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NONNEGATIVE STATE-SPACE MODELS

DT State-Space Systems CT State-Space Systems
zlk + 1] = Ax[k] + Bulk] t(t) = Ax(t) + Bu(t)
ylk] = Cxlk] + Dulk] y(t) = Cx(t) + Du(t)

Two equivalent definitions:

e Nonnegative initial state and inputs generate nonnegative
state variables and outputs

e All matrices (A,B,C, and D) have nonnegative entries
(diagonal of A can have negative entries in CT)

Motivation:
e Modeling systems with variables constrained to be nonnegative

e Applications in economics, compartmental systems, biology, etc.
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PROBLEM DESCRIPTION

Nonnegative Realization: Characterize all causal responses (h[k] or h(t))
that have nonnegative realization

Minimality: Least number of variables in nonnegative realization

Outline

e Background

e Role of maximum modulus poles (DT case)

e Criterion for systems with multiple inputs and outputs
e [ixtension to continuous-time systems

e Minimality, bounds on size of minimal realizations
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CONE DEFINITIONS

Definition 1: The set P C R" is called a convex cone if for any
two n-tuples p;, p; € P,

ap;+pBp; € P for a>0, >0

Definition 2: Cone P C R" is polyhedral if it is generated by a finite number of
n_tuples {p17p27 7pN}

We write P = cone(P), where P = [py |p2| ... | pn ] .

Definition 3: The dual of cone P C R" is denoted by P* and is given by

P*:{yER”\pTyZOforpEP}
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CRITERION FOR NONNEGATIVE REALIZABILITY (KODAMA ET AL.)

n—1 n—2 § +00
242 4 L+ gy k=1

Minimal state-space realization (A, b., cI') with n state variables

Definitions:
e R = cone ({b., Acbe, A%, ...})
e O={x|clAz>0fri=0,1,2,..}
Theorem: H(z) has nonnegative realization iff there exists a
polyhedral cone P such that:
(i) A PCP
i) RCcPcCO
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DE-MYSTIFYING KODAMA’S THEOREM

Theorem (Kodama et al.): H(z) has nonnegative realization iff there exists
polyhedral cone P such that: (i) AP C P, and (ii) R C P C O.

Re-statement: H(z) has nonnegative realization iff there exists n x N (N > n)
matrix P such that

AP=PA, b.=Pb, c'=cP
and A, b, and ¢! have nonnegative entries. (A, b, c!') realizes h[k]

hlk] = T A1, = T AM1p

Reasoning:

e Polyhedral P < Matrix P =[p; | pa| -+ | pn ] (size n X N), P = cone(P)
e AP C P and polyhedral P implies A.P = PA for a nonnegative matrix A
e R C P implies b. = Pb for a nonnegative vector b

e P C O implies that ¢! P is nonnegative (call it c)
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CONDITIONS ON MAXIMUM MODULUS POLE(S) (ANDERSON ET ALL.)

B P12 e L p, o
A A SOy f=1

H{(z)

Conditions for nonnegative realizability

Necessary Condition Sufficient Condition
H(z) has a real, nonnegative H(z) has a unique pole of
pole of maximum modulus maximum modulus (real and

nonnegative). Multiple poles at
that location are also allowed.

The poles of maximum modulus H(z) has multiple poles of
are those allowed for eigenvalues maximum modulus A (one of
of maximum modulus in them real and nonnegative) and
nonnegative matrices limy, oo inf A™FA[k] > 0
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RESULTS ON NONNEGATIVE MATRICES

Theorem (Perron-Frobenius): A nonnegative matrix A has a real nonnega-
tive eigenvalue \g > 0, such that Ay > || where X is any eigenvalue of A. The
corresponding eigenvector vy is also real and nonnegative.

More generally, the eigenvalues of maximum modulus A > 0in an N x N nonnegative
irreducible matrix are of the form

{5\&)1, 5\&)2, ceey j\wk}
where k € {1,2,..., N} and wf = 1 (i.e., w; are the kth roots of unity).

