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Abstract

We present an easy-to-implement explicit rate conges-
tion control algorithm for connection-criented data net-
works. The algorithm is adaptive to changing network
conditions, robust to network delays, and is decentral-
ized. Further, it achieves max-min fairness and queue
length stability under finite buffer length and minimum
rate constraints. The proof of global convergence of the
algorithm involves stability analysis of discrete-time lin-
ear systems with saturation.

1 Introduction

Performance of a data network is fundamentally linked
to the ability of the network to provide quality-of-service
(QoS) differentiation for different network applications.
In contrast to the traditional, low-bandwidth, voice-based
telephone network, ISDN (Integrated Service Digital Net-
work) allows several types of network traffic (such as,
voice and video) to coexist in the same transmission
medium. The network traffic in ISDN networks can be
broadly classified as guaranteed-service traffic and best-
effort service traffic. Guaranteed service refers to a con-
tract between the network service provider and the end
user which requires the network to provide fixed quality
of services (QoS) to the traffic. The QoS guarantees can
be in the form of upper bounds on packet loss probability,
delay, etc. In contracts, best-effort traffic is guaranteed
very little a priori. In the context of ATM {Asynchronous
Transfer Mode) networks, the best-effort traffic (in par-
ticular the Available Bit Rate (ABR) service) may be
guaranteed a minimum rate (MR) and a bound on the
loss rate (ratio of the number of lost packets to the total
number of packets transmitted). Instead of guaranteeing
fixed QoS parameters, the idea is to fairly allocate the
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network resources to competing users. In the Internet to-
day, most users can be thought of generating best-effort
type traflic, too. For instance, no traffic related service
guarantees are made in advance when browsing a web
page, or sending an email. Thus, in general, best-effort
sources can adjust their rates to the level of available ser-
vice, making it possible to control the congestion in the
network.

In this paper, we consider the congestion control prob-
lem for best-effort type traffic in connection oriented data
networks. In a connection-oriented network when a con-
nection is established, a route from the source to the des-
tination is chosen as part of the connection setup. This
route is usually called a virtual circuit (VC}, in analogy
with the physical circuits set up by the telephone sys-
tem. The same route or VC is used for all traffic Rowing
over the connection. When the connection is released, the
virtual circuit is also terminated.

For best-effort sources to adapt their rates to changing
network conditions, there must be a mechanism through
which information about the state of the network is con-
veyed to the source. This information can be in the form
of bandwidth availability, state of congestion, or impend-
ing congestion. In explicit-rate (ER) feedback congestion
control, this is achieved by letting each source s peri-
odically send out & special packet (termed as a resource
management, cell in the ATM context) with an ER field,
which travels along the same route, £,, as the data pack-
ets but are treated specially by the switches along the
way. This packet is eventually turned around by the des-
tination and sent back to the source. The source initially
sets the ER field to the rate it would like to transmit. As
this special packet passes through various switches on the
way to the destination and back to the source, those that
are congested may reduce ER. When the source receives
the ER field back, it adjusts its rate accordingly. As the
links along the way may only reduce the ER field, the
explicit rate received by the source will be the minimum
of the rates dictated by the links along its path. As the
link speeds continue to rise, the delay-bandwidth product
{i.e., the product of the round-trip propagation delay and
the link capacity) increases. An issue of importance that
arises in this context is how to deal with action delays, as
they may not be known accurately. In designing ER con-
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gestion control algorithms, another challenge is posed by
the traffic characteristics of the network. The term con-
nection lifetime refers to the duration of a VC. Some VCs
may have a shorter connection lifetime than the smallest
round-trip delay in the network. Controlling the rate of
such V(s is hard, if not impossible, due to their short du-
ration as compared to the time constant of the feedback
loop.

