =
—AE{xy_2|y}?}. Here the superscripts (1) and (0) denote
whether a control action is taken or not. Substituting these
controls into the cost function, we obtain the cost to go from
stage (1,2) for both cases as follows:
1

0 _
J((1,)2) = (1+ADE{x3 ) 2}+A201%,_1|N_1+26(;§
Pe
1 _
Jhy = Bl 2+ KonA?oy o+ Ko on
+02
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Thus, the decision as to whether to control or not depends on

the comparison between the cost functions Jé?,é) and J((ll>2)

We look at the difference J((?)z) —J(ll )2), which needs to be
compared against zero to make the decision as to whether to
control or not. Assuming A # 0, this comparison is equivalent

to comparing the following quantity against zero:
E{xy_olyy 2} + 01\2/—1\1v—1 -1 +A2)GA2/—2\N—2 ~0,20

Now, let A ) denote this difference, i.e., Ay = J<(0) -

1,2)
J(<117>2). We have

2 2 ) 2
Aqp = A (E{XN—2|YI(;, PO vt
—(1 +A2)Gz%/—2\1v—2 - O-v%)

Note that the conditional expectation E{x%_,|y) >} can be

_ 2972
expressed as E{x%_, |y} 2= 0-13772|N72 + (E{xN,2|y8/ 2}) .
Substituting this into the expression for A ») yields

52
A =A° ((E{XN72|Y6V 1) +‘51%/7”1\/71 - Gz%m\zwz)

Therefore, the decision at (1,2) to control or not is only
a function of the optimal estimate of the plant state which
in turn can be expressed as a function of the current mea-
surement yy_o, the previous control uy_3, and the previous
estimate E{xy_3|y) >} through the Kalman filter recursion:

E{xn_alyy >} =AE{xn_3ly) "} +un—3

Note that, as a function of the conditional estimate
E{xn_a|y) %1, Aq ) (E{xy—2[y)"%}) has a unique
e in _ a2(s2 2
minimum AE‘{IE) = A On_1v—1~ On-1v—2) < 0,
which occurs at E{xy_»|y) >} = 0. Thus, the equation
Ao (E{xN,2|y0N*2}) = 0 has two distinct real roots

+ — _ 2 <2 .
Th2) = g T \/GNfl\N72 Oy_iy—1- That is,

A(172)(Ta,2)) = A<172)(r(_172)) = 0. The numbers 7, , < Ta,2)
are the thresholds on the current estimate of the
state, E{xy_2|y) 2}, and we do not apply control if
|E{xn—alyy 2} < T(1y- Now, the optimal cost-to-go
function from stage (1,72) can be written as

0 e B
- J((I,JZ) if T(l,z)SE{xN—ﬂyg Z}ST(+1=2)
@273 50 therwi
() wise

(

Finally, if s =2, (2,2) can only lead to (1, 1), with the control
law u(y ) = —AE {xn—2|y)~?}, and the associated cost to go

|

2 2 2.2 2 2 2

Jop) =E{xy ol *}+A On_aN—2 +A Oy N1 T Y. o
n=0

We next let + = 3, which implies that s must be in the
range 0 < s <3.If s=0, (0,3) can only lead to (0,2); thus,
we have the control u(g3) =0, and the cost-to-go function

Jo3) =Ko 3 E{x_31%0 "} +K(0.2)0m + K(0,1)0p + O

where K 3) = 1+A2K(072). If s=1, (1,3) may lead to (1,2)
or (0,2). If we do use control at stage (1,3), the control must

still minimize a quadratic cost function, leading to “E})z) =

—AE{xy_3|y) >} with the associated cost

1 2 -3 2 2
J((l,)B) = E{q_3h0 ) +KopA ON_3v-3
+K(072)Gv% + K(O,l) Gv% + Gv%

If, on the other hand, no control is used at stage (1,3), we
have ug%) =0. To calculate the cost-to-go from stage (1,3)
with zero control, we need to average the cost-to-go function

J(1.2) over the statistics of E{xy_o[yj >} given yj

0 _
J((1?3) = E{x%,73|y6v 3}

(0) £(0) s
+ / N _3dEN_gN—
|)eN72\N72|§T(+1‘2) (1,2) XN*Z\N—Z‘Y{)V 3UAN-2|N-2

(1) (0) ¢
+/ J N 2dXN_ v
ey —2v-2l>7; ) (12) gy qpy oy 3TN 2IN2

where f ()