All 0

Note: Reducible A means that PAPT = b
Agy Ao

for some permutation P

(A11 and Ay are square matrices).
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NECESSARY CONDITION ON MAXIMUM MODULUS POLE(S)

Nonnegative (A, b, c!) realizes H(2)

Key Observation (Anderson et al.): If the real and nonnegative eigenvalue
of A of maximum modulus is not a pole of H(z), then we can rearrange the state

variables in (A, b, ¢!) so that:

A—{“],b— Pl (e 0] o
X X ES

i j _
A‘{o ﬂ’b_{o =l ]

Nonnegative (A, b, ¢T) also realizes H (%)

Conclusion: Poles of maximum modulus of H(z) need to include a nonnegative
real pole and be a subset of the allowable eigenvalues of maximum modulus in a

nonnegative matrix.

/
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NECESSARY CONDITION ON MAXIMUM MODULUS POLE(S)

Example: Consider h[k] = sin®(2k) for k > 1 (h[k] = 0, otherwise)

) 1(1 —cos4z71) (1 —cosd)z (14 272
H(z) = 1 1, .2 1 1, .2
11—z 1 —2cosdz=t 42 (1—2z"1)(1 —2cosdz=1t 4 272)

Three poles of maximum modulus at 1, e/*, e 7%,

Conclusion: hlk| does not have a nonnegative realization.

Recall: Eigenvalues of maximum modulus of N x N irreducible nonnegative matrix
are of the form -

XeF  forj=0,1,..(k—1),
where ) is the maximum modulus and k € {1,2,3,..., N}.
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CONDITIONS ON MAXIMUM MODULUS POLE(S) (ANDERSON ET ALL.)

B P12 e L p, o
A A SOy f=1

H{(z)

Conditions for nonnegative realizability

Necessary Condition Sufficient Condition
H(z) has a real, nonnegative H(z) has a unique pole of
pole of maximum modulus maximum modulus (real and

nonnegative). Multiple poles at
that location are also allowed.

The poles of maximum modulus H(z) has multiple poles of
are those allowed for eigenvalues maximum modulus A (one of
of maximum modulus in them real and nonnegative) and
nonnegative matrices limy, oo inf A™FA[k] > 0
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SUFFICIENT CONDITION ON MAXIMUM MODULUS POLE(S)

Example: Consider h[k] = 2* + sin?(2k) for k > 1 (h[k] = 0, otherwise)

271 1 %(1 — cosdz71)

— 2 —
1 —2271 + 1—2z1 1—2cosdz 1+ 272

H(z)

e One pole of maximum modulus (at 2)

e Nonnegative realization exists

Example: Consider h[k] = 2% — (=2)F +sin®k for k > 1 (h[k] = 0, otherwise)

2,1 271 % %(1 — cos2z71)

T 19,1 + 14221 +1—z_1 1 —2c0s2z L 4+ 22

H(z)

e Two poles of maximum modulus (at 2, —2)
o limy, .o inf |2| *h[k] = 0

e Theorem is inconclusive
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SUFFICIENT CONDITIONS ON MAXIMUM MODULUS POLE(S)

Example: h[k] = 2" — (—=2)F +sin®k for k > 1 (h[k] = 0, otherwise)

o Assume hlk| = ¢ A*~1b for nonnegative (A, b, c')

o I/[k] = h[2k] satisfies h/[k] = h[2k] = ¢l A%~1h = I (A%)F1b

with nonnegative realization (A2, Ab, c)
e However, h'[k] = h[2k] = sin® 2k does not have a nonnegative realization

e Contradiction

Conclusion: hlk] cannot have a nonnegative realization
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MIMO NONNEGATIVE REALIZATIONS

Notation:

HIE] =], H =

Nonnegative realization (A, B, C, D) for H k] means:

0 k<0
H[k] = D k=0
CAIB k> 1

Definition: A backward-k-shift-invariant cone X C R satisfies

X Tk+1
o) L+2

T = cX = ofx)=|"""" | eXx
T3 Lk+3
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CRITERION FOR MIMO NONNEGATIVE REALIZATION (VAN DEN HOF) N

oo
- : : CA ooXN
For nonnegative (A, B, C, D) consider the matrix X = ol © RZ

Observations:
o X = cone(X) is polyhedral
e H=XB=cone(H) C X
e X' is backward-p-shift-invariant (since o?(X) = X A)
MIMO Criterion (van den Hof): H|k| has nonnegative realization iff there
exists a polyhedral X = cone(X) C R such that:
(i) cone(H) C X, and

(ii) X is backward-p-shift-invariant
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EXTENSIONS TO NONNEGATIVE REALIZATIONS IN CONTINUOUS-TIME

Observations:
o If (A, b, cl) realizes h(t), (A + al),b, c!) realizes e h(t)
o If (A, D, CT) is a nonnegative realization in continuous-time, then for a > «ay:

— All realizations ((A + al), b, c!') have nonnegative matrices

— ((A+al),b,c’) corresponds to a nonnegative discrete-time realization

Approach:
CT Realization DT Realization

h(t) realized by (A, be,cl)  — ((A.+ al), b, cl) realizes h[k] (or e*'h(t))

l
h(t) realized by ((A — al),b,c!) <_—OJ (A, b, c) realizes h[k] (or e™h(t))
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CT 1o DT REDUCTION

Example: h(t) =e ! — %e_gt (for t > 0) has realization
Av=1| o _ys| ba= 1],%_[1—0.5}

For a = 2, realization ((Ae + 21), by, L) is given by

! O] , bdt_{ll =1 —-05]

Aw=10 _g5 1

A nonnegative realization of the response hglk| = czl;ASt_ Yy is

0
7b|:1

0 0.5

A= 0.5

,c'=1205]

Result: Nonnegative realization for h(t) is given by

s (i

]2 0.5])
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CRITERIA FOR CONTINUOUS-TIME NONNEGATIVE REALIZATION (1)

 piS" T A pes" TP+ L+
s"+q18" "+ .+ q,

H(s) : h(t) >0 fort >0

General Realization (A, b, cl)

Theorem (Anderson et al.): A(t) has a nonnegative realization iff:

(i) There exists a such that the discrete-time transfer function

H(z) =l (21 — (Ac+ad)) " b,

c

(with realization ((A.+ «alI),b, c!)) has a discrete-time nonnegative realization,
and

(ii) There is a unique (possibly multiple) real pole of H(s) with maximal real part
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CRITERIA FOR CONTINUOUS-TIME NONNEGATIVE REALIZATION (2)

(A, Be, Ce, D) realizes H(t) > 0 for t > 0

CT Theorem (van den Hof): H(t¢) has nonnegative realization iff there exists
«, such that the discrete-time response with realization ((A. + af), B., C., D.) has
nonnegative realization (A, B, C, D).

Final Result: H(t) has nonnegative realization ((A — al), B,C, D).
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MINIMALITY USING NONNEGATIVE RANK (VAN DEN HOF)

Definition 1: The nonnegative rank of a nonnegative p X ¢ matrix H is the least
integer n for which there exists a matrix factorization H = HyH,, where H; is a
p X n nonnegative matrix and Hy is an n X ¢ nonnegative matrix.