In this paper, we introduce a control-based mathemat-
ical model that helps us address these design issues. Our
initial modeling assumption is that of a single link shared
by a number of best-effort sources. We assume that the
switch that controls the link uses output queueing in
which the packets destined to the same output line are
queued on a finite-size output buffer, and are served on
a FIFO (First In First Out} basis at the available rate.
We propose a robust adaptive ER congestion control al-
gorithm which requires only the knowledge of the maxi-
mum round-trip network delay and the maximum number
of simultaneous connections, We assume that the switch
keeps track of the queue length, available service rate,
and aggregate rate of arriving packets at each one of its
output lines, and show that if the controller gains are
picked properly, our algorithm achieves max-min fairness
along with queue length stability, despite inaccuracies in
the knowledge of the actual number of best-effort sources
and their corresponding round-trip delays. This analysis
can be extended to a network with multiple links under
some simplifying assumptions. The network level prob-
lem can be cast in the framework of hybrid systems. We
have established a local stability result for the network
problem, however this result is not included here due to
space restrictions.

Performance Criteria

The main goal of any congestion control algorithm is
to provide fairness among all VCs with a minimal loss
rate and maximal utilization of network resources. The
latter two of these objectives can be achieved by regulat-
ing the queue length at switches around a desirable level.
Tracking such a nominal queue length (whose exact value
is determined based on QoS requirements) is desirable in
order to avoid losses due to overflow and waste of the
buffer capacity due to underflow. The most widely ac-
cepted notion of fairness is the maz-min fairness criterion
[4]. Under this criterion, the fair share of a connection
contending for a given link bandwidth should be equal to

a— (u+MR)

Fai = m
air share = MR, + N e

(n
Here MR,,, is MR of connection m, MR is the sum of
MRs of active connections, a is the total available band-
width on the giver given link, NV is the number of active
connections, u is the sum of bandwidth of connections

bottlenecked elsewhere (including those limited by their
peak rates), and M* is the number of such connections.

Previous Work

The simplest ER feedback control mechanism is called
rate maiching. In rate matching, the switch measures the
average rate available to the sources at periodic inter-
vals and simply divides a fraction of this capacity equally
among the various users. This is the basic approach used
in [1], although several modifications are used in the ac-
tual implemensation. The main advantage of this scheme
is its simplicity, but it is difficult to control queue length
optimally to avoid buffer overflows. However, this scheme
is stable (i.e., the queue length remains bounded in an
appropriate stochastic sense). Queue length information
is not used in the basic algorithm, although [1] allows
one to incorporate queue {ength information in an ad hoe
manner. Alternatively, this problem can be viewed as a
feedback control problem where queue length is used for
explicit feedback. This approach is used in [2] to study
this problem using classical control techniques or using a
state-space approach. As in rate matching, the primary
goal is not optimality, but simply queue length stability.
In these approaches, the available bandwidth is treated
as an unmodeled disturbance. Thus, the algorithm in [2]
ensure stability in the presence of this disturbance, but do
not address the issue of performance, and require per-flow
information. In a recently published work [3], a closed-
loop proportional-derivative controller is proposed, which
achieves max-min fairness plus queue length stability, but
the design falls short of addressing the issue of robustness
against uncertainty in delays.

Outline

The rest of the paper is organized as follows. In the
next section, we describe the mathematical model of a
basic switch. The algorithm is introduced in Section 3,
and its analysis is carried out in Section 4. The paper
ends with the concluding remarks of Section 5.

2 Basic Switch Model

We adopt a switch model that uses output queueing. In
output queueing each output line of the switch has a fi-
nite buffer, where the incoming packets are served on a
FIFO basis. Associated with each output line, there is
an ER controller that suggests an explicit rate for the
connections (VCs) using this line. Note that, from the
standpoint of the network, each output line represents a
link. In what follows we will focus on a particular link
of an arbitrary switch in the network. The model we
adopt here is a discrete-time model, where a time unit
corresponds to the interval over which the rate available
to sources is determined (that is, the interval over which
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measurements are made). Further, this measurement in-
terval is assurned to be long enough for the switch to be
able to process several packets —a reasonable assumption
if the link speeds are high and packet sizes are small. This
allows us to ignore the packet-level dynamics and model
the traffic as a fluid.