En_aN—2l
AN_2v—2 gi\‘/en the available information,? and Xi[k—1 denotes
E{xk\yé_l}. First, observe that given the past, i.e., yf)v_3
and the past controls, the conditional estimate, Xy_5y_» is
Gaussian. We have

N is the conditional density function of
0

E{&y_ov_aly) °} =Afy_3n_3
since E{yN,2|y3/*3} = Afy_3y—3. Also, we can write
2 -3 2.2 242 2, 2
E{yyoalyy =4 Oy_3n—3 TAXN 3)y3 1 0y + 0
Now, for the conditional variance, we have
N N _ 2 _
E{(fy_an—2 *E{foz\Nfzb’f)v Ny )
R . 2, N—
=E{(fy_opv—2 —Afy_3v-3) o}

Writing out £y _oy_» from the Kalman filter recursion

. ) 2, N
E{(xN72\N72_AxN73\N73) oy >}

(613772‘N73)2 E{(y Af ))2|yN73}
= N—2 —AXN_3v-3))7 1Yo
(61%/72\1\/73 +0y)?
(oy 2N 3
_ —«|lN— 2.2 2 2
- (O_N . 3"{‘6‘)2)2 (A GN—3‘N—3+GW+0-V)
2 2
Oy gy 3)
2 2
On_an—3 T O)
N (G/%/fzuvfs)z
Therefore, f)?N—2\N—2|yS]73 ~ N(AXN—3\N—37 m) Rear-

ranging, we can write the cost to go J(((l))3> as

O —
J((l,)B) = (1 +A2)E{x12\773|y€)v 3}+K(0,1)A20-1%/72‘N72
1
+K(0.1)0 + X, Oy
n=0
+ A(l 2)fA(O) ,3dXAN72‘N72
|)?N—2\N72|§T(Jq’2) Y a2 ¥y

2Clearly, the available information J; includes past actions. We do not
write this explicitly for ease of notation.
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Recall that as a function of fy_sy_2, A(1 2)(fy_2jy—2) has a

unique minimum at £y_sy_» = 0, with A(; 5)(0) < 0. Now,

to determine whether we should control or not at stage (1,3),

we compare the cost-to-go functions of the two alternatives

15?7)3) and {((?3). Si(n;ilar to stage (1,2), let us define Ay 3) as
40

Ang) = 1(1,3) —J,

(13)° Substituting the expressions for J(( ) 3)
M

and J yields
(1,3)

Apg = A (‘P(l,3)(x’\Nf3|N73) +XA12\773|N73
+K,1 (01%/72\1\/72 - G§172|N73))
where W 3)(fy_3y—3) is defined by the integral

1 (0)
b g / A dx
(13) "= 32 v awoal<T (12)fo B XN—2|N-2

We next state a property of W(; 3)(fy_3y—3) whose proof
can be found in [4].

Proposition 1: As a function of IN_3IN=3s
W(13)(Xy_3n-—3) is even, and has a unique minimum
at ‘)EN,3‘N,3 = 0 with a strictly negative value, ie.,
W5 (Ev—3iv—3) = ¥(1,3)(0) <0.

Using Proposition 1, we can see that as a function of
fn_3N-3> A13)(fy—3v—3) is even, and has a unique min-
imum at £y_3y_3 = 0. Furthermore, we have

= Ay (0)

W30
= A’k )NV
00K

AT (Ev—3pv—3)

2
—ON_an-3)
< 0

Therefore, the equation A 3)(fy_3y—3) = 0 has two dis-
tinct real roots 1'(*1’3) = —1(13) > 0 with the property
that A(1’3)(XAN,3‘N,3) <0 if |XAN,3|N,3| < T(Jq’:,.), and
A(13)(fv—3)n—3) > 0, otherwise. The numbers e < T(+1,3)
are the thresholds on the current estimate of the state,
#n_3n—3, and we do not apply control if |[&y_zy_3| < T(Jb).
Now, the optimal cost-to-go function from stage (1,3) can
be written as

if [fy_3n_3] < T(Jiﬁ)
if |fy-3n-al > T(JEQ)