Definition 2: Hankel matrix of n-dimensional realization (A, B, C, D)

CB CAB ... CA*'B | [H[]Q] H[2] ... Hs]
2 : :
Hr,s) = C/le CA°B _ H:[Q] HI[3] .
CA'B ... ... CA™2B| | Hr] ... ... Hr+s—1]

Fact: Nonnegative rank of H(r, s) smaller or equal to n for all ;s € Z, | since

C

H(r,s) = C,A ‘B AB ... A7'B

L CAT_l .
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LOWER BOUND ON MINIMAL REALIZATIONS (1)

Example: Nonnegative impulse response hlk| (for k > 1)

1 9 k—1 1 8 k—1 1 7 k—1
R R AT
3\ 10 3\ 9 3\ 8
has poles at 1, —%, —g, and —%.

e Minimal canonical realization has order 4

e Nonnegative realization (A, b, c') of order 4 is not possible:

9 8 7
t A=14 —4+ —4+ —=—-167<0
race(A) + 0 + 5 + 3 <

e Contradiction; trace(A) > 0 since A is nonnegative

Conclusion: A nonnegative realization for h[k] has more than 4 state variables.

How about a nonnegative realization with 5 state variables 7
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LOWER BOUND ON MINIMAL REALIZATIONS (2)

Causal nonnegative response hlk] for & > 1 (h[k] = 0, otherwise)
(i) Strictly proper reduced rational transfer function H(z)

(ii) Poles at A1, ..., A, with A\; real, nonnegative and of maximum modulus
(>\1 — ‘)‘1’ > ‘)‘Z| for i = 1727 7n)

Nonnegative realization has size at least:

en if >\ >0
1=1

noA
on+{— =1 w

EY A <0
N

1
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UpPPER BOUND ON MINIMAL REALIZATIONS (1)

Focus: Nonnegative function hlk] = Enj e\ for k > 1 (h[k] = 0, otherwise)
i=1

e Strictly proper rational transfer function

—1

n Ci %2
H(z) = Ell Az 1

e Minimal diagonal realization
oy
A2
— T _
A, = N , b e =laa .o

An | 1

Fact: H(z) has nonnegative realization (A,b,c!) iff, for o > 0, 8 > 0, SH(az2)
has nonnegative realization (namely, (a4, a™1b, Bc)).

WLOG: hlk] =1+ zn: At >0 forall k> 1, where [\] < 1
i=2
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UPPER BOUND ON MINIMAL REALIZATIONS (2)

Theorem: Nonnegative impulse response hlk| for k& > 1

WK =1+ S e >0, N <1 for i=2,3,...,n
1=2

There exists N > 0, such that h[k + N| for £ > 1 has nonnegative realization of
dimension 2(n — 1).

Sketch of Proof:
1. hlk + N| can be written as

hlk + N| = f

=21 —

p+qywn—1nﬁﬂ

2. Choose N so that [\ ] < L

g -2l )

N pu—
i1 In(|Ail)
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UpPPER BOUND ON MINIMAL REALIZATIONS (3)

Theorem: Nonnegative impulse response hlk] for k > 1 (h[k] = 0, otherwise)

WK =1+ S ML >0, [N <lfori=23,...n
i=2
has nonnegative realization of size N 4+ 2(n — 1).

Hints:

1. Combine a realization of a finite nonnegative response h[l], h[2], ..., h[N] with
the 2(n — 1) realization of h[k + N|

2. Combined realization

ANO]b—

A p—
ban—1) 0 | Ao
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UpPPER BOUND ON MINIMAL REALIZATIONS (4)

Example:

e Consider nonnegative response hlk] for k > 1 (h[k] = 0, otherwise)

[T

e N = 0; upper bound is 6

Example:

e Consider nonnegative response hlk] for k > 1 (h[k] = 0, otherwise)

Bk =145 (—é)kl 13 (-é)kl

e N = 2: upper bound is 6
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CONCLUSIONS

Results:

e Nonnegative realization of DT responses

e Criterion for MIMO systems

e Continuous-time extension

e Minimality results, bounds on minimality

Future Directions:

e MIMO realizability conditions in terms of maximum modulus pole(s)
e Classification of minimal nonnegative realizations

e Minimality, bounds in terms of spectral properties

e Continuous-time case (characterization, bounds)

C. Hadjicostis, March 1998



GENERAL REALIZATION (SISO CASE)

Discrete-Time System

rlk + 1] = Ax[k] + bulk]
ylk] = c'x[k]