Let r(n) denote the total number of packets that arrive
at the link buffer in the interval [n,n + 1), and let a(n)
dencte the number of packets that depart from this buffer
in the same time interval. Note that a(n) represents the
available bandwidth. Denoting the queue length at time
n by g(n) we have the evclution

g(n+1) = min {ZQ_, max {0,¢(n) + r(n) ~ a(n)}} (2)

where @ denotes the size of the output buffer. Let
there be a total number of N > 1 connections (sources)
switched through the output line under study, and the
number of packets that arrive from scurce m during time-
slot [n,n + 1) be denoted by r.(n). Clearly, r(n) =
Eﬁﬂrm(n). In general, »(n) has two components: 1)
The number of packets that arrive from uncontrolled
sources, i.e., those sources which are bottienecked else-
where in the network or are limited by their peak rate
constraints. The ER controller at this switch has no con-
trol over these sources. We denote this component of
r(n) by u{n). 2) The number of packets that arrive from
controlled sources, which are bottlenecked at this switch.
In addition, we assume that each source, controlled or
uncontrolled, has negotiated a nonnegative MR with the
netwerk. We designate the MR of the controlled source
m by MR,,. Let there be a total number of M > 1
controlled sources, and the number of packets that arrive
from conirolled source m in the interval [n,n + 1) be de-
noted by r¢, (n). Then, we have the following relation be-
tween 7(n), r°(n), and u(n): r(n) = SM_, ¢ (n) +u(n).
To have a feasible problem, we must guarantee that there
is enough bandwidth for all sources to transmit at their
minimum rates, which requires a(r) — u(n) > MR, where
MR denotes the sum of MRs of active connections. As
mentioned in the introduction, it takes time from the mo-
ment the ER decision is made by the switch until an ac-
tion is taken by a source, and until subsequently that
action affects the state of the switch that initiated the
action. Thus, the rate of source m at time n, r,(n), is
actually an outcome of an action taken d,, time units
earlier, where d,, represents the action delay for source
m and is taken to be independent of time n. Thus, we
have r¢, (n} = MR, + ER(n — d,;;), where ER(n) denoctes
the action of the switch (ER controller) at time n. We
assume that d,, < d,¥m, where d corresponds to the
maximum round-trip network delay. The action delay,
dm, for source m, consists of several components, such as
the round-trip propagation delay, the queuing and pro-
cessing delays, etc. Since queuing and processing delays

are subject to variation, it is impossible for the switch
to predict the exact value of d,, beforehand. As evident
from (1), any calculation of the fair share at the switch
requires the knowledge of the number of controlled con-
nections, M(= N — M*). Due to the bursty nature of
the best effort traffic, an accurate value of M may not be
known either. Motivated by these observations, we want
to develop an ER control atgorithm which is robust to un-
certainty in action delays, and at the same time adaptive
to the number of controlled connections, We close our
account on this section by rewriting the queue dynamics
(2) in a more convenient form:

gn+1) =

min{Q, max{0, g{n) + MR + u(n} ~ a(r)

d
+> mER(n - k)}}

k=0

()

where mj, denotes the number of controlled sources hav-
ing k units of action delay.

3 The Algorithm

Consider an arbitrary link in the network. Even though
the available bandwidth and the aggregate rate of un-
controlled sources on this link may vary, to focus on the
derivation of the algorithm, we assume that these quan-
tities do not change with time. This assumption is jus-
tified if e(n) and u(n) vary slowly compared to the time
constant of the closed-loop system. As mentioned in the
preceding section, the number of controlled connections at
time n, M (n), may not be known to the switch. As M(n)
varies with time the fair share of the available bandwidth
varies, too. We want the ER controller at the switch to
track this variation in the number of controlled connec-
tions, and adapt its output to the new value of the fair
share calculated by {1). In order to simplify the final de-
sign, we want to ease the effect of multiple time delays
on the system dynamics. One way for the switch to do
this is to wait long enough after issuing an explicit rate
so that all controlled sources on the given link start to
transmit at the issued rate. As the switch has an esti-
mate of the round-trip delay of each connection on the
link, putting an upper bound, d, on the maximum round-
trip delay is feasible. Thus, if the switch updates ER(n)
every (d + 1) time units, all controlled sources will have
enough time to modify their transmission rates accord-
ing to the explicit rate fed back at the previous update
interval. For ease of notation, let us introduce the subse-
quences, g;(n) := g(n(d + 1)), ER,(n) := ER(n(d + 1)),
and r,(n) := r(rn(d + 1)), which are obtained by down-
sampling the original sequences. Note that ER(n) is
kept at the same value for an interval of length (d + 1).
To achieve the dual goal of max-min fairness and queue
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length stability, ER,(n) will be updated according to