We next let s = 2, and observe that from stage (2,3) we can
either go to stage (1,2) or (2,2) depending on whether we

apply control or not. If we do not use control at stage (2,3),
we have u(g 3= 0, which leads to the cost-to-go function

0 _
J((27)3) = (1+A)E{q 5l 3}+A261%772\N72

2
2 2 2
FA Oy _jvo1 + p e
n=0

(1)

If we do apply control at stage (2,3), we must choose Uiy 3
$0 as to minimize '

1 _
J((z,)3) = E{xy_sly0 3}+K<0,1)A201%;_2‘N_2

1
+K(0’1)Gv%+ z O'Mz,
n=0
-+ min {E{(AxN 3 —|—u

e
“23)

Iy}

+ / A2
\fzvfzwfz\ﬁf(tz) '

m it
xfﬁmz\mz\)ff)v” xN—zN—z}

where f N3 is the conditional density function of
N-2|N-21Yp

£N_2inv—2 given the available information. We have
o - o 1
E{fy_ov_alyy "’} =Afy_sn_3+ “52?3)

since E{yN,2|y’8'*3} =Afy_3n-3 +u8?3). Also, we can write

,3} —

2.2 202 (M 2
A0y a3+ ARy 3y 3T (15)

+02 40?2

2
E{y5 alyo

Now, the conditional variance can be calculated as
N N _ 2 _
E{(fv_an—2 — E{fy_an—2 vy 3 DR )
N A 1 _
=E{(fy_ov—2 — Aty 3n-3— M227>3>)2 v

Writing out £y_5y_ from the Kalman filter recursion, we
see that the variance is the same as before:

2 )2

N—-2|N-3
E{(fy_gn—2 —AZy_3n— 3—”23 \YN 3}—7|2
N_2iv—3 T Oy

(1) (1) <°N ov-3)”

Thus, fXN av-2lyy N(Afy-3n—3 + “23) _ow_3to?

The optimal control u22>3) can now be determmed from the

following minimization problem:

n(lll)n{E{(AxN 3+u ) | }
“23)

(1) N
+ / + A1) f,ngz vl 3 diy ov—2
Rn—2v—2[<7(1 5 | 0

Recall from Proposition 1 that the above integral is min-
imized when Xy_5_» = 0, which is equivalent to saying
o 1 .
AXZY*3\N*3 + Lsz??) = 0.‘ Als.o'n(')te that the quadratic tgrm
inside the minimization is minimized at the exact same point.
Hence, we conclude that the optimum control at stage (2,3),
(1 R .
when we choose to control, is ”52?3) = —AxN_3(|A);_3. Plugging
1

this into the cost-to-go function, we obtain J(2 3) @3

(1)
T23)

2 | N-3 2 2 2 2
E{xy sl "} +ATOy 33+ Ko.)A Oy _av—2

1
+K(0.1)0n + 3., O + AW (1 3)(0)
n=0
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Now, to determine whether we should control or not at
stage (2,3), we compare the cost-to-go functions of the two

alternatives, J((gg) and J(<2]’)3>. For this purpose, let us define

Apjg) = 18)3) _J((zl,)3)' Substituting the expressions for J((%)

and J((zl_)3) yields

W(13)(0))

From Proposition 1, we know that the function ‘¥(; 3)(-) is
minimized at 0. We also know that the minimum value ‘¥ 3,
takes at this point is negative. Now we go one step further,
and show that this value is lower bounded by A%A(Lz)(O).
To see this, recall that A ) (fy_pn—2) is minimized at
fN an—2 =0, and Ag ) (Eygv—2) <0, if |fy onaf <

22 2 2
Aps) =A"(Ey_3n—3 T Oy_1jv—1 — On—1jn—2—

‘L'<1 2)° Therefore, we have
Y1 3(0) ! A
1,3 vl 12
() ov—ov—2|< T 5 .
(0) di
X Sy apy_ab 3 XN—2|N—2
1 2
> EA(IQ)(O) =ON_1N-17 GNfl\N72

since the integral of a probability measure is bounded above
by 1. Using this fact, we see that as a function of £y 33,
A(23)(fn—3]n—3) achieves its minimum at £y_3y_3 =0 with