H(z)=cl'(zI — A~

L AR=1p kE>1
hlk] = 0 otherwise

Continuous-Time System

March 1998

(1) = Az(t) + bu(?)
y(t) = c'x(t)

H(s)=cl(sI — A~

LAty t>0
0 otherwise

h(0) =




OBSERVABILITY CANONICAL FORM (GENERAL REALIZATION)

Strictly proper rational transfer function

H(Z) _ p1Zn—1 —|—p2,zn—2 + ... + D _ 4§O h[k]z_k
2P+ 2"+ L+ =1

0 1 0 . 0 ]
0 0 1. 0 L)
A, = , b, = : : Cg =110 0
0 0 0 1 hin]
. 4% —A4n-1 —Gn-2 -.. —q1 |

Minimal realization iff H(z) is reduced.
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FURTHER GENERALIZATIONS (FARINA) (1)

Nonnegative impulse response hlk] > 0 for k > 1 (h[k] = 0, otherwise).
Strictly proper H(z) with poles of maximum modulus at

e/ Xel® . NelP)

where A > 0 is the maximum modulus.

Definitions:
e The cyclicity of H(z) is the smallest integer M, wM =1foralli=1,2,.... k
e Cyclic H(z) if M exists
o Primitive H(z) if M =1
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FURTHER GENERALIZATIONS (FARINA) (2)

Nonnegative impulse response hlk] > 0 for k > 1 (h[k] = 0, otherwise).
If M is the cyclicity of hlk|, we break it into the following M functions:

mlk] = AL+ (k—1)M]
holk] = h[2+ (k— 1)M]
B K] _ h[M + (k — 1)M]

We apply the same procedure to each h;lk| (or the corresponding H;(z)) until we
arrive at “primitive” functions (with cyclicity 1).

Theorem (Farina): hlk] has nonnegative realization iff:
(i) h[k] is nonnegative, and

(ii) All functions involved in the construction (h[k], h;[k], h; k], etc.)
are cyclic or primitive

March 1998




SUFFICIENCY OF VAN DEN HOF’S CONDITION

o X = cone(X) is backward-p-shift-invariant

e Satisfies cone(H) C X

We would like to conclude that H[k] has a nonnegative realization.
Sketch of Proof:

e Polyhedral = X C R**" such that X = cone(X)
e cone(H) C X = H = X B for nonnegative B

e 0/(X) = XA for some nonnegative n X n matrix A
e (' is a p x m matrix defined as C(z,j) = X (i, )

e Can show that

C
S=|CA
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EXAMPLE: TWO-DIMENSIONAL CASE

Special case: Nonnegative impulse response hlk| for k > 1 (hlk] = 0, otherwise)

Akl =1+, (x| <1

Corresponding diagonal realization:

1 0
0 Ao

=il

Restriction: h[k] = c¢T A¥=1b > 0 for all k > 1.

A= b=

)

Regardless of Ay and/or ¢, above realization can be transformed (using a suitable
similarity transformation) into nonnegative realization.

Conclusion: hlk] has a nonnegative realization (of size 2)

March 1998




EXAMPLE: FINITE IMPULSE RESPONSE

A nonnegative finite response hl[k] with h[k] = 0 for k < 1 and for kK > N

hlk] has the following N-dimensional nonnegative realization

(010 ...0] 0
001 . 0 0
Ay = | i by=1|i], ch=|h[N] h[N—1] ... h[2] h[1]]
000 1 0
000 ...0 1
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UPPER BOUND ON MINIMAL REALIZATIONS

Example:

1 k—1 1 k—1
h[k}:l—i—S(—S) —1—3(—9) , for k>1

Actual nonnegative realization:

(0 1|0 00 0] 0 ] h[2] | [0.0417 ]
000000 1 h[1] 9.0000
A 100%00 he 0 e %+CQA§ _ | 05781
001200 0 1+ A 0.4902
10000 0 5+ 33 0.5370
00001 5] 0 | S+ eAd ] 04959 |
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