ERs(n) = min{a,max{0,ERs(n 1) — a(r:(n) — a)

'6(98(”) - Q)}}: ERS(O) =a (4)

where @ is the target queue length, and « and 3 are pa-
rameters to be selected to meet various design criteria.
Here the max function is introduced to ensure that the
switch asks the sources to transmit at a positive rate in
excess of their minimum rates, as required by the QoS
specifications, and the min function puts an upper bound
on the maximum allowed rate for the sources. In (4),
the term —pB{gs(n) — ) 1s introduced to drive the quene
length to the desired set point by providing negative feed-
back in the closed-loop system dynamics. Note that, this
algorithm does not require any per-flow information, as it
only uses the aggregate rate r,(n). Now, if this algorithm
stabilizes the system, g,(n) converges to ), and ER,(n)
converges to ER,{c0) = [a — {u+ MR)] /M. Hence, if
we can show the stability of the discrete-time system (3)-
{4}, the rate of controlled connection m r, asymptotically
achieves 15,(00) = MR., + {2 — (u + MR}] /M, which is
the minimum rate plus max-min fair share of the avail-
able bandwidth. In what follows, we will show that if
the controller gains {e, 3) are picked small enough, and if
the buffer size, {J, is large enough, with all these bounds
given explicitly, then the algorithm converges globally to
the desired equilibrium point. '

4 Analysis of the Algorithm

4.1

We first introduce the shifted variables as in [5], z{n) :=
g(n) — Q,z:(n) := q.(n} — Q. Rewriting the queue and
the controller dynamics in terms of the newly introduced
variables, we obtain

State Space Formulation

rn+1) = min{Q-Q,max{~Q,z{n) +MR+u—a
d
+ Z miER{n — £)}} (5)
k=0
ER.(n) = min{a,max{0,ER;(n —1) - fxz,(n)

—a (MER,(n - 1)+ MR+ u~a)}} (6)

To find a recursive relation for the subsequence z,(n),
we consider the evolution of z(n) for (d + 1) time units
starting at time n{d + 1) for an arbitrary n > 0. We have

min{Q — @, max{-Q, z(n(d + 1))
+MR — a + u + moER;(n)
+{M — mo)ER,(n - 1}}}

cnd+1)+1) =

()

z{(n+1)(d+1)) = min{Q — Q,max{-Q,
z{n+DE+1)-1)

+MER,{n) + u + MR — a}},

where my’s have the property that 0 < my, £ M,k =

1,...,d, and furthermore Z:zo my = M. Now, if we re-
cursively substitute equations (7) into one another start-
ing from the top one, we can express z;(n + 1) in terms
of z,(n}, ER:(n), and ER,(n — 1). Carrying out the ma-
nipulations, we obtain

ra(n+1) = min{Q - @ max{~Q,2.(n) + ER.()
+ERy(n — 1) + 7“;;,71 (u+ MR — a)}}
where

d
1Sn <Y =) [@+1-km

(8)
k=0
d

0<m<H =9 km (9
k=0

where, in general o+ = kM, forsome 1 < k < (d+1).
Note that ¥, and 7, satisfy ¥, + 7, = {(d + )M. Let
e :=u+ MR. The original system (5)-(6) can be written
in terms of z,(n) as follows:

r.(n+1) = min{Q - Q,max{~Q,z,(n) + YER.(n)
mER( -1+ 22 e~ )} (10)
ER.(n) = min{e, max{0,(1 - oM)ER,(n—1)

—a(e—a) - fz.(n)}} an

Before proceeding any further, we want to show that the
saturation nonlinearities imposed on ER,(n) are redun-
dant provided that « and 3 are picked properly. In other
words, we claim that if 0 < ER,(0) < a, which is the
case on account of (4), then 0 < ER,(n) < a for all
n > 1, which in turn implies that the saturation non-
linearities in (11} never become active. Let y(n) de-
note the linear version of the right-hand side of (11), i.e.
y(n) = {1-aM)y(n—-1)-a(e — a)~Sz(n}, and assume
that