A% (Ev-sv—3) = Ap3)(0)
= AZ(GI%I—HNA - 01%/71\1\/72 —Y¥(1,3(0))
< 0

Since Ay 3)(£y—3n—3) is an even function of £y_3y_3, the
equation A, 3)(fy_3;y—3) = 0 has two distinct real roots

5 =/ ¥03 (0

with the property that A 3)(fy_3y—3) <0 if [Ey_3y_3| <
T('g 3> and A@23)(fy-3ny-3) > 0, otherwise. The numbers

2 _ 2
7(23 )+ Oy 1jv—2 ~ ON_1jn-1

T23) < ’L'( 3) are the thresholds on the current estimate of the
state, £y_3y_3, and at stage (2,3) we do not apply control
if [ty s3] < 7(273)'

Finally, if s =3, (3,3) can only lead to (2,2). Since J; 5) is
quadratic, the optimum choice for the control at stage (3,3)
is u(3 3) = —Afy_3|ny_3, Which results in the cost-to-go

2 -3 ) )
Jas) = E{ysh) 7 }+A Oyn_3N—3 TA Oy _sn_2

2
+A261%/—1\N—1 +2, 0,
n=0

Proceeding in the same manner with r = 4,5,... N, by
induction we see that the optimal control policy is a threshold
policy on the best estimate of the plant state which can be
recursively generated by a Kalman filter. Furthermore, the
threshold at time k is a function of four variables:

1) Length of the decision horizon: N

2) Number of decision instances left: 7

3) Number of control actions left: sy

4) Error covariance: sz‘ 1> Which can be calculated re-

cursively starting with G§|71 =E{(xo — E{x0})}, and
iterating
2 4252 2
Oivip = A'Gppt0y,
232
6. = o2 (O-k\kfl)
ke = Okk—1— =2 2
Ojjk—1 10y

Note that, for a given N, the thresholds can be calculated
offline using the procedure described in this section. The
online computation, on the other hand, requires implement-
ing a Kalman filter with the initial condition %o_; = E{xo}.
Thus, starting with Xo_; = E{xo}, so =M, to = N, the
optimal control policy can be implemented by the following
algorithm:

For each k in 0 <k < N —1 do the following:

1) Look up the threshold 7:(

current stage from the table.

2) Observe yy and update the state estimate to £; using

the Kalman filter recursion:

) corresponding to the

O-k|k 1

Y-t Te1 + —5———
O-k\k |+ 0

B =

Rp—1 = AR_q—

3) Apply the control policy

=1 . 0 if |xk\k|
ke = Rowte) = —Axk‘k if |xk\k| > T

‘k )
(sxtx)

4) Update

Sk+1 k= el <

lk—l

(st ¢
e =

where #s denotes the indicator function of the set S.

We finally give the iterations that can be used to calculate

the thresholds ’L'(t B for a given decision horizon N > 1, and

an arbitrary pair of integers (s,7) such that 1 <s <t <N.

Note that the cost-to-go functions J((gi) and J((Sll;) can be
written as

0 _
J((s,i) = (14+A)E{xy_ ) "+ 0+ Ay
A1
'/l)eNt+1Nt+l<T(J;‘,|) (s4-1)
(0) di
x fom\me\yg*’ NN =11
1 _
J((S,;) = E{szv—tl)’é)v t}"’A(s,t)
( 1%/ t+1|N t)2
where fA ~ N(Afy_ tIN— miw), and

N—t+1|N— A oy 11Nt
for 1 <s<t <N, A, is defined by recursion

A(s—l,t—l) +AZGI%7—Z|N—I + Gwzz

+ / A—14-1)
[£n—

1+1|N— 1+1L (s—1,—1)
(1)

et N—1 0

Agsi)

X Nt AEN 1 N1 41
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For s =1,

2 2
<‘-’N7:+1\N4) )
+02/"

where f ~ N(0,

2
N—t+1|N=r+1 vy~ ON—1+1|N—t

A(s)’s are given by
-1

Aqgy =Ko )A* 05y + X KomOny 1S1<N
n=0

Recall that K(o,)’s were defined by the recursion
Kion) = 1+A2K<o,x71)> 1<t<N-1

with Ko ) = 1. Let A(;;) be defined by A, 1=,
Then, for 1 <s <t <N, we have

A(s,t)()eN—t\N—t) = Az(£N—t|N—t)2+A261%I—t|N7t+Gv%

FA (1) = Asa)
+ / Asi-1)
7Y ARSI VAR IES 78 (sa-1)
0
x f Nt XN 1N

vt N—r+110

Note that A, is a sequence of real numbers, whereas
A(ss)(En—rn—) is a sequence of real-valued functions. We
are also given the boundary conditions:

) A(H,H)+A20§,tw,,+dﬁ,l <t<N

A(tAt)()eNfr\N—t) = A2(£N71|N71)271 <t<N

0. We also have 7 ( )70 1<t <N, and for
1 <s <t <N, the thresholds, r< ;) are given by the positive
solution of the nonlinear equation A ( (+ t)) 0. In order
to show that such a solution exists, we have the following
result which can be proven by induction [4].

Theorem 1: Let N > 2 be given. For 1 <s <t <N,
the sequence of functions A (u) are even, differentiable

with A(O,O)

. . . . . 0A,
with a unique critical point at u =0, i.e., <a”>(u) =0.
u u=0
dA
Furthermore, we have %‘2(“) >0, if u >0, and 87)() <

0, if u < 0. Thus, A, (u) achieves its global minimum at
the critical point u = 0. Also, the minimum value of A ) (u)
achieved at u = 0 is nonpositive, i.e., A(w) (0) <o0.

In the offline determination of the thresholds, T(Jg o e
start with s = 1, and increase ¢t from t =1 to t = N and
determine T (+ . Next, we increment s by 1, to s =2, and
increase ¢ from t =2 to t = N, and determine T( . We repeat
the procedure until s = N, at which point we stop since we
already know that T&M = 0. This procedure enables us to
determine T(’;J> for all pairs of (s,#) such that 1 <s <7 <N.

IV. NUMERICAL SOLUTIONS

In this section, we use numerical integration and Matlab
to compute the recursions of Ay and A [> with the aim of
determining the sequence of thresholds {r } for a given N.
After determining the thresholds, we 1mplement the optimal
controller with 1 <M < N controls for a given plant. As we
vary M, we look at how the average optimal N-stage sample-
path cost, J* (M.N)* changes. In particular, let the decision
horizon N be of length N = 20, plant be marginally stable
with A = 1, and the noise variances be given as 02 = 62 = 1.

TABLE I
COMPARISON OF OPTIMAL AVERAGE SAMPLE-PATH COSTS FOR
1<M<N,N=20.

M T %
1 | 96.4266 | 203.9327
2 | 68.1907 | 114.9343
3 | 47.2060 | 48.7914
4 | 44.0160 | 38.7366
5 | 39.8642 | 25.6503
6 | 37.1557 | 17.1132
7 | 35.6168 | 12.2627
8 | 34.1551 7.6555
9 | 33.6935 6.2005
10 | 33.6913 6.1936
11 | 332445 | 4.7853
12 | 32.9262 3.7820
13 | 32.8267 3.4684
14 | 32.4639 | 2.3249
15 | 32.1082 1.2037
16 | 31.9824 0.8072
17 | 31.8822 | 0.4914
18 | 31.8417 0.3637
19 | 31.7337 0.0233
20 | 31.7263 0

The initial state is taken to be zero-mean, with variance
GXO = 1. After determining the thresholds, we run several
instances of the plant process applying the optimal control
policy with M € [1,20] controls, and calculate the sample-
path average of the performance criterion, Jiy; y). We create
100 instances of the plant process, and for each instance we
calculate the 20-stage sample-path cost as the value of M is
varied from 1 to 20. To investigate the dependence of the
average optimal sample-path cost, J<M ~)» 1o M, we average
the sample path costs over 100 instances of the plant process
for each M. The results are tabulated in Table I, where the
“%” column indicates the percentage difference between the
sample-path average cost of the control policy with limited
M < N controls, and unlimited M = N = 20 controls. As
can bee seen from Table I, the percentage improvement in
the average cost in going from M to M + 1 decreases as
M approaches N = 20. Therefore, if control is expensive, we
may for instance settle for M =9 controls, instead of M = 20,
which gives a cost within approximately 6% of the unlimited
number of controls case. Note that the improvement in the
cost in going from a particular number of controls to another
one is a function of the plant parameters.
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