1 OSﬁSmiD{aéa_—é),a[Mg+e]

Fix ko > 0, and let 0 < y{ko) < a. Then we can show
that 0 < y(k + 1) < a. Since ko is arbitrary, we have
0 < y(n) < afor all n > 1, provided that 0 < y(0) <
a, and the pair {o, 3} is picked in accordance with (12).
Consequently, we can remove the min and max functions
from (11), and substitute for ER,(n) in (10). This results

0<aL

= b (2)
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in
min {@ - Q, max {~Q, (1 ~ Bv) £.(n)
+ [0 (1 — aM) + 1] ERs(n - 1)

—ate—a)+ BE (e - a)f}

z,(r+1) =

M

Now, we are in a position to write the system dynamics
in the state-space from. Introducing the state variables

zo(n) := 24(n),z1(n) := ERs(n — 1) — &%, we obtain

zo(n+1) = min{Q - Q,max{-Q,(1 - 1) zo(n)
+ [0 (1 — aM)+mjzi(n)}} (13)
ri{rn+1) = min {a - a—ﬂ;—?,max{—aﬂ}e,—ﬁmo(ﬂ)
+(1 - aM)z.(n)}} (14)

which we can write as z{n + 1) = sat (Az(n)), for z =
[Io Il]T € ’R.z, and

o

Let ¥y = [vo yl]T. We define the saturation function as
sat{y) := {sato{yo) sati(y1)] : R* — R2, where

1- 5%

Yo (l—aM)+m ]
-8

1-alM (18)

Q_Q! Yo >Q—Q__
satp{yp) = Yo, Q< w<Q-Q

_Q: y0<-Q

a—%, nra-%F
sati{y) = ¥1, —EE<n<a- 55

_a]\—/]ev i < _a_;[c;

Note that, even though z;(n) never saturates, we have
included the saturation nonlinearities in (14), since this
simplifies the analysis of the algorithm.

4.2 A Robust Global Stability Result

In this section, we will show that the class of nonlinear
systems (13)-(14} with an arbitrary pair of (o, 1) val-
ues satisfying (8)-(9), is globally asymptotically stable if
the controller gains (o, 8) are picked appropriately. This
result will enable us to conclude that cur ER conges-
tion control algorithm achieves max-min fairness along
with queue length stability under minimum rate and fi-
nite buffer length constraints.

Lemma 5.1: The system (132)-(14) has a unigue equi-
librium point at the origin.

Now, let T denote the region of the state-space for
which the saturation nonlinearities are not active. We
will say that the system (13}-(14) is steble if z. = 0 is
globally asymptotically stable. It is clear that for any
z{(0) & D,z{n) € D,n > 1, will always be true. Thus,

without any loss of generality, we will assume that z(0) €

D. It can be shown that the linear system obtained by

removing the saturation nonlinearities is stable.
Lemma 5.2: The linear system corresponding to (13)-

(14)

dn+1) = Azl (n) (16)
is globally asymptotically stable, if a and B satisfy
1 I aeM
<a<—, 0« <min{—,—} 17
M g Yo N a7

In order to prove global asymptotic stability, we use a
result from digital filter design with overflow arithmetic.
In [6] a set of sufficient conditions is given for the stability
of a nonlinear system z(n + 1) = sat{4z(n)), for A €
R**? where sat{z) is of the form

L
sat;{z;) = ¢ =y,
-1,

;> 1
jeil <1
T < —1

In particular, the nonlinear system z(n+1) = sat (Az(n))
is asymptotically stable if A = [a;;] is stable, and in ad-
dition the following condition is met:

lain — azaf < 2min {{aiz], laa1 |} + 1 — det(4)

where det(A) denotes the determinant of A. For ease
of notation, we define A := max{lay2},lam]}, A =
miﬂﬂ_@lzl, 10211}1 Qmax = ma.x{Q - QaQ}, Qmin =
min{¢ — @, @}, Anax := max{a—(a—e)/M,{a-e}/M},
and Amin := min{e — (a — e)/M, (a — e)/M}. The result
of [6] cannot be directly applied to our system (since the
saturation bounds in our case are not symmetric), but
following the same procedure as in (6], we can prove the
following result.

Lemma 5.3: The nonlinear system (13)-(14) is glob-
ally asymptotically stable, if A = [ai;] is stable, and the
following conditions are satisfied:

|LI11 - ﬂ22| S 2)\ + 1- det(A) (18)
Qmax > PmaxAmin, @min@max > PmaxAminAma.x(lg)

where Prax 18 given by

o = LoBw @M =Bn)
i 1—aM * 2(1 - aM)*
1
+ )

Jl _ (uM—ﬁ'm)R
{aM By +4(1-Bw)(1—aM}

Proof: We define V(z) := zTPz, where P =
[pi;1,1,7 = 1,2, is a 2 x 2 positive definite matrix, and
hence

i >0, poe >0, pupe > (p2)° (20)
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V(z) will serve as a Lyapunov function for the system
(13)-(14). First, we require that
P—-ATPA>0 (21)

for the stability of the corresponding linear system zf(n+
1) = Az'(n). Note that if A is stable there always exists
a positive definite P such that (21) is satisfied, but we
want to characterize the family of P matrices satisfying
{21). Now, if we assume that A is stable, the condition
(21) can actually be reduced to

det (P - ATPA) >0 (22)
Next, for any z € R?, x ¢ D we require V(sat(zx)) <
V{z}. It can be shown that this condition is satisfied for
the system (13)-(14), if

(23)

|p12] < min {Pugﬂ,pzz = }

mMax Qmax
Observe that under (17), we have a;; > 0, ass > 0,

and a0z < G Now, if ajnag; < 0, the condition
det (P — ATPA) > 0 is equivalent to

palag — Cl'.rzl-‘2 — 201 (A + p2))anr — ass] + 4piAA
+(A = p2A) < (p2 — 23) (1 - det(4))* (29)

where we let p1; = 1, p2 = pa2, and p; = |p12|. This in-
equality represents an ellipse {including its interior) in the
(p;,p2) plane. In terms of the newly introduced variables,
condition (23) becomes

Qmin Amin }
» P2
Amax G rmax

Thus, the matrix P satisfies (20} and (22} if (p1,p2) s
a point on the face of an ellipse, described by (24}, with
p2 > pi. Then, we can show that condition (25) is sat-
isfied together with (24), and p, > p? for at least one
point in the (p;,p2) plane if the matrix 4 is constrained
by (18), and @min and @max are constrained by (19). De-
tails are omitted due to space limitations. Next, we state
the main result of this section.

Theorem 5.1: The class of nonlinear systems (13)-
{14) with an arbitrary peir of (vo,) values satisfying
{8)-(9) is globally asymptotically stable, if (o, 8) satisfy

m< min{ (25)

21
OD<ax §ﬂ’
and Q and Q satisfy (19} with poax > 5+ %.

Remark 5.1: Controller gains can in fact be chosen
to be independent of M and (o, 71), as follows:0 < a <
% =a, <8< ﬁ := 3 The following Corollary
relates the main result back to the original problem.

Corollary 5.1: If (a,ﬁ,@, Q) are selected as

0<ax< %%} Qmax > pma.xAmin

Qmianax > pmaxAminAma.x
. 1 afa—e) af{M-1)ate
O<ﬁ<am1n{_d—+l,4—layQ ,Ji—)———[Q }
then the ER contrel algorithm (4) asymptotically achieves

a— MCR
Jim_{q(n), BR(n)} = {Q, J‘%i—}

resulting in a mar-min fair bandwidth allocation along
with o stable queue length.

5 Conclusions

In this paper, we have presented a decentralized and ro-
bust ER congestion control algorithm, and have shown
that it performs well under various criterta, such as max-
min fairness, and MR constraints. The convergence proof
of this algorithm involves stability analysis of linear sys-
tems with saturation type nonlinearities. An extensive
ns2 simulation study of the ER algorithm is being con-
ducted to see how well it reacts to network latencies, as
well as to evaluate its performance under various scenar-
ios.